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The discrepancy between the force constants for the adsorption of helium found by Bowers at high 
saturations using the Frenkel isotherm, and Strauss at medium saturations using the Brunauer-Emmet- 
Teller theory creates some doubts whether or not the amount v» derived from the BET isotherm in the 
saturation range P/Po=0.02-0.2 represents in the case of helium the amount adsorbed in the first layer. 
Adsorption measurements at very low saturations show a distinct plateau in the 2°K isotherm at P/Py~10™ 
for ~0.5 cm*/m? adsorbed suggesting the completion of the first layer already at these low saturations. 
At 4.2°K this plateau coalesces with the usual point B of sigmoid isotherms, where ~0.8 cm?/m?=v,, is 


adsorbed. 


It is therefore proposed to interpret 2 as the amount adsorbed with (Z,—E»)>RT (E, being the differ- 
ential energy of adsorption, Ey the energy of vaporization of the bulk liquid), which coincides with the 
completion of the first layer only for (Z,— Eo) between about 2RT and 8RT. 





HE analysis of the data on the adsorption of 
helium at liquid helium temperatures using the 
Brunauer-Emmet-Teller (BET) theory’ led to the 
result that the quantity v,,, supposed to be the amount 
of helium adsorbed in the first layer, exceeded several 
times the amount calculated for the first layer from the 
density of the liquid and the known surface area. One 
layer with the density of the liquid contains about 
0.25 cm® at standard temperature and pressure per 
square meter, whereas values for v,, between 0.6 and 
0.9 cm*/m? were found. Since liquid helium is blown 
up by zero point energy to almost 4 times the volume 
» Of close-packed atoms, this seemed not impossible. 
Strauss®:* performed a comiprehensive study of the 
adsorption of helium on JewWeller’s Rouge (used also by 
Frederikse* and Long and |] r‘) in the temperature 
range from 1.60 to 4.21°K. He evaluated his results in 
the range of saturation of 5-25% in the standard 


1 W. H. Keesom and J. Schweers, Physica 8, 1020, 1032 (1941). 

2 Schaeffer, Smith, and Wendell, J. Am. Chem. Soc. 71, 863 
(1949). 

3H. P. R. Frederikse, Physica 15, 860 (1949); thesis, Leiden, 
1950 (unpublished). 

4, Long and L. Meyer, Phys. Rev. 76, 440 (1949). 

5 A. Strauss, thesis, Chicago, 1956 (unpublished) ; reviewed in 
reference 6. 

6 FE. Long and L. Meyer, Advances in Phys. 2, 1 (1953). 


manner with the help of the BET-isotherm’: 


r . 3 C-—1\ P 
(lai a 

Po—P/0 mC Com / Po 
where P is the equilibrium pressure for the amount » 
adsorbed, Po the vapor pressure of the bulk liquid at 
the temperature of the experiment. v,, is the amount of 
helium forming the first adsorbed layer in the BET 


model, and C is a constant representing the energy of 
adsorption. In the approximations of the BET model, 


InC= (E,— Eo)/RT, (2) 


E, being the energy (or heat) of adsorption for the first 
adsorbed layer, Eo the energy (or heat) of vaporization 
of the bulk liquid. An abstract of Strauss’ results is 
given in Table I. 

Bowers® measured the adsorption of helium at high 
saturations (P/P»=0.7-0.99) using a microbalance. He 
tested the isotherm derived by Frenkel,’ Halsey,’ and 


7 Brunauer, Emmet, and Teller, J. Am. Chem. Soc. 60, 309 
(1938). See also S. Brunauer, The Adsorption of Gases and Vapours 
(Oxford University Press, New York, 1945); P. H. Emmet, Ad- 
vances in Catalysis, edited by Frankenburg, Komarewski, and 
Ridea] (Academic Press, Inc., New York, 1948), Vol. I, p. 65. 

8 R. Bowers, Phil. Mag. 44, 485 (1953). 

9J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, New York, 1946), p. 332. 

0G. D. Halsey, J. Chem. Phys. 16, 931 (1948); Advances in 
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TABLE I. Strauss’ results for the adsorption of helium on Jeweller’s 
Rouge in terms of the BET isotherm, Eq. (1). 
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Hill’ from the assumption that the Van der Waals 
energy of the wall decreasing with the third power of 
the distance is simply superimposed on the heat of 
vaporization : 


—In(P/Po)=k/v. (3) 


(v is the number of statistical layers adsorbed : y= 0/1m.) 
He found that Eq. (3) is obeyed within experimental 
errors. According to McMillan and Teller,!*:” 


k=}m(E,— Eo)/RT~} In. (4) 


The value of & that Bowers derived from his data is ~25 
near the A point of helium (2°K). Since relation (4) is 
only a zeroth approximation, not more than an order- 
of-magnitude agreement should be expected. However, 
the discrepancy between } InC=2.8 derived by Strauss 
from a BET plot and given in column 5 of Table I and 
Bowers’ value of 25 is far too great to be accounted for 
by approximations in the theory or by experimental 
errors.'* The question therefore arises what causes this 
striking difference. 

Table I shows (P/Po)»m~0.05. Bowers’ value of 
k~25 would lead for y= 1 to (P/Po)rm~10-. It is true 
that extrapolating Eq. (3) into this region exceeds its 
range of validity; still it should provide an order-of- 
magnitude estimate. The value (P/Po),..~10- indi- 
cates that the first layer of helium might be completed 
at saturations much lower than hitherto investigated, 
even if one takes into account that the energy necessary 
to produce an eventual abnormally high density in the 
first layer consumes a considerable part of the energy 
provided by the Van der Waals forces of the wall, 
increasing thereby the value of (P/Po),.1 tremendously. 


Catalysis, edited by Frankenburg, Komarewski, and Rideal 
(Academic Press, Inc., New York, 1952), Vol. IV, p. 259. 

uT. L. Hill, Advances of Catalysis, edited by Frankenburg, 
Komarewski, and Rideal (Academic Press, Inc., New York, 1952), 
Vol. IV, p. 225. 

2 W. G. McMillan and E. Teller, J. Chem. Phys. 19, 25 (1951); 
J. Phys. & Colloid Chem. 55, 17 (1951). 

18Tf Eq. (4) is valid, isotherms (3) and (1) yield essentially 
the same value of P/P» for y=1. In this case, Eq. (1) reduces 
to 1/C=P*/(Po—P)Po~(P/Po)* as long as (C—1)/C~1, or 
(P/Po)vei™1/s/C and In(P/Po)=—4}InC; whereas (3) yields 
In(P/Po) =i = —k. 

4 The fact that Strauss used Jeweller’s Rouge whereas Bowers 
used Al foil as adsorbent cannot cause this discrepancy. 
Frederikse* found no major difference between the adsorption 
of helium on Jeweller’s Rouge and steel. As the metals used were 
covered with an oxide layer, the adsorption takes place on the 
surface of an oxide lattice in all these cases. 
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An attempt was therefore made to extend adsorption 
measurements to the range of extremely low saturations. 

In principle standard adsorption technique was used 
as described in detail, e.g., by Frederikse® or Strauss,® 
or Inghram, Long, and Meyer'® and Keesom and 
Schweers.! The lowest pressures were measured with a 
liquid nitrogen trapped RCA 1949 ion gauge empirically 
calibrated for helium.'* Higher pressures were measured 
with a 2 in. long Octoil-S oil manometer of 5-mm o.d. 
Pyrex tubing which had only few cm* dead space, and 
could be read with a traveling microscope to 0.001 mm. 
The main deviation from standard procedure consisted 
in the possibility of moving the adsorption bulb inside 
the cryostat. The 1-mm i.d. stainless steel capillary 
which connected the bulb in the cryostat with the 
measuring line left the top of the cryostat through a 
rubber disk between Teflon washers which ensured a 
perfectly tight cryostat and allowed easy gliding of the 
Apiezon-greased capillary through the seal. 

Every time before gas was added to the system during 
a run, the adsorption bulb was pulled up out of the 
liquid helium into a region of the cryostat where the 
temperature was known to range between 10-20°K in 
order to prevent added gas from being condensed in the 
capillary or at the entrance of the bulb. After adding a 
pipette of gas, the bulb was lowered back into the 
liquid until its upper end was flush with the liquid level. 
It was hoped that in this way all the gas present in the 
system would have a somewhat equal chance to reach 
all parts of the adsorbing surface. Equilibrium was 
reached with this method within 1 hour or less. In a 
first series of experiments the small adsorption bulb 
with Jeweller’s Rouge of 1.7 m? surface used previously 
by Long and Meyer‘ and Inghram, Long, and Meyer’® 
was employed. The values measured were quite repro- 
ducible ; however, a too small temperature dependency 
at the lowest pressures (P <10-* mm) suggested incom- 
plete equilibrium, probably because some inner parts 
of the surface of the powder were not always reached 
by the condensing gas. 

The experiments were therefore repeated with a 
loosely coiled gold foil of thickness 5X10~ in. and 
surface area 0.090 m? as adsorbent. In order to. 
procure a surface as homogeneous as possible, the foil 
was transformed into cube texture!’ by first casting a 
small strip of gold on a cold steel plate in order to 
guarantee fine-grained material, then rolling to 3-5 
<10~ in. thickness causing a reduction of more than 
99%, and finally annealing at 1000°C for 2 hours. 
X-ray Laue patterns as well as etch pictures showed 


18 Inghram, Long, and Meyer, Phys. Rev. 97, 1453 (1955). 

16 Because of the high ionization potential of helium, the sensi- 
tivity of these gauges is only about 0.1 of the standard calibration 
when used for helium. The clean-up effect caused by ions being 
absorbed by the walls was corrected for by measuring the change 
of reading with time when the gauge was closed off. ; 

17See C. S. Barrett, The Structure of Metals (McGraw-Hill 
Book Company, Inc., New York, 1952), p. 494. 
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that the foil consisted of more than 98% cube texture, 
the whole surface showing practically only the 100 face. 

The accuracy of these measurements was only about 
+5%. At the lowest pressures the pressure measure- 
ments themselves are uncertain to this amount, whereas 
at the higher pressure the dead space corrections con- 
tribute mostly to the inaccuracy. The correction for 
thermomolecular pressure differences were applied in 
the manner described by Keesom.'* The geometrical 
surface of the gold was used in the evaluation since the 
results were, within the errors, equivalent to those 
obtained with the powder of known surface area and 
also to those of Schweers.! The results are given in 
Figs. 1 and 2. The ordinate in both figures is the amount 
adsorbed in cm* at standard temperature and pressure 
per square meter of surface. In Fig. 1 the abscissa is the 
saturation P/Pp» in units of 10~. Figure 1 looks rather 
similar to the Fig. 2 of Keesom and Schweers! and 
deviates from the usual isotherms for physical adsorp- 
tion only insofar as the point B where the isotherm 
flattens out, lies at very low values of P/ Po. 

The same data are plotted in Fig. 2 with log(P/Po) 
as abscissa in order to show also the low-pressure range 
in detail. The striking feature of this plot is the clear 
indication of a plateau, especially in the 2°K isotherm, 
starting at an adsorption of about 0.5 cm’/m?*. This 
effect appears in a much more pronounced form in the 
original data—the semilogarithmic representation of 
Fig. 2 tends to smear out the effect—because adding 
0.13 cm*/m? changed P/ Po in this range by a factor of 
more than 200, whereas otherwise this amount of gas 
would cause a change by a factor of at most 5-8. This 
result seems to indicate that the isotherm is step-wise 
and actually consists of two superimposed Langmuir 
type isotherms. If the first plateau is interpreted as the 
completion of the first layer, the second one—which is 
smeared out in the semilog plot of Fig. 2 but appears 
very clearly in Fig. 1—should then be the completion 
of the second layer. The v,, determined by Strauss in 
the usual way by plotting P/(Po— P)v against P/Pp in 
the range of 2-20% saturation, yielding values equiva- 
lent to the second plateau, should then be considered 
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P/P (107 4) 
Fic. 1. Amount of helium adsorbed on gold foil of cube texture 


in cm’ at standard temperature and pressure per square meter, 
as a function of the saturation P/Pp» at 2.04°K and 4.21°K. 


18W. H. Keesom, Helium (Elsevier Publishing Company, 
Amsterdam, 1942), p. 122. 





as 2 £ ee oe 











ae 
— log TP, 


Fic. 2. Amount of helium adsorbed on gold foil in cm* at 
standard temperature and pressure per square meter, as a function 
of log(P/Po). Points with dashes: Keesom and Schweers. Dotted 
curves: BET isotherms with v,=0.85 cm’/m? and C=108, 105, 
and 108 respectively. 


as being due to the completion of the second layer, at 
about 0.8 cm’/m?. 

The energy of adsorption decreases with the third 
power of the distance from the wall. Taking this dis- 
tance proportional to the number of layers—even if 
such a procedure is somewhat doubtful just for the 
first layers—it is not surprising that the energy of 
adsorption derived by Strauss is an order of magnitude 
less than that found by Bowers. Using the BET theory 
in the range P/Po=0.02-0.20 leads, in the case of 
helium, to results where not the wall itself but the wall 
already covered by the first layer is acting as ad- 
sorbent.'*.” 

In order to give comparative values, some BET 
isotherms are plotted in Fig. 2 as dotted curves for 
m= 0.85 cm’/m? and C= 108, 10°, and 10° respectively 
and also Schweers’ data for 4.21°K.?! All BET isotherms 
being in this region identical with Langmuir isotherms 
show distinctly different forms than the experimental 
values. The lowest experimental values are near the 
points of a BET-isotherm with C= 108 which, according 
to Eq. (4), is not too different from the force constant 
found by Bowers.” 

The 4.2°K isotherm shows equally little resemblance 
to a BET isotherm; however, the indication of a first 
plateau became rather weak. Since 


din(P/Ps) (A,—AHs) 
HUB = 2 





(5) 


19 Mastrangelo and Aston” had already suggested that the 
amount ?m derived via the BET theory consists of several layers, 
probably 3, because by dividing v,, by the amount of helium that 
a monatomic layer with the density of solid helium would have, 
they obtained a figure near 3. No direct experimental proof for 
this hypothesis was given. 

( oan V. R. Mastrangelo and J. Aston, J. Chem. Phys. 19, 1370 
1951). 

*1 Schweers’ data for the lower temperatures are consistently 
somewhat lower than the values found in this investigation, the 
difference being about 10-15% which can be due to the combined 
experimental uncertainties. 

22 The quantity 0.5 cm*/m? adsorbed for the first plateau in the 
isotherm is still twice the amount one layer with liquid density 
would contain. If it is identified with the first layer, a considerable 
part of the Van der Waals energy must have been used for 
compression, 
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AH, being the differential heat of adsorption at a 
certain amount adsorbed, AH» the heat of vaporization 
of the bulk liquid, P/Po for the first plateau changes 
much faster with temperature than does (P/Po)»m, be- 
cause AH, is considerably greater. The two steps of the 
2° isotherm therefore coalesce at higher temperatures.” 

The data are not accurate enough to derive more 
than qualitative heats of adsorption. AH, ranges from 
about 100 cal/mole at 0.5 cm*/m? to 40 cal/mole at 
0.8 cm*/m?, in qualitative agreement with Fig. 6 of 
Keesom and Schweers.'! Equation (4) yields, for 100 
cal/mole, k~10 and C~10$, which, considering the high 
density of the first layer, are consistent within the 
McMillan-Teller approximation with Bowers’ value 
k~25 and the dotted BET isotherm in Fig. 2 with 
C= 105. The value 40 cal/mole at 0.8 cm*/m? is in good 
agreement with Strauss’ data, column 7 of Table I. 

These results suggest a reinterpretation of the quan- 
tity 2, of the BET theory. It is not the amount adsorbed 
in the first layer, determined only by geometrical 
factors, but the amount adsorbed for (AH ,— AH») > RT, 
or (E,—E))>RT. The BET theory assumes (E,— E)=0) 
for all but the first layer, making both definitions 
identical. In the famous test case confirming the BET 
theory, the adsorption of nitrogen near its boiling point 
(compare reference 7), k equals approximately 3 (com- 
pare Bowers, reference 8). By virtue of Eqs. (3) and (4), 
(E:— EE) is about 8 times smaller than (Z,— Eo) and 
(E,— E>) becomes smaller than RT just with the com- 
pletion of the first layer. 

In the case of helium, (E2— £) is still considerably 
greater than RT and therefore 2,, is not directly related 
any more to the completion of the first layer. 


*8 Attempts to get a still more pronounced step in the isotherm 
at lower temperatures failed because the pressure of the first 
step dropped below 10-7 mm, the lower limit of somewhat reliable 
measurements. 

% The possibility that the BET theory might not be valid for 
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Columns 6 and 7 of Table I contain an additional 
indication that v,, is related to the amount adsorbed 
for (AH,—AH»)>RT rather than to the first layer. 
£, is a measure of the Van der Waals attraction of the 
wall, and should therefore be essentially independent of 
temperature; consequently E,—E» should vary only 
very little with temperature. The experimentally deter- 
mined values of E,— Ep are, however, practically pro- 
portional to T, and (£,—£»)/RT is essentially un- 
affected by the temperature in the wide range 1.60- 
4.21°K. Furthermore, if (AH,— AH») decreases with d 
or v* according to Eqs. (3) and (4) and if 2, depends 
on a certain value of (AH,—AH»)/RT, then v,, should 
decrease approximately inversely proportional to T}, 
which it does. 

Stepwise isotherms, as found in these experiments for 
helium, have been predicted as a consequence of the 
physical picture underlying the isotherm equation (3).”° 
The fact that such steps were not found has been con- 
sidered as an insufficiency of Eq. (3) and the hetero- 
geneity of the surface has been invoked to explain the 
absence of steps.*® Discrete steps are possible only if 
(AH,—AH»)— (AA,,,;—AHo)> RT. With the exception 
of helium—and possibly hydrogen—in all cases of 
simple physical adsorption (A, Ne, Oz) the difference 
in binding of consecutive layers is a small fraction of 
RT for all but the first two layers, and steps are bound 
to be smeared out by fluctuations, even for homogeneous 
surfaces. 


all values of C has already been discussed from a different point 
of view; compare the review articles by Hill,'! Emmet,’ or 
Brunauer.’ 

25 Compare Halsey, reference 10. 

26 The experiments with Jeweller’s Rouge as adsorbent yielded 
besides the points at very low pressures essentially the same 
isotherms, including the step in the 2°K isotherm, showing that 
the step is not contingent on the more homogeneous surface of 
the foil. 
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Elastic Scattering of Electrons and Positrons by Point Nuclei 
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The Mott cross section has been systematically tabulated, by means of an electronic computer, for inter- 
mediate relativistic energies. Results are presented at 15° angular intervals, for electrons and positrons, 
for Z=6, 13, 29, 50, 82, and 92 and for energies 10, 4, 2, 1, 0.7, 0.4, 0.2, 0.1, and 0.05 Mev. Intercomparisons 
with earlier results are presented, as well as a subsidiary tabulation of a function important in the limit @ — 0. 





I. INTRODUCTION 


HE cross section for elastic scattering of electrons 
by a point nucleus has been obtained by Mott in 
terms of Legendre expansions.' Various authors have 
summed these expansions numerically for special situa- 
tions. In particular, (a) Feshbach has made calculations 
for many values of the atomic number Z at extreme 
relativistic energies (E>4 Mev)’; (b) Bartlett and 
Watson have determined cross sections for Z=80 and 
energies from 0.024 to 1.7 Mev’; (c) Massey has ex- 
tended the work of Bartlett-Watson to positrons 
(Z= —80)*; and (d) Yadav has applied the methods of 
Bartlett-Watson to Z=92, with energies from 0.074 
Mev up.® In addition, approximate expressions have 
been derived which converge adequately for small to 
moderate values of the parameter g=(Z/1378).®7 As 
far as we know, systematic tabulations have not been 
published for most Z at energies below the extreme 
relativistic range.® 
As a preliminary to systematic calculations of elec- 
tron penetration, which require these cross sections as 
input data, we have produced extensive tabulations for 
both positrons and electrons. The following paragraphs 
sketch our calculation procedures, which utilized the 
SEAC,® and discuss the comparison with results ob- 
tained in earlier calculations. 


II. CALCULATION PROCEDURES 


Since our work parallels Feshbach’s rather closely, 
we use his notation in the following brief outline. 


1N. F. Mott, Proc. Roy. Soc. (London) A124, 426 (1929); 
» N. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932). See 
especially N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, New York, 1949), second edi- 
tion, Chap. IV. 

2H. Feshbach, Phys. Rev. 88, 295 (1952). 

3 J. H. Bartlett and R. E. Watson, Proc. Am. Acad. Arts Sci. 
74, 53 (1940). 

4H. S. W. Massey, Proc. Roy. Soc. (London) A181, 14 (1942). 

5H. N. Yadav, Proc. Phys. Soc. (London) A68, 348 (1955). 

6 W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948). 

7 The expansion used in reference 6 has recently been extended 
by R. M. Curr, Proc. Phys. Soc. (London) A68, 156 (1955). 

8 More recently we have learned that N. Sherman [Bull. Am. 
Phys. Soc. Ser. IT, 1, 2 (1956) has been evaluating the Mott ex- 
pression in this energy range on UNIVAC using Feshbach’s 
methods. Sherman has also determined the polarization for many 
situations. See N. Sherman, Phys. Rev. 103, 1601 (1956), follow- 
ing paper. 

§ This is the electronic digital computer at the National Bureau 
of Standards in Washington, D. C 


The Mott cross section may be written in terms of 
two functions F;(a,g,0) and Gi(a,g,0) which are defined 
by Legendre expansions. (The dependence on Z and E 
is expressed parametrically through g and a=q8.) The 
coefficients of these two expansions involve complex 
numbers D, which depend on ratios of gamma functions 
with complex arguments. We first wrote a SEAC code 
to calculate the complex gamma functions by means of 


TABLE I. Comparison of typical o/oz values as obtained 
by different authors. 








Bartlett 
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Fesh- 
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SEAC 


Curr 
6 results (a8, 8B ~1) Massey 





30° 
150° 


150° 


1,341 
0.506 


2.057 


1.34 1.29 1.342 
0.51 0.49 0.506 
2.04 


30° 
150° 


150° 


0.791 
0.1091 


0.943 


1.0931 
0.1159 


1.0932 
0.1158 


30° 
150° 


30° 
150° 


1.0934 
0.1157 


0.8388 
0.0651 


0.8389 
0.0651 


0.8366 
0.0652 
0.8460 


150° 0.8460 


150° 0.8416 


0.8414 








TABLE II. Sample convergence tests for ¢/or. 








25 terms 30 terms 


1.3411 
0.5073 


20 terms 


1.3396 
0.5046 


18 terms 


1.3385 
0.5077 


E 6 


1.71 30° 
150° 





0.023 


30° 
150° 


1.0248 
2.0609 


1.0923 
0.1444 


30° 
150° 


1.0215 
2.0526 


1.0926 
0.1446 





1.0161 
2.0590 


1.0930 
0.14443 





TABLE ITI. Values of a coefficient important in the limit @ — 0. 








q 


cosx 


cosx 





0 


0.10 
0.15 


0.30 
0.40 


1.000 

0.9905 
0.9631 
0.9208 
0.8680 
0.7478 
0.6303 


0.5290 
0.4471 
0.3323 
0.2610 
0.2145 
0.1696 
0.1261 
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TaBLe IV. The ratio ¢/cg of the Mott to the Rutherford cross section: electron scattering. 
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ELASTIC SCATTERING OF ELECTRONS AND POSITRONS 


TABLE IV.—(Continued). 
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section: positron scattering. 











1.000 
0.948 
0.911 
0.847 
0.762 
0.665 
0.563 
0.463 
0.370 
0.290 
0.229 
0.1920 
0.1786 
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TABLE V.—(Continued). 














> Mev) 


0.7 





Z=—S50 Continued 
5 0.486 


0.398 0.44. 
0.302 0.359 
0.217 0.282 
0.1456 0.218 
0.0921 0.1704 
0.0586 0.1406 
0.0475 0.1306 


1.000 
0.889 
0.781 
0.673 
0.565 
0.460 
0.358 
0.264 
0.1811 
0.1118 
0.0599 
0.0282 
0.0171 


1.000 
0.892 
0.788 
0.683 
0.579 
0.477 
0.380 
0.290 
0.211 
0.1446 
0.0955 
0.0654 
0.0549 


1.000 
0.889 
0.780 
0.671 
0.563 
0.457 
0.356 
0.263 
0.1803 
0.1116 
0.0602 
0.0290 
0.0180 


1.000 
0.892 
0.786 
0.681 
0.577 
0.475 
0.378 
0.289 
0.211 
0.1458 
0.0973 
0.0680 
0.0576 


0.667 
0.558 
0.450 
0.348 
0.253 
120 0.1690 
135 0.0989 
150 0.0465 
165 0.0146 
180 0.0033 


0.1897 
0.1649 
0.1560 


0.408 
0.339 
0.281 
0.238 


0.304 
0.268 
0.246 
0.239 


0.425 
0.410 
0.405 


0.623 
0.620 








the asymptotic series of Stirling.’ Using this code, the 
D,’s were evaluated by SEAC and appropriate com- 
binations were made to obtain the Legendre coefficients 
in the expansions for F; and for (1—cos#)G.. [Note 
that (1—cos#)G; has a more rapidly converging ex- 
pansion than G;.] In performing the sums over the 
index k, Legendre polynomials P;(cos@) were generated 
by SEAC as needed, using the recursion formula and 
the initial terms Po=1, P:= cos. 

Having calculated F; and Gi, the SEAC then calcu- 
lated Fo and Gp from their analytic expressions. Finally, 
the appropriate combinations were performed to gener- 
ate the ratio (¢/or) of the Mott to the Rutherford 
cross section, where 


opdQ= d2(Z*e*/mect)(1—6°)8-*(1—cosd)-*. (1) 


Initially, the SEAC printed out much intermediate 
information such as the D,’s, the Legendre coefficients, 
and the Fo, F1, Go, Gi. However, with the completion of 
the code checking, the SEAC was required to print 


” Actually, what was calculated was the logarithm of the 
gamma function. Further, when the real part of the argument was 
less than 10, a real integer was added to the argument to increase 
the rapidity of convergence of the expansion. The gamma-func- 
tion recursion formula was then used to work back to the desired 
argument. 


out only the ratios o/c. All results recorded in Tables 
I, IV, and V were determined in this way, using terms 
up to k=30 in the Legendre sums. To estimate errors 
due to lack of convergence, trial calculations were 
made using fewer terms. Table II contains representa- 
tive samples from this investigation. The residual 
fluctuation is seen to be not more than a few tenths of a 
percent in all cases. 

In preparing the input data, the fine structure con- 
stant was given the value (1/137) and the electron re>* 
energy the value 0.511 Mev. 

The over-all accuracy of different portions of the 
tabulations can be expected to differ; however, we 
estimate that except for the largest angles at high 
energies it should be 0.5% or better. We have accord- 
ingly rounded off the values to three or four significant 
figures. 


Ill. SMALL ANGLES 


The summations described in the preceding section 
cannot be used at zero angle; however, it is known that 
as 6—+0,0/cr becomes unity, and this limiting case 
has been included in the tabulations for completeness. 

In some applications it is important to know rather 
accurately the quantity (¢/cr—1) for small angles. To 
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obtain this, one may supplement the tables with an 
asymptotic formula given by Bartlett and Watson, 
namely 


(¢/or—1)~maB(cosx) (8/2)+0(6), 
1 ($—i9)l (1+%9) 
I'(3+ig)T (1—79) 


is tabulated in Table III. In the course of investigating 
the adequacy of the 15° interval size, it proved con- 
venient to plot the quantity (¢/ar—1)/sin(6/2). 


(2) 


where 





cosx = Re 


IV. DISCUSSION OF RESULTS 


Table I summarizes intercomparisons with earlier 
results. By and large the agreement is seen to be ex- 
cellent. The Feshbach results are extended in this 
table to energies where they are expected to be border- 
line in their accuracy. Curr’s formulas give remarkable 
agreement except for the large-angle scattering of 
positrons in Hg, where even the a® term is an appreci- 
able fraction of the total. The values for positron scatter- 
ing which were obtained from Massey’s paper were 
read from his curves. Not given in this table are sample 
intercomparisons with Yadav’s results for Z=92, which 
also showed satisfactory agreement in most cases. We 
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have performed additional calculations for the Z, 8 
values used by Sherman in his recent work® and have 
obtained agreement to about 1% in all portions of 
his cross-section tabies. 

At very low energies and large angles in Hg and U, 
there were significant discrepancies between the SEAC 
results and values given by Bartlett and Watson and by 
Yadav. An investigation revealed that this should be 
attributed to an inadequate number of terms used by 
these authors in their calculation of the F. 

Regarding interpolation between results quoted in 
Tables IV and V, the mesh is such that for a given Z 
for which the tabulations exist, it is possible to in- 
terpolate graphically to a percent or so except at the 
largest angles at high energies. Trial interpolations bear 
this out. The same statements hold regarding inter- 
polation in Z using tabulated values at fixed energy and 
angle. An interpolation in all three variables would 
not be so accurate but could be valuable for orientation 
purposes. When high accuracy is required, it would be 
better to go back to the SEAC and do another original 
calculation, which is quite feasible now that the code 
exists. Requests of this nature should be addressed to 
the Computation Laboratory of the National Bureau 
of Standards, Washington, D. C. 
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Coulomb Scattering of Relativistic Electrons by Point Nuclei* 
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The Mott series for the Coulomb scattering of electrons by point nuclei have been evaluated numerically 
with the aid of the UNIVAC computer. Calculations of the series for F(@) and G(6), the scattering cross 
section, and the polarization asymmetry factor, S(@) =5!, were performed for scattering by nuclei of charge 
Z equal to 80, 48, and 13 at ratios of electron velocity to light velocity, 8=v/c, equal to 0.2, 0.4, 0.5, 0.6, 


0.7, 0.8, and 0.9. The results are tabulated. 


INTRODUCTION 


“THE Dirac theory of the electron was applied by 

Mott! to the scattering of electrons by nuclei in 
order to investigate possible polarization effects in 
double scattering experiments. The theoretical results 
for the expected polarization and for the single scatter- 
ing cross sections involve slowly and conditionally 
convergent series which are not amenable to easy 
calculation. Mott calculated results for gold (Z=79) 
at 90 degrees. Bartlett and Watson? have summed the 


* This work was preformed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Physics Department, University of Michigan, 
Ann Arbor, Michigan. 

1N. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932); 
A124, 426 (1929). 

2J. H. Bartlett and R. E. Watson, Proc. Am, Acad. Arts 
Sci, 74, 53 (1940), 


series numerically for mercury nuclei (Z=80) over a 
range of angles and energies. More recently, other 
investigators** have performed numerical calculations. 
This collection of data is augmented by the results of 
this paper, in which the Mott series, the polarization, 
and the differential scattering cross section are evaluated 
for the scattering of electrons by nuclei of charge 
Z=80, 48, and 13, at energies given by the ratio of 
electron velocity to light velocity, B=v/c=0.2, 0.4, 
0.5, 0.6, 0.7, 0.8, and 0.9, through scattering angles, 
6, in 15-degree intervals from 15 degrees to 165 degrees. 
These calculations were performed with the aid of 
the UNIVAC computer. 

3J. A. Doggett and L. V. Spencer, Bull. Am. Phys. Soc. Ser. 
IT, 1, 37 (1956). 

N. Yadav, Proc. Phys. Soc. (London), A68, 348 (1955). 


+H. 
5 R. M. Curr, Proc. Phys. Soc. (London) A68, 156 (1955). 
6H. Feshbach, Phys. Rev. 88, 295 (1951). 
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MOTT SCATTERING FORMULAS 


The differential cross section for an unpolarized 
beam of electrons scattered through an angle @ is 


do 
ER PE eR TiC, (1) 


where 2A is the de Broglie wavelength, g=a/8, 
a=Zé/hc, and B=»/c. If an unpolarized beam is 
scattered through an angle 6;, the scattered electrons 
will be partially polarized. If this partially polarized 
beam is scattered again through an angle 62, the 
intensity of twice-scattered electrons will then depend 
on the azimuth about the direction 6;. The differential 
cross section for this double-scattering process is 


da ds do 
—(81,02,62) =—(61)— (62) { 1+-5(61,02) cose}, 
dQ qa a 


where do(6,)/dQ and do(@2)/dQ are defined by (1), $2 is 
the azimuthal angle about the direction @;, and 5(6;,62) 
is the polarization asymmetry. This last quantity can 
be expressed as a product of two factors, each having 
the same form, where one is a function of @; only and 
the other a function of #2 only. Thus 5(0;,02) = S$ (01).S (02), 
where 
2*q(1—6*)* 
=———__{F (6)G*(0)+F*(6)G(0)}. (2) 
sin6de (8) /dQ 


The complex functions F(@) and G(@), which appear in 
(1) and (2), are defined as follows: 
F(@) = Fot+F,, 


fats 
Pale=s (1—ig) 


exp[ig In sin?(36) ], 
2T(1-+ig) ; 


(3a) 
r= S [kDi+ (b+1)Diys](—1)*Pe(cos6), 


G(6)=Got+Gi, 
Go(6) = —iglcot*(30) Fo, 


Gi(0)== DL [LR Di— (k+1)?De+1](—1)*Px(coss), 


2 k=0 


(3b) 


where I’ is the gamma function and P, is the Legendre 
polynomial of order k. D, is given by 


eT (k—ig) e-**® T'(p,—ig) 
thigh (R+ig) px tig? (or+i9) 


where p.= (k?—a’)!. 





(4) 


APPROXIMATIONS AND SERIES TRANSFORMATIONS 


The ratios of gamma functions, which appear in 
Eq. (4) were evaluated by using the recursion relations 


for gamma functions and Stirling’s approximation as 
follows: 


P(x—1g) (*-+ig)(x+1+ig)T (x+2—19) 
P(x+ig) (—ig) (x-+1—i9)T (w-+2-+ig) 
T'(x+2—ig) 
P(x-+2+ig) 
7,=argl (x+2+%9), 
3q In[(x+2)*+97]+ (x+$) arctan (=) 
x+2 





_ e itz 


i 1 3(x-+2)*—g? 
se tae eT 360[ (x-+2)?-+¢°F 

| 5(¢+2)\—10g*(x+2)*-+¢" 

"12608 (x+-2)*+¢" 5 | 


In the last equation, x refers either to k or to p, in 
Eq. (4). [The gamma-function ratio, which appears in 
the definition of Fo, can be written 


T'(1—ig)/T (1-+ig) = ee, 


where go is available in published tables.” | 

With these approximations the D, were evaluated. 
These terms were inserted into (3) and the series F; 
and G; were determined numerically. Since these series 
are conditionally convergent and converge very slowly, 
two transformations were employed. First the 
“reduced” series of Yennie, Ravenhall, and Wilson® 
was used to improve the convergence at small angles. 
This transformation can be applied to any series of 
Legendre polynomials, given by 


f(a)= 2 A Pi(a), 


1-0 


where a=cos@. With use of the recurrence relations for 
Legendre polynomials, this series can be transformed to 


(1—a) f(a)= X A,Pi(a), 








(1—a)™f(a)= > A™P,(a), 
where 


AM=Ar-) — —-A,, (-D~ —_ A, _r0, 


21+3 2l—1 


The series for F; and G,; were “reduced” in this manner 
with m= 3. 

The second transformation was applied to the reduced 
series. This is the well-known Euler transformation® 


7™Tables of Coulomb Wave Functions, National Bureau of 
Standards Applied Mathematics Series 17 (U. S. Government 
Printing Office, Washington, D. C., 1952), Vol. 1, Table ITI. 

® Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 

°T. J. ’A. Bromwich, An Introduction to the Theory of Infinite 
Series (The Macmillan Company, New York, 1947). 
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TaBLE I. Calculated results for mercury (Z=80). 


ELECTRONS 








B=0.2 


0.4 


0.5 


0.6 


0.7 


0.8 


0.9 





do/dQ 
S 


Re F 
Im F 
ReG 
Im G 
da/dQ 
4 


Re F 
Im F 
Re G 
Im G 
da/dQ 
§ 


Re F 
Im F 
Re G 
Im G 
da/dQ 
S 


Re F 
Im F 
ReG 
ImG 
da/d2 
S 


0.478 
0.171 
29.1 
—79.3 
2.64X 108 
2.11X10- 


—0.160 
—0.465 
—19.4 
6.75 
1.72X 10? 
—1.93X 10-3 


0.469 

0.205 

3.34 
—7.94 

3.63 X 10° 
—9.65X 10-% 


—0.184 
0.460 
3.93 
1.88 
1.19X 10° 
5.64X 10 


—0.444 
—0.0131 
—0.302 
2.52 
5.21X 10° 
8.20 10 


—0.191 
—0.381 
—1.42 
0.779 
2.94 10° 
—3.59X 107 


0.187 
—0.435 
— 1.03 
—0.209 
2.10 105 
—0.203 


0.474 
—0.292 
—0.487 
—0.421 

1.80X 105 
—0.283 


0.634 
—0.0918 
—0.167 
—0.310 

1.71X10° 
—0.262 


0.701 

0.0813 
—0.0379 
—0.148 

1.69X 10° 
—0.188 


0.721 

0.192 
—0.00414 
—0.0376 

1.69X 10° 
—9.56X 10 


—0.340 
0.365 
31.2 
29.0 
1.4710? 
—4.25X10~ 


—0.174 
—0.458 
—9.68 
3.32 
9.30X 10° 
1.53X 10 


0.346 
—0.203 
—2.68 
—3.50 

1.99X 10° 

3.93X 10 


0.430 
0.0954 
0.542 
—241 
7.45X 104 
2.18X 10- 


0.257 
0.382 
1.17 
— 1.02 
3.81 X 104 
—0.104 


0.00426 
0.515 
0.978 
—0.262 
2.35 X 104 
—0.234 


—0.237 
0.537 
0.647 
0.0481 
1.66X 104 

—0.333 


—0.432 
0.493 
0.373 
0.124 
1.29X 108 

—0.372 


—0.575 
0.436 
0.187 
0.101 
1.10 104 

—0.342 


—0.670 
0.376 
0.0750 
0.0530 
9.86 X 10° 

—0.257 


0.724 
0.336 
0.0175 
0.0143 
9.31 X 10° 
—0.137 


—0.421 
—0.264 
—18.3 
28.7 
5.35 X 10° 
1.60X 10° 


0.286 
—0.382 
—6.42 
—5.31 

3.48 X 10° 

1.96 10 


0.450 
0.0480 
0.532 
—3.69 
7.93 X 104 
2.01X 10 


0.281 
0.357 
1.60 
— 1.42 
3.09X 104 
—3.80X 10 


0.0204 
0.489 
1.31 
—0.304 
1.59X 104 
—0.143 


—0.228 
0.499 
0.869 
0.118 
9.64X 10° 

—0.261 


—0.430 
0.443 
0.516 
0.218 
6.56X 10° 

—0.356 


—0.581 
0.361 
0.280 
0.190 
4.89X 108 

—0.401 


—0.686 
0.278 
0.135 
0.122 
3.95 X 10° 

—0.380 


—0.754 
0.210 
0.0532 
0.0582 
3.42X 10 

—0.295 


—0.792 


—0.0757 
—0.487 
—28.2 
3.90 
2.21X 10° 
3.45 X 10-% 


0.448 
—0.143 
— 1.86 
—6.91 
1.51X 10° 
1.66 10 


0.378 

0.257 

1.86 
—2.71 

3.59 X 104 

2.02 10-* 


0.131 

0.452 

1.76 
—0.715 

1.42X 10* 
—6.16X 107 


—0.126 
0.497 
1.20 
0.0321 
7.25 108 

—0.160 


—0.345 
0.458 
0.740 
0.250 
4.29X 108 

—0.271 


—0.514 
0.378 
0.425 
0.258 
2.81X 108 

—0.367 


—0.637 
0.289 
0.228 
0.195 
2.00 10° 

—0.424 


—0.723 
0.206 
0.110 
0.118 
1.54 10° 

—0.418 


—0.778 
0.142 


—0.189 


0.202 
—0.445 
—22.2 
—10.7 
9.67 X 105 
4.04X 10-* 


0.466 
0.0486 
0.884 
—6.29 
6.89 X 104 
1.14107 


0.285 

0.366 

2.30 
—1.88 

1.68 X 104 
—1.06X 10-? 


0.0247 

0.485 

1.70 
—0.320 

6.69 X 10° 
—7.22X10 


—0.214 
0.487 
1.08 
0.180 
3.37 X 10° 

—0.162 


— 0.406 
0.428 
0.647 
0.289 
1.94X 10° 

—0.265 


—0.554 
0.345 
0.370 
0.257 
1.22 108 

—0.364 


—0.662 
0.258 
0.199 
0.184 
8.27X10* 

—0.436 


—0.737 
0.181 
0.0971 
0.109 
5.98 X 10? 

—0.453 


—0.786 
0.122 
0.0387 
0.0499 
4.66 X 10° 

—0.387 


—0.226 


0.364 
—0.324 
—14.1 
—16.7 
4.10 10° 
3.77X 10% 


0.434 

0.180 

2.33 
—5.26 

3.03 X 104 

6.32 10% 


0.205 

0.425 

2.39 
—1.30 

7.53X 108 
—1.74X 10 


— 0.0484 
0.497 
1.59 
—0.996 
2.99 X 108 
—7.10X 10 


—0.267 
0.476 
0.977 
0.242 
1.48 X 108 

—0.150 


—0.441 
0.411 
0.583 
0.292 
8.30X 10? 

—0.242 


—0.574 
0.330 
0.335 
0.244 
5.01 X 10° 

—0.340 


—0.672 
0.249 
0.183 
0.170 


O 444 
—0.196 
—7.46 

—18.2 
1.39 X 105 
2.79X 10-8 


0.389 
0.269 
3.06 

—4.3i 
1.06 X 104 
2.30X 10-* 


0.142 

0.458 

2.35 
—0.912 

2.66 X 108 
—1.76X 10 


—5.86X 10 


—0.301 
0.468 
0.898 
0.265 
5.11XK 10 

—0.117 


—0.461 
0.403 
0.536 
0.282 
2.78 X 10° 

—0.190 


—0.584 
0.327 
0.312 
0.226 
1.60 X 10? 

—0.277 


—0.676 
0.252 
0.172 
0.155 


94.4 
—0.373 


—0.741 
0.188 
0.0859 
0.0904 








* da/dQ is given in barns per steradian. 
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TABLE II. Calculated results for cadmium (Z=48). 








8 =0.2 


0.4 


0.5 


0.6 


0.7 


0.8 





Re F 
Im F 
Re G 
Im G 
da /da* 
S 


Re F 
Im F 
Re G 
Im G 
do /dQ 
S 


Re F 
Im F 
ReG 
Im G 
da /dQ 
Ss 


Re F 
Im F 
Re G 
Im G 
do /dQ 
S 


Re F 
Im F 
Re G 
Im G 
da/dQ 
S 


Re F 
Im F 
Re G 
Im G 
do /dQ 
S 


Re F 
Im F 
Re G 
Im G 
da/dQ 
S 


Re F 
Im F 
ReG 
Im G 
da/dQ 
Ss 


Re F 
Im F 
ReG 
Im G 
da/dQ 
S 


Re F 
Im F 


0.347 
0.359 
36.4 
—35.2 
9.51 10" 
—1.14x10~ 


4.37X10-* 


—0.0533 

—0.485 

—5.13 
0.471 
1.28 10° 
0.0123 


0.371 
—0.308 
—1.74 
—2.09 

4.50X 10° 

7.70X 10 


0.488 
0.0263 


—0.342 
7.99 10 
—0.112 


0.0994 
0.541 
0.323 
—0.106 
5.91X 10' 
—0.122 


—0.0306 
0.568 
0.177 

—0.0171 
4.77 X 108 

—0.110 


—0.123 
0.570 
0.0753 
0.00414 
4.15X 10* 

—0.0822 


—0.178 
0.564 
0.0181 
0.00261 
3.83 X 10* 

—0.0435 


0 106 
—0.484 
—24.9 
—5.64 
5.25X 10° 
1.81X10-* 


2.30X 10-* 


0.400 

0.286 

1.56 
—2.27 


0.399 
—0.390 
—12.6 
—16.3 
1.95 10° 
1.64 10-* 


0.464 

0.165 

1.72 
—4.87 

1.34 10° 
—1.16X10~ 


0.292 
0.402 
1.79 
—1.39 
2.96X 10* 
—0.0188 


0.104 
0.497 
1.17 
—0.332 
1.05 10 
—0.0510 


—0.0566 
0.519 
0.716 
0.00157 
4.86 X 10° 

—0.0919 


—0.184 
0.505 
0.426 


0.0909 
2.65 X 10° 
—0.133 


—0.281 
0.476 
0.246 
0.0946 
1.64X 10° 

—0.166 


—0.353 
0.443 
0.135 
0.0711 
1.12 10° 

—0.180 


—0.405 
0.413 
0.0670 
0.0431 


840 
—0.170 


—0.439 
0.390 
0.0272 
0.0199 

684 

—0.134 


0.375 
0.00645 
0.00505 


0.482 
—0.114 
—3.88 

—16.9 
8.19X 10° 
1.22 10-* 


0.404 

0.286 

2.50 
—3.60 

5.68 X 104 
—3.67X 10" 


0.216 
0.452 
1.70 
—0.906 
1.26X 10* 
—0.0227 


0.0457 
0.510 
1.02 
—0.176 
4.43 X 10° 
—0.0550 


—0.0930 
0.517 
0.612 
0.0371 
2.01 X 10° 

—0.0959 


—0.201 
0.501 
0.363 
0.0859 
1.08X 10° 

—0.139 


—0.285 
0.476 
0.211 
0.0799 


646 
—0.175 


—0.347 
0.448 
0.117 
0.0578 

428 

—0.195 


—0.392 
0.424 
0 0589 
0.0345 

310 

—0.190 


—0.422 
0.405 
0.0242 
0.0158 

245 

—0.153 


—0.439 


0.495 

0.0310 

1,00 
—15.0 

3.58X 10° 

7.56X 10 


0.347 

0.356 

2.69 
—2.71 

2.50X 10+ 
—5.23X10™ 


0.164 
0.476 
1.57 
—0.630 
5.52 X 108 
—0.0242 


0.0110 
0.514 
0.906 
—0.100 
1.93 X 10° 
—0.0554 


—0.111 
0.516 
0.536 
0.0547 

862 

—0.0953 


0.478 

6.135 

3.63 
—12.7 

1.51 10* 

3.58X 10 


0.300 

0.398 

2.67 
—2.10 

1.06X 104 
—5.81X 10 


0.128 
0.489 
1.43 
—0.462 
2.33 X 10° 
—0.0232 


—0.0109 
0.516 
0.812 

—0.0616 


803 
—0.0515 


—0.120 
0.515 
0.479 


352 


7.35X 10-5 


0.262 

0.426 

2.57 
—1.67 

3.55 X 10° 
—5.13X 10-$ 


0.101 
0.497 








« do/dQ is given in barns per steradian. 
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TABLE III. Calculated result for aluminum (Z=13). 
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Im F 
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Re F 
Im F 
ReG 
Im G 
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Re F 
Im F 
ReG 
Im G 
da /dQ 
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Im F 
Re G 
Im G 
da/dQ 
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—13.6 
6.98 108 
2.97107 


0.360 

0.346 

2.30 
—2.40 

4.54X 105 
—7,90X 10 


0.209 
0.455 
1.27 
—0.589 
9.52X 104 
—3.00X 10° 


0.0866 

0.494 

0.711 
—0.130 

3.27 X 104 
—6.28X 107% 


—0.00780 
0.502 
0.410 
0.00213 
1.48 X 104 

—9.90X 10-3 


—0.0800 
0.496 
0.240 
0.0354 
8.11 108 

—0.0130 


—0.135 
0.485 
0.138 
0.0361 
5.09 X 10° 

—0.0150 


—0.175 
0.473 
0.0764 
0.0268 
3.56 

—0.0152 


—0.205 
0.462 
0.0385 
0.0162 
2.74X 108 

—0.0136 


—0.224 
0.453 
0.0158 
0.00745 
2.28 X 10° 

—0.0102 


—0.236 
0.447 
0.00377 
0.00189 
2.05 X 108 

—5.48X 10% 


0.322 

0.383 

5.27 
—4.44 

3.84 10° 
—1.92X10~ 


0.181 

0.466 

1.56 
—0.613 

2.50 104 
—1.80X 10 


0.0907 
0.492 
0.693 
—0.133 
5.20 108 
—5.14X 10% 


0.0264 
0.501 
0.364 
—0.0236 
1.76X 108 
—9.73X 10-8 


—0.0216 
0.502 
0.207 
0.00565 
7.87 X10 

—0.0147 


—0.0582 
0.49 
0.122 
0.0118 
4.22X 10? 

—0.0191 


—0.0862 
0.496 
0.0716 
0.0108 
2.60 X 10? 

—0.0220 


—0.107 
0.492 
0.0403 
0.00776 
1.78 

—0.0226 


—0.123 
0.489 
0.0207 
0.00462 
1.34X 10° 

—0.0205 


—0.134 
0.486 
0.00861 
0.00211 
1.10X 10? 

—0.0155 


—0.140 
0.485 
0.00207 
5.34 10 

98.0 

—8.38X 10 


0.264 

0.425 

4.69 
—2.92 

1.41X 10° 
—2.68X 10~ 


0.144 

0.479 

1.29 
—0.394 

9.13 X 108 
—2.13X 10 


0.0703 
0.496 
0.560 
—0.0849 
1.89 X 10° 
—5.88X 10-% 


0.0184 
0.501 
0.293 
—0.0149 
6.35 X 10? 
—0.0110 


—0.0201 
0.502 
0.167 
0.00362 
2.80X 10° 

—0.0167 


—0.0496 
0.500 
0.0984 
0.00754 
1.48 X 10? 

—0.0220 


—0.0722 
0.498 


5.80 104 
—3.2410~ 


0.119 

0.486 

1.0 
—0.275 

3.75 X 108 
—2.36X 10% 


0.0572 
0.498 
0.471 
—0.0594 
7.72X10 
—6.40X 10-5 


0.0137 
0.501 
0.246 
—0.0107 
2.56 X 10? 
—0.0120 


—0.0186 
0.502 
0.140 
0.00225 
1.11X 10° 

—0.0184 


—0.0433 
0.501 
0.0826 
0.00504 

57.7 

—0.0244 


—0.0623 
0.499 
0.0486 
0.00464 

34.2 

—0.0290 


—0.0768 
0.498 
0.0275 
0.00335 
2.25 

—0.0309 


—0.0875 
0.496 
0.0142 
0.00199 

16.3 

—0.0290 


—0.0948 
0.495 
0.00593 
9.13 10~ 

13.0 

—0.0226 


—0.0991 
0.495 
0.00143 


11.3 
—0.0125 


0.7 
0.192 
0.462 
3.65 

—1.53 
2.50X 10# 
—3.56X 10-4 


0.102 
0.490 
0.945 
—0.203 
1.61X 10° 
—2.45X10-% 


0.0481 
0.499 
0.406 
—0.0442 
3.28 X 10? 
—6.60X 10-% 


0.0106 
0.501 
0.212 
—0.00831 
1.07 X 10° 
—0.0125 


—0.0173 
0.502 
0.120 
0.00131 

45.7 

—0.0194 


—0.0386 
0.501 
0.0712 
0.00346 

23.1 

—0.0263 


—0.0550 
0.500 
0.0420 
0.00325 

13.3 

—0.0321 


—0.0675 
0.499 
0.0238 
0.00236 
8.47 

—0.0353 


—0.0768 
0.498 
0.0123 
0.00141 
5.94 

—0.0342 


—0.0831 
0.497 
0.00514 
6.47X10~ 
4.58 

—0.0276 


—0.0869 
0.497 
0.00124 
1.64 10 
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—3.55X10~ 


0.0887 
0.492 
0,834 
—0.157 
6.63 X 10* 
—2.35X10-3 


0.0413 
0.499 
0.357 
—0.0345 
1.34X 10* 
—6.33X 10-5 


0.00833 
0.501 
0.186 
—0.00685 
43.0 
—0.0121 


—0.0162 
0.502 
0.106 

6.55X 10 

17.9 

—0.0192 


—0.0349 
0.501 
0.0627 
0.00240 
8.76 

—0.0269 


—0.0494 
0.501 
0.0370 
0.00232 
4.83 

—0.0341 


— 0.0604 
0.500 
0.0210 
0.00170 
2.93 

—0.0394 


—0.0686 
0.499 
0.0108 
0.00102 
1.94 

— 0.0404 


—0.0742 
0.499 
0.00454 
4.71X10~ 
1.42 

—0.0343 


—0.0775 
0.498 
0.00110 
1.20X 10 
1.16 


—2.94X10~ 


0.0784 
0.494 
0.746 
—0.125 
2.17 X 10? 
—1.92X 10 


0.0361 
0.500 
0.319 
—0.0280 
43.3 
—5.19X 10-% 


0.00664 
0.501 
0.166 
—0.00589 
13.6 
—0.0101 


—0.0152 
0.502 


—0.0240 


—0.0450 
0.501 
0.0332 
0.00168 
1.34 

—0.0324 


—0.0548 
0.500 
0.0188 
0.00125 
0.748 

—0.0406 


—0.0622 
0.500 
0.00971 
7.5410 
0.446 

—0.0461 


—0.0672 
0.500 
0.00407 
3.48X 10~ 
0.288 

— 0.0444 


—0.0702 
0.499 
9.82 10~ 
8.87X 10° 
0.211 

—0.0290 








* d¢/dQ is given in barns per steradian. 
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Fic. 1. Polarization asymmetry at 90° calculated by Mott,! 
Bartlett and Watson,? and the UNIVAC. 


which is appropriate for these series.* This transforma- 
tion is given by 


% Avo A? v9 « (—1)"APHy,, 


E (-1)"—=—+—+ +++ 5 ——__—, 
n=O 


Qr+H mo Qrt 


where 
AVm=Um—Um41, 


A?0m= A? 0m — AP Dm. 
RESULTS 


Table I lists the values of F(6), G(@), do(6)/dQ, and 
S(@) for mercury. Tables II and III present the corre- 
sponding quantities for cadmium and aluminum. 

Figure 1 compares the results of Mott' and Bartlett 
and Watson? with those given here, for the polarization 
asymmetry at 95°. Although our values of 6 and those 
of Bartlett and Watson (which may be more reliable 
than Mott’s) disagree at 8=0.4 by about 15%, the 
values of F and G are in agreement to within 2%. 
This demonstrated in Table IV. The small disagreement 
is magnified by taking differences of products (S~F*G 
+FG*) and then squaring (6=.S*). 

Since the single-scattering cross section is sometimes 
expressed in the form of its ratio to the Rutherford 


TABLE IV. Comparison with the results of Bartlett and Watson* 
at Z=80 and @=90°. 
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® See reference 2. 


scattering cross section,?* 


o/or=(1/or(6) \[do(6)/dQ), 


Zé \* (1-6) 
aye 


moc? (1 —cos6)? 


where 


this ratio is tabulated in Table V. (For further ease in 
comparing results with those of other investigators, 
this table also shows the electron’s kinetic energy in 
Mev, corresponding to 8, for each value of the latter 


TABLE V. Normalized cross sections ¢/opr. 
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quantity.) Table V can be used to verify the approxi- 
mate agreement between these calculations and those 
of Doggett and Spencer* in the regions where the two 
calculations overlap. The closest overlap occurs for 
Z=13 at an energy of 0.2, and our results agree to 
about 1%. 

As a last indication of the accuracy of the numerical 
calculations, F and G were calculated at 6=30°, 90°, 
and 155°, 8=0.6 and 0.8, for Z=1. These results were 
compared with the approximate expressions for the 
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TABLE VI. Comparison between correct and approximate formulas for F(6) and G(@) at Z=1. 
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Re F 
Im F 
ReG 
Im G 


0.0943 

0.500 

0.0854 
—0.00614 


0.00715 

0.500 

0.0642 
—9.45X 10~ 


0.0940 

0.500 

0.0848 
—0.00163 


0.00784 

0.500 

0.0637 
—9.34X 10 


~10%* 
b=0.8 


—0.00285 
0.500 
0.00617 
2.50X 10-5 


—0.00203 
0.500 
0.00465 
9.26X 10-* 


—0.00281 —6.61X 10" 
0.500 0.500 
0.00610 4.82X 10-4 
2.53X 10-* 4.86X 10~* 


—0.00215 —0.00487 
0.500 0.500 
0.00458 3.73X 10 
1.04 10-° 2.27X 10-* 


—6.66X 1073 
0.500 
4.38X 10A~~10%* 
4.86 10- 


— 0.00501 
0.500 
3.29X 10-4°~12%* 
2.36X 10-* 








® Values italicized show largest disagreement and percentage. 


Mott series (viz., an expansion in powers of a)! which 
should be valid for small Z. The comparison is shown 
in Table VI. 

These calculations were suggested by Professor K. M. 
Case who also provided detailed criticism and en- 
couragement on several occasions. The author is 
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grateful to Professor R. W. Pidd and to D. F. Nelson 
for illuminating discussions concerning their double- 
scattering experiments at the University of Michigan 
and to H. Hanerfeld for patient assistance in the early 
stages of programing the calculation for the UNIVAC 
computer. 
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Measurement of Heat Capacity of Microscopic Particles at Low Temperatures 


W. F. GravQue 
Department of Chemistry and Chemical Engineering, University of California, Berkeley, California 


(Received June 14, 1956) 


The problem of measuring the heat capacity of microscopic particles at temperatures up to a few degrees 
absolute is discussed. In order to avoid the heat effects of helium adsorption, it appears that such 
measurements must be made with the individual particles out of equilibrium with each other. In practice this 
restricts such investigations to paramagnetic substances which can be measured by the techniques of 


adiabatic demagnetization. 


T is evident that particle size should have an appreci- 
able effect on heat capacity in the temperature re- 
gions available by means of liquid helium and adiabatic 


demagnetization. In considering this problem, it 
became evident that the experimental determination of 
the heat capacity of small or microscopic particles 
involves some unusual features. Since it seems likely 
that other experimental work in this laboratory will 
delay an attack on this problem for some time, it 
seems desirable to set forth some of our ideas with 
respect to it. 

In conventional calorimetry, a measured amount of 
heat is introduced by means of a heater and some 
conducting gas is used to transfer heat between particles 
so that equilibrium may be attained. Even in our work 
with rather large crystals in the liquid helium range, we 
have found that great care must be used in adding 
helium gas to the sample tube in order to avoid thermal 
effects due to adsorbed helium. Stout and Giauque' 
made an experimental investigation of the adsorption 
of helium on NiSO,:7H,O and were able to evaluate 
the rather large heat effects. They found that the 


1J. W. Stout and W. F. Giauque, J. Am. Chem. Soc. 60, 393 
(1938). 


degree of adsorption and thus the heat effect depends 
on time as well as temperature. This is a very obnoxious 
combination. 

For their adiabatic demagnetization experiments 
with gadolinium sulfate octahydrate, Giauque and 
MacDougall? compacted crystals into the sample under 
very high pressure in order to attain a filling factor of 
about unity. They also hoped that the hydrated 
crystals would grow into a continuous mass, with an 
improvement in the thermal conductivity. The glazed 
appearance of the sample at first led them to believe 
that they had succeeded. However, the difficulties 
encountered at low temperatures made it clear that 
the pressure had fractured the crystals into very small 
sizes with a large surface and poor heat conductivity. 
Helium added to conduct heat appeared to be “cleaned 
up” at liquid helium temperatures, and under some 
conditions portions of the sample were at different 
temperatures. Various experiences of this kind, includ- 
ing some unpublished later ones, which were valueless 
because of the use of two much helium, make it clear 
that it would be very undesirable to use helium gas 


2W. F. Giauque and D. P. MacDougall, J. Am. Chem, Soc. 
57, 1175 (1935). 
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conduction in an investigation of the heat capacity 
of a substance in the form of small particles at liquid 
helium temperatures. 

Consideration of the above problem makes it seem 
necessary to accept conditions in which the particles 
are not in equilibrium with each other during the 
determination of heat capacity. Energy must be added 
in some way so that each particle receives its propor- 
tional amount of energy simultaneously so that all will 
increase in temperature at the same rate from a common 
initial temperature. It will also be necessary to have 
some means of measuring the temperature of the 
particles without being able to have an auxiliary 
thermometer in thermal contact with them. These 
conditions suggest the general techniques of adiabatic 
demagnetization as possibly the only practicable 
solution in the special cases where they can be applied. 
For example, the accurate determination of the heat 
capacity of microscopic diamagnetic magnesium oxide 
at the temperatures of liquid helium would involve 
some unsolved experimental problems. Dielectric heat- 
ing could be used, but the dielectric constant may 
safely be assumed to have no appreciable temperature 
coefficient so that temperature could not be denoted by 
this property. It is at least conceivable that at a suffi- 
ciently low temperature, magnesium oxide plus some 
liquid helium could be brought into contact with a 
calibrated resistance thermometer-heater. There may 
be a range well below 1°K in which the helium would 
have a sufficiently low heat capacity and yet retain 
enough heat conductivity to enable equilibrium to be 
attained. A check on the heat capacity of adsorbed 
helium with a paramagnetic substance would be 
necessary and it would also be necessary to assume 
that the adsorption on differing surfaces was similar. 
This possible method is not very attractive since the 
degree of adsorption is known to change with time. 
There is also the question as to whether particles in 
helium would act like particles alene. 

In favorable paramagnetic cases, heat can be added 
by doing magnetic work on the sample either reversibly 
or irreversibly. The temperature of the particles can be 
measured by some of the magnetic techniques which 
have been applied in adiabatic demagnetization experi- 
ments. A critical discussion of methods of heat intro- 
duction has recently* been given and it seems necessary 
to comment on only three of them here. 

A sample could be cooled by adiabatic demagnetiza- 
tion with subsequent heating by y rays as has been 
done on macroscopic crystals by Kurti, Laine, and 
Simon.‘ This procedure is somewhat questionable 
even with large crystals because of the production of 
defects involving considerable amounts of energy and 
thus range and time of effect. In the case of microscopic 
crystals it seems inevitable that some particles would 


3 W. F. Giauque, Phys. Rev. 92, 1339 (1953). 
‘ Kurti, Laine, and Simon, Compt. rend. 204, 754 (1937). 
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be heated and some not. Thus the method must be 
ruled out. 

Heat introduction by paramagnetic relaxation has 
been used by de Klerk, Steenland, and Gorter.® This 
would be a satisfactory method of measuring heat 
capacity when the temperature can be determined as a 
function of magnetic susceptibility. After demagnetiza- 
tion it would be necessary to remove the cooled sample 
from the magnet and from all appreciable adjacent 
metal so that energy losses from the bridge circuit 
could be accurately evaluated as heat added to the 
sample. Correction could be made for heat developed 
by eddy currents and other irreversible processes in 
adjacent objects held at constant temperature, but any 
large effect of this kind will reduce accuracy. 

It should be possible to determine the heat capacity 
by means of reversible magnetization in the manner 
described previously* for determining absolute tempera- 
ture near 0°K without introducing heat below 1°K. 
This would involve the determination of I, the intensity 
of magnetization, as a function of H, the field strength, 
along paths of known and censtant entropy. 


Smicro— Smacro =AS. 


Smicro aNd Smacro do not need to be absolute values; 
each may be referred to its own convenient reference 
state, thus AS plus some constant would be the known 
quantity. In such a method the absolute temperature 
can be calculated as a function of I and H along each 
constant entropy path. 


(=) Cmicro— Cmacro 
oT H r 


This method would be considerably more involved 
than one utilizing only the initial magnetic susceptibility 
and some means of determining entropy values for a 
series of demagnetizations. It would, however, make it 
possible to determine the difference in the heat capac- 
ities of the two states within as well as out of the field. 

There are certain general problems relating to either 
of the above two possible methods. The entropy of 
the magnetic system must be obtained in any method 
which is to be used below about 1°K since no accurate 
temperature scale is available without this knowledge. 
We are dubious concerning the assumption of simple 
ideal quantum magnetic functions for calculating the 
entropy, a procedure which we initiated from early 
necessity, and which seems to have become almost 
conventional. We suspect that actual entropy measure- 
ments may show the inadequacy of this procedure in all 
but a few exceptional cases. 

In a rigorous experiment the entropy of magnetiza- 
tion for the several isentropics should be determined 
separately for both the macro- and micro-samples 
since, if the micro particles are very small, surface 

Sde Klerk, Steenland, and Gorter, Commun. Phys. Lab. 


Univ. Leiden 278a (1949), 282a (1950); Physica 15, 649 (1949) ; 
16, 571 (1950). 
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conditions and related defects could affect the energy 
levels of the magnetic system of an appreciable fraction 
of the substance. If, as a first approximation, one wishes 
to assume that a magnetically dilute system has the 
same magnetic properties under the same effective field, 
it will be necessary to apply the appropriate filling 
and demagnetization factors.* A check on the combined 
factor can be obtained by an investigation of the 
magnetic properties of both macro- and microscopic 
forms in the temperature range in which they can be 
kept in thermal contact with liquid helium. Magnetic- 
ally dilute systems with minimal cooperative effects 
would seem most likely to avoid possible effects of 
particle size on the magnetic properties. The investiga- 
tion of this subject is an interesting problem in itself. 
There is another point which seems most difficult of 
all. One must know at some time before adiabatic 
demagnetization that the known temperature is uniform 
throughout the magnetized sample. We see no alterna- 
tive to allowing it to stand for a very long time with 
just enough helium gas to bring equilibrium eventually. 
Also this should not be at a very low initial temperature 
or the amount of adsorption will spoil the experiment. 
It will be very difficult to decide when equilibrium has 
been reached, since the only kind of magnetic suscepti- 


¢H. B. G. Casimir, Magnetism and Very Low — 
(Cambridge University Press, Cambridge, 1940), pp. 9- 
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bility which can be measured in the field is the adiabatic 
differential susceptibility, (@I/9H),, and this is very 
insensitive to temperature under the necessary experi- 
mental conditions. A sensitive carbon thermometer 
used only to indicate equilibrium just before demagnet- 
ization is one possibility. Another possible method of 
determining the time required for equilibrium would be 
a study at zero field so that the full sensitivity of a 
magnetic thermometer would be available. 

If the measurements are confined to the region above 
1°K, the problem becomes somewhat simpler. The 
obvious method would seem to be the determination 
of initial susceptibility as a function of temperature 
while the sample is in thermal contact with helium and 
the later introduction of heat to the isolated sample 
by magnetic relaxation. There is, however, another 
problem which arises at temperatures much above 
1°K, namely the heat capacity of the container which 
would have some contact with outer particles. A single 
crystal can be suspended without a container. It would 
appear that the best that could be done with a powder 
is to enclose it in an extremely thin blown glass bubble 
which could be suspended and left open to the space 
within its enclosing vessel. This would avoid the 
necessity of strength to support pressure changes. 
We believe that glass is superior to plastic for this 


purpose. 
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The buildup of current in the transient Townsend discharge has been calculated fully, taking the positive- 
ion and photon mechanisms at the cathode into account. The two cases of continuous and instantaneous 
electron supply have been treated. The calculated results are useful for the explanation of the buildup of 
current during the formative time lag of sparks under a sudden application of overvoltage, and for the 
transient state of a Townsend discharge in the case of undervoltage application. 


I. INTRODUCTION 


HE growth of current during the formative time 
of spark breakdown before the development of 
space charge effects has been studied by several 
authors.!-* Recently Bandel® carried out experiments 
and a theoretical analysis of the current buildup, but 
his solution is approximately accurate only for times 
longer than the positive-ion transit time, and not for 
shorter times. Following Bandel, Auer® made a further 
‘IR, Schade, Z. Physik 104, 487 (1937). 
2W. Bartholomeyczyk, Z. Physik 116, 355 (1940). 
3A, von Engel and M. Steenbeck, Elektrische Gasentladungen 
(Verlag Julius Springer, Berlin, 1934), Vol. 2, p. 178. 
4 Dutton, Haydon, Jones, and Davidson, Brit. J. Appl. Phys. 


4,170 (1953). 
5H. W. Bandel, Phys. Rev. 95, 1117 (1954). 
6 Pp, L. Auer, Phys. Rev. 98, 320 (1955). 


analysis of this subject; his analysis is also limited to 
the special case of y, action alone, and it seems to be 
much too complicated for numerical computation. 

In the present paper, a theoretical treatment of the 
same problem is carried out, based upon the funda- 
mental equations of continuity for the electron and 
positive-ion streams in a parallel plane gap, from a 
mathematically more rigorous standpoint than those 
of the previous investigations.’ Our analysis shows that 
the current-time characteristics cannot be given by a 
single form, but require different forms appropriate to 
the following three time ranges: (a) times shorter than 
the electron transit time (t¢_); (b) times longer than the 


7 More recently P. M. Davidson [Phys. Rev. 99, 1072 (1955) ] 
has discussed this problem from another standpoint. 
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electron transit time but shorter than the resultant 
transit time (/=¢+#,, where #4, is the positive-ion 
transit time), and (c) times longer than the resultant 
transit time. 

The calculations are carried out for the two cases 
of externally generated cathode current: (i) a con- 
stant photoelectron release (Schade,! Jones and col- 
laborators, Bandel,’ Auer*®); (ii) an instantaneous 
photoelectron release at the initial time (Steenbeck, 
Bartholomeyczyk’). 


II. GENERAL CONSIDERATION 


We consider the system of a uniform field gap with 
the cathode at x=0 and the anode at x=/, and with the 
distribution of charges independent of y and z. Let a 
constant voltage V be suddenly applied to the gap at 
the time origin !=0. Since the applied field E=0 for 
t<0, there are few charges in the gap because of dif- 
fusion, notwithstanding a steady external irradiation. 
Then the fundamental equations which show the con- 
ditions of continuity for charges at any time ¢ and at 
any point x in the gap are 

1 dN_ ON_ 

cep compinaitas ——+aN_, 
v. dt Ox 

10N, ON, 


— —=—+eN_. 


v, oO Ox 


(G.1) 


(G.2) 


The boundary conditions at the cathode and at the 
anode or an avalanche head are 

N_(,)=NotyNs0,)+7pN (0), (G3) 

Ny (x,t) it 0, (G.4) 
where the symbols have the following meanings: 
N_(x,t) and N(x,t) are the numbers of electrons and 
positive ions passing through x at time / per cm? sec, 
respectively, and shall be called the “electron stream” 
and the “positive ion stream,” respectively. NV ,(¢) is 
the number of chances of ionization by electron colli- 
sion in the whole gap, and is assumed to be proportional 
to the number of photons impinging on the cathode 
when their absorption in gas may be neglected. 


(G.5) 


vs)= f aN_(x,l)dx. 
0 


No is the number of photoelectrons per cm? sec emitted 
by external agents, e.g., ultraviolet irradiation. » and 
v4 are the drift velocities of the electrons and positive 
ions, respectively. 5 is the resultant velocity. a is the 
first Townsend coefficient. y; and y, are the second 
Townsend coefficients representing the action of posi- 
tive ions and photons at the cathode, respectively, in 
the same way as in Bandel’s definition.* y=7;+7, is 

® We will take +; action and +, action into consideration for the 
secondary mechanism, which seem to be necessary and sufficient 
to explain the experimental results on spark time lags by Schade, 


Fisher and his collaborators, Bandel and Mori (Proc. Fac. Eng. 
Keiogijuku Univ. 4, 101 (1953) ]. 
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the generalized second Townsend coefficient. x, is the 
maximum distance swept by the electrons that leave 
the cathode at :=0: 


vt 
ty= " for vtSl. (G.6) 


x; is the maximum allowable distance where the posi- 
tive ions to reach x at time ¢ are produced?: 


a ty 
oe 


Solving Eq. (G.1) by separation of variables and 
superposition, we get the following expression for V_: 


N_(x,t)=No > vx expl(a—Ax/v_)x Je™*. (G.8) 


for i(t+x/r4)Sl.  (G.7) 


Substituting this in Eq. (G.2), we obtain the expression 
for V,: 


Nae) =NoX | ( a 


A,/d 


+v;' exp(Axx/04) Jom (G.9) 


) exp[(a—Az/v_)x] 


a 


The constants of integration (Ax, vx, and »;’) and the 
limits of summation (k) can be determined by the 
boundary conditions as shown in the following. 

First, substituting (G.9) into (G.4), we can deter- 
mine vy,’ in terms of A, and »;; it has different values 
corresponding to the two forms of x; as follows: 

(1) For 0(t+2/0,)S/ or tS t—x/2,, 


Ns (x;,t) 
= vd | ¥ ( -=n) ew +D »’ exp(Axv_t/ |-o. 


Therefore 


a 
> —.=0, (G.10) 


k Dy 
and 
v,’=0 for all of k. 


(2) For 0(t+2/2,)21 or t2i—x/2,, 
N4(x;,!) 


=Nod | (<n )eon ve’ exp(Axl/04) Joo. 
k dk 


a 
vy! ={ —e%! J p,. 
x 


In these equations, 
o_1=a—A,/?_, o.=a—d,/d. 
® The initial conditions, 
N_(x,0) ={)° - N,(x0)=0, OSxsl 
are implicitly expressed by Eqs. (G.3)—(G.7). 


(G.11) 


Therefore 


(G.12) 


(G.13) 
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Consequently, 
Nx (x,t) 


( a 
No Ds ( —<n)erwom, 
k dx 


tSt—x/r, 
(G.14) 
a 
Nod (<») { —e*#*+e%! exp(A,x/04) }e™!, 
k \ ge 


( (2t—x/0,.. 





Using the values thus obtained for V_ and ,, we can 
express the current densities as follows": 


cue N, (0) 
I(W)=- f ae A 
iJ, No 


er” 
1=- f Na (xf)dey, 
0 


J()=J-O+I+O. 


Here Jo=eN¢ is the externally generated cathode cur- 
rent density ; Joa=Jo/al; J_(t) and J, (¢) are the current 
densities at time ¢ due to the motion of all the elec- 
trons and positive ions in the gap, respectively; and 
J(t) is the total current density. Also from Eq. (G.5), 


N,(t) 
vf | £(—») nd 
k \o_x 


md +2 (-—n)om' tSt_ (G.16) 
EX ¢ 


ta, 





a 
No z(—») (eo#!— 1)e**, 
LNG: 


At the cathode, 
N_ (0,2) = No DM pyer*t, 
k 


( a 
No Z ( ~~ nom, 
k dx 


a 
NoE (=n) (emo, ti, 
oe 


k 


Ny (0,4) =e 





Thus N,(¢) has different forms for the ranges ¢<¢_ and 
t>t_, while V,(0,t) has different forms for t<¢ and 
t>t. Hence the boundary conditions are represented by 
three different equations corresponding to the following 
three time ranges: 

(a) OStS~, 

(b) -Stst, 

(c) tSt. 


10 These current densities represent the current intensities in 
the external circuit divided by the electrode area. 
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Therefore we must determine the unknown constants 

,x’s and v;’s separately for ranges (a), (b), and (c). 
Case (a).—Range: 


OstSt or OSvtSl. 
We add the suffix a to the characteristic constants 


A, and the coefficients v;, etc., aS Nak, Var, etc. From the 
boundary condition (G.3), 


a 
DL var! = 1 +n -~> (>a) 
. k Pak 


a a 
+l (= ruse! 5 (ra on'l, (a.1) 
k o-ak k dak 


One of the Agx must be zero because Eq. (a.1) holds 
identically for any values of t(<t_). We call it Ago; 
then 

Aaw=0; $-co=Ga0=a. (a.2) 
For Aqs’s with other values of k, collecting the coeffi- 
cients of e*** in Eq. (a.1) gives 


Nak’ — af (1+y,)v-+ (1 +7;)d}Xax 
+a?(1+7:+7>p)v0=0. 

The Agx’s are the roots of the above quadratic equation, 

which has the same form irrespective of k. Hence only 


two values are to be determined as \qx’s; we call these 
Xai and Age, where 


(a.3) 


0<Yai<Aaz- (a.4) 


Consequently we have only to take into account three 
terms (k=0, 1,2) in the expressions for N_, N,, etc. 
With the aid of \ax(k=0, 1, 2) determined as above, the 
coefficients va.(k=0, 1,2) can be determined from the 
following simultaneous equations: 


Constant term of Eq. (a.1): 
Veo= 1 — VY iVa0— Y pad, 


e*-' term of Eq. (a.1): 


a a 
Vaot—Vait—?a2= 0, (a.5) 
ai -a2 


a Qa 
Veo t—Va t— a2 = 0. 


al a2 


Eq. (G.10): 


In this manner, we have obtained all of the necessary 
constants. Using these values of \,, and vax, the quan- 
tities referring to charge and current are listed as 
follows: 


2 
N_(x,t) |X vaxe*at*erart, x<ot 
eaeaain = 4 k=O 


No 


(a.6) 
0, x>v_l. 


2 a 
a —— na oor 
k=0 Pak 

0 


’ x>vl. 


N,(x,t) x<vt 


No 


(a.7) 
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(a.8) 


oo oes 
No 
ae: — rue 
art 


te 
Nal 


(a.9) 


(a.10) 
(Aa2— 

Case (b).—Range: 
isisi or 


Let the characteristic constants and coefficients be 
marked with suffix } in this time range, as Asx, vox, etc. 
To determine the unknown quantities Aj; and vex, we 
use the initial condition from Eq. (a.6) and the bound- 
ary condition from Eq. (G.3) with the aid of Eqs. 
(G.16), (G.17), and (G.19) to obtain the following: 


N_(x,t_) 2 
—: 2 (voxe*et =) (vaseor-lerors, 
No k k=0 


dtslSvLt. 


(b.1) 


and 


a 
DL voxe'= 1-7; | ay > (—ru Jom 
k k \ ove 


+1] pi (—m) (eo — new| .  (b.2) 
k \o_ve 


Since Eq. (b.2) is identical to Eq. (a.1) with respect to 
t, one of the Az, must be zero; it is called Azo. 
Avo=0; o_» == a. (b.3) 
For the other Axx, comparing e*-terms in both sides 
of Eq. (b.2) gives 
1 exp[al(1 —)p/av_) ]—1 
a) . 
1 —vi/ad 1 _ Aos/av_ 
This equation has two real roots 
Avi, Adz, 
and an infinite number of complex roots 
Aoe=Ave tAve’, k=3, 4,5, --- 
They are in the relation 
av_>Apgo>ad>Asi>Ag3’ >Asa’ >: . 


<0 >0 
Asi, =0 for Irae 0 
>0 <0 


N_(0,t), N_(x,t) and other quantities are infinite series," 
but the predominant terms for current buildup are 
those involving the real roots \,; and Ape. See Appendix. 
So we may take the three terms involving Aso, Ay: and 
Ase into account for our approximate solution. More- 
over, in the following, another approximation will be 


(b.4) 





1=-7; 


(b.5) 
and 


(b.6) 


If the initial charge distribution N_(x,0) be a function of x, 
f(z), then also the Aes must be of infinite number and the solu- 
tion N_(x,t) must be an infinite series. 
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made by setting. the continuity of the electron stream 
N_ at t=t_ “at the cathode” instead of “in the whole 


gap. ” 
N.O0f) 3 2 


+ 7 Vopervet- = > Varera*t-, 
No k=0 


k=O) 
Then the simultaneous equations for the v4 are as 
follows: 


Eq. (b.1’): 
Constant term of Eq. (b.2): 
voo= 1—vo0 + p(e*!— 


(b.1’) 


voot vore™!--+- vy2e™2!-= yy, 


(b.7) 


1) v0, 


a a 
voo+— Ye +— 2 = 0, 
1 v2 
vy= N_(0,t_)/No. (b.8) 


Using the coefficients »,, determined from the above 
equations, we get the expressions’? for the charge 
streams and currents: 


N_(x,) 2 
= z Ve -rbrerow! 
No k=0 


a 
(Bien 
ok 


xSvr,(t—2), 
? 2 a 
=i) ~~) 
k= \ box 


XK { — eo + 90k! exp (Aner /v4) Perm, 
x20,(t—2); (b.10B) 


2 a N,(4) 
=> £2. ms) (eo ve! — 1) ehoet — : 
k=O \d_p No 


a Uy 
ns) (14 "gue oa 
hates Nok 
v 


pane (b.12) 


bk 


Eq. (G.10): 


where 


(b.9) 


2 


k=O 


(b.10A) 





J_(t) 


Joa 
J,(d) 
Joa 


(b.11) 


-E, 


ew! 


t—i_ | 
“itever vp(e—1) 
a 

+Joa > ( ne) 

k=1 \_pior 

Nog 1 Uy 
| {+ (+= omer om 

ad a Xow 


4 
* —ones'| (b.13) 


bk 


Ji=Jo 


2 Since Bandel, Auer, and even Davidson’ in his latest paper 


treated the integral equation for N_(0,t), the approximate solu- 
tion shown here is what they have been looking for as an exact 
solution. 
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Case (c).—Range: 


i<i or ISit. 


Let the constants of integration be characterized with 
the suffix c in this time range, as A,4 and cx, etc. ; these 
constants can be determined as in the preceding range 
by virtue of the initial and boundary conditions as 
follows. 


N_(x,)) 
———: 2 [ves exp(rcat) Je 
k 


No 
=L [vox exp(Arst) Jeo", (c.1) 


E rachatm 1-745 (—ra) (era'—tpera} 
k k \@ek 


+r] r® (~.) (eee! — ] erent > ex) 


This is an identity with respect to ¢. Hence one of the 
ek Must be zero; we call it Aco. 


Ao=0; $-0=de0=a. 
Moreover, for A.x with other values of k, 
exp[al(1—A.%/ad) ]—1 
ruled: 


(c.3) 





1=7; 





expLal(1—).%/av_) ]—1 
1—).x/av_ 


vp (c.4) 


This equation has one real root A, and an infinite 
number of complex roots. 


<0 
Aery =O for 


>0 


>0 


1— (yit7p) (e*'— nf=o 
<0 


(c.5) 


For the approximate solution, the following condi- 
tion may be substituted for Eq. (c.1) as in the range (b). 


N_(0,i) 


1 2 
DX ver exp(Acet) => vox exp(Anet).  (c.1’) 
No k= k=0 


Then the simultaneous equations for the coefficients 
Vek are 


Eq. (c.1’): 
constant term of Eq. (c.2): 
Vo= 1+y;(er'— 1) vot p(ew'— 1) v.20, 


veotver exp(Acit) = v11; 
(c.6) 


where . 
vyr= N- (0,t)/No. (c.7) 


With vo and »,., determined, the solutions are sum- 
marized as follows: 


N_(x,t) 


— =vVeotVe exp{ax+e1(t—«/v_)}, 
No 


(c.8) 
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N4(x,!) 
“in —= ven(e%! — e**) —-—y, 
No Pei 
x Lexp{al+Aci(t—t+4/04)} 
—exp{ax+A.1(/—x/v_)} ], (c.9) 
J_(t) 
= v.o(e*'—1) 
0a 
a N,(@) 
4+4—ve (eat! 1) hat = 
J+ . a in 
——-= veo{ale*!— (e*'—1)}+ Vel 
J 0a $~c1P1 


(c.10) 


x | 14+—(baeal—g_-e%a12) Je (c.11) 
Net 

ex! a 

J (t)=Jo— —_——_—— +Joa 

1—(yitrp)(e'-1) — d-erbet 


Nei 1 Vy 
x “+ (-+—~) ace 


ad a Xe 





Vel 


V4. 
—— eta at (c.12) 


el 


III. SOLUTIONS FOR CRITICAL CASES 
AND SPECIAL CASES 


1. Critical Cases 


Let us consider two critical cases in which the mag- 
nitude of the applied field is critical according as 
1+7i—Yp(e"'—1)=0 or 1—(yityp)(e%'—1)=0; for 
these cases, \»; Or A<: becomes zero, and therefore the 
results in the general consideration must be somewhat 
modified. 

1.1 Case of 1+7:—y,(e*'—1)=0.—The solutions for 
this case are derived from Eqs. (b.9)-(b.13) by taking 
the limit 1+-7;—7,(e*'—1) — 0. For example, 


N_(0,t)/No= Vor’ +pust+ voce", (C:4) 


where 


% Y ra 
‘iain = +" fales!— (ee!-1))| 7 (C2) 


ad av. 
a t doe 
y= —=— vy + pn ——e2-— t_ . (C.3) 
ry2e%?*-— al a 


1.2. Case of 1—(yitv,)(e*'—1)=0 (application of 
static breakdown voltage).— 


N_(0,t)/No=»n+u-(t—), 

J (t) al— 1 s ty 
—= nite H+ i) fe 
Th ar | 2 


t 
+Ne, 
of 


(C.4) 


(C.5) 
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— Vz, (tor T% - mechanism) 


~— Y, [ for Vi - mechanism) 


Fic. 1. Cathode electron stream N_(0,f) vs time in electron 
transit time for y, action and in resultant transit time for 7; 
action. 


where 
Yp 


ade { (72+ )fater'- (!-1)] 


ad av 


—1 


(C.6) 


With the aid of Eq. (c.5), Eqs. (c.12) and (C.5) give 
the well-known formula which is derived for a steady- 
state condition as follows: 


J(2) 
Joe /1—y(e'—1), Aa <0, 1—y(e*!—1)>0 
20 Aaz0, 1—y(e*'—1)20. 


> 


2. Special Cases 


The solutions (a.6)—(a.10), (b.9)—-(b.13), and (c.8)- 
(c.12) are those which Bandel and others would want 
to derive. From these solutions the current-time char- 
acteristics can be calculated. Since the general case 
containing y,; and y, is much complicated for numerical 
computation, the two special cases in which y=7, and 
7=7; will be dealt with. 

2.1. Case in which y=7p; ¥:=0.— 

2.1.1. (a)-range: 0S /St_.— 

N_(0,4) 1 a 7 
—_ = ——_ Yp exp] av_(1+y,)i |}. 
Ne Fit, p XP Yr)i}} 


2.1.2. (b-c)-range: t-St.— 


(S.1)8 


¥ pe! 


N_(0,t) i 


1—yp(e"—1) +4, 
1 
13 This is the same as Eq. (3.8) in Auer’s paper. 


“This equation is substantially the same as Eq. (3.14) in 
Auer’s paper. 





No 


K | eval expAser(t—t_), (S.2)"4 
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where Abe: is the root of the equation 


expLal(1—Ase1/av_) ]—1 
Yr = ‘. 
1—Yber/ar_ 





(S.3) 


2.2. Case in which y=+7i; yp=0.— 
2.2.1. (a-b)-range: OStsSi.— 


N_(,t) 1 ; 
~——=—_{144; exp[ai(1+7,)¢}. 
y, ree vi expLad(1+7,)t]} 


(S.4) 


2.2.2. (c)-range: tS t.— 
N_(@,t) 1 nyse! 1 
= a “| 
Np t—ydew—1) fi iqyfe"—f) 
Xexp[ra(t—f)], (S.5) 





where A, is the root of the equation 


exp[al(1—).1/ad) ]—1 
1—),.i/ad E, 





Yi 1. 
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0.06 
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Fic. 2. Cathode ion stream N(0,f) vs time in electron transit 
time (a) for y, action; (b) for y; action. 
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IV. SOLUTIONS FOR THE CASE OF INSTANTANEOUS 
ELECTRON SUPPLY 


The solutions in the preceding chapters are derived 
under the application of a step-function-like impulse 
voltage to a uniform field gap with a cathode photo- 
current externally supplied ; obviously, they can also be 
the solutions for the case of continuous voltage but an 
external supply of a step-function-like cathode photo- 
current. Therefore, the solution for the case of an 
instantaneous cathode electron supply No’ (per cm*) 
at =0 can be obtained by superposing two solutions for 


No(per cm? sec) for 20, 
and 
—No(per cm? sec) for ‘2b, 


and taking its limit 
lim (N oto) = N°. 


to—0 


Noo 


(1.1) 


With the index 0, as in »,°, we distinguish the quantities 
for an instantaneous electron supply (o°) from those 
for a continuous electron supply (Vo) with which we 
have been concerned hitherto. 

For the present problem, the fundamental equations 
(G.1), (G.2) and the boundary conditions (G.3), (G.4) 
hold (except for No). So the solutions for this case 





2*10° 
Np(t) 
N. , 


J.(t) 
Jen 1x 10° 
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Fic. 3. Electron current density J_(é), or total number of 
ionization chances per unit time N’,(¢), vs time in electron transit 
time. The values are nearly equal for the three cases: y=vYp, 
y=7i, and y=0. 
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Fic. 4. Ion current density J,(¢#) vs time in electron transit 


time. The values of J,(#) are nearly equal for the three cases: 
Y=Yp, Y=, and y=0. 





























10°: 
(1) 
—+> (S66) 
(b) 
Fic. 5. Cathode electron stream N_(0,é) vs time in the entire time 
range (a) for yp action; (b) for 7; action. 


have the same form as (G.8) and (G.14), as follows: 


(1.2) 


N_°(x,!) =N,° i veer eteret, 
k 


y 
a 
No z( = “nt Jeowem, 
k 


dx 


Qa 
Ne > (=) 
k \ ok 


X[—et+*-+%! exp(Auw/24) Je™, 


x>v,(i—2). 


xSv,(i—2) 


(1.3) 





However, there may be not any constant term corre- 
sponding to k=0, because the boundary condition at 
the cathode has no constant term. Each of the \; must 
be equal to that for a continuous electron supply for 
all values of k. The determination of the constants of 
integration y,° is difficult in the same manner as in the 
previous sections. For this determination, it is advisable 
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Fic. 6. Electron current density J_(#) or number of ionization 
chances N,(t) vs time in the entire time range (a) for y, action; 


(b) for +; action. 


to superpose the results for continuous +o for ‘20 
and — WN, for ‘2% and to take the limit as mentioned 
above. The solutions thus obtained are summarized 
separately for three time ranges. 

1. (a)-range.— 


N°(x,f)= lim {N_(x,t)—N_(x, t—t)} 
to 0 


New el 


=N o> (Aakvarle*"e™*, (1.4) 
k 
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Therefore 
Var’ =NakVak; k= i 2; fades (1.5) 
Hence we can get the expressions for V,, J_, J,, etc. 


2. (b)-range.—The coefficients are derived from the 
relations: 
2 
dX voPe!-= vy, 
k=l 


2 vox 
y =o 
k=l ok 


(1.6) 


where 
yy’=N 


N_°(0,t_)/No°. (1.7) 


The second line of Eq. (1.6) corresponds to Eq. (G.10). 
Then 


2 
=N,° 2. vonrerv!, (1.8) 


k=l 


The other quantities are derived similarly. 
3. (c)-range.—For the determination of v-.°, we have 


(1.9) 


N_°(0,t) 


ver’ exp(Acit) = yur, 
where 


viu1°= N_(0,8)/No. (1.10) 


Using this, we have 
N_ (0,2) = Noover9ehl* = No®vir® exp[ Aci (t— t)}. 


a 
vst) 
b~c1Pci 
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(1.11) 


J (2) = Qoe( 
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Fic. 7. Cathode electron stream N_(0,t) vs time in electron 
transit time for yp action and in resultant transit time for +; 
action. Instantaneous electron supply. 





TRANSIENT 


where 
Qo = eNo’, Qoa = Qo/al. 


In particular, for the case in which 1—+y(e*'—1)=0, all 
of the quantities relating to charge and current are 
constant in this time range; that is, a steady state has 
been reached just at ‘=?. From Eq. (1.12), 


0 <0 >0 
J (2%) =) Qorir’e’, haf=0 for 1—y(e*"—1)4 =0. (ID) 
i> 6) 


>0 <0 
V. NUMERICAL ILLUSTRATIONS 


As an illustrative example, we treat the following case. 
Gas: air. Pressure: p= 760 mm Hg. Gap length: /=1 
cm. Static breakdown voltage: V,=31 kv. 


4 





Nog = NGCO,0) 
=Nav 














N., = N3(0,0) 
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Fic. 8. Cathode ion stream N,(0,t) vs time in electron transit 
time. Instantaneous electron supply. (a) For yp action; (b) for 
vs action. 

16 VY, is taken from Standard Handbook for Electrical Engineers, 
edited by A. E. Knowlton (McGraw-Hill Book Company, Inc., 
New York, 1949), eighth edition, being the value for a cathode 
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Fic. 9. Electron current density J_(#) vs time in electron 


transit time. Instantaeous electron supply. The values of J_(#) 
are nearly equal for the three cases: y= 7p, y=7vi, and y=0. 


The ionization coefficients are 


a E 2 
au(2-2)) 
Pp p 
A=1.048X10~ (cm-mm Hg/v), 
B=27.38 (v/cm-mm Hg); 
these are the same as obtained by Bandel. Also 


a,=14.3 for V=V,(A=0), 
Y=Ve= (e%!’—1) =e 2'=6X10-". 
The drift velocities are 
v.=1.26X10" (cm/sec) for A=0, 
v,=6X 104 (cm/sec) for A=0, 
d=5.97X 104 (cm/sec) for A=0, 


With these data, V_(0,t), V,(0,t), and V(t) or J_(t) 
and J, (¢) are plotted as functions of ¢ for several values 
of the percent overvoltage A in Fig. 1-Fig. 10. 


VI. CONCLUSION 


In the present paper, the transient Townsend dis- 
charge current or current buildup in the formative 
time of spark breakdown has been calculated, taking 
two secondary cathode mechanisms y; and vy, into 
account, through the whole range of time, in more 
precise and practical form than by previous investiga- 
tors. The solutions obtained are exact for the time range 
‘<t_ in the general case containing y; and y,, and for 
the time range ‘<# in the special case containing 7; 


fouled by repeated sparking. Using Bandel’s experimental data, 
the author intends to calculate the current buildup, space-charge 
formation, etc. 
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Fic. 10. Ion current density J,(¢) vs time in electron transit 
time. Instantaneous electron supply. The values of J,(é) are 
nearly equal for the three cases: y= yp, y=7i, and y=0. 





only; but they are approximately accurate for other 
time ranges. 
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APPENDIX 


We shall discuss the character of the complete solu- 
tion referred to in Chapter II. The general case con- 
taining y; and y, is too complicated to be treated; so 
we shall consider the cases of y, alone and y; alone in 
the following. In such cases, the characteristic con- 
stants Ax (Ass Or Ax) can be determined from the single 
equation, 


exp(al—A,)—1 
eed, 
al—A,, 


(A.1) 
where 
Ar=A;’+iA,” 

(Ax’t_)+7(A,’"t_) for the y, mechanism, 


Ye 1 (A.2) 
(Ax/t)+i(A,"t) for the y; mechansim. 


From Eq. (A.1), 
(yal)e-7™ exp(A;” cotA,’””)-sinA;,”’/Ax”’=1, (A.3) 
and 
Ax’ = (1+y)al— (Ax” cotA,’”’). (A.4) 


Ax” can be determined graphically from Eq. (A.3), 
A,’ being known from Eq. (A.4) with A;”’ already deter- 
mined. Table I shows such values of Ay and A,” for 


TaB.eE I. Complex roots of Eq. (A.1). 








A(%) Ax’ 


—1 —1.09 
0 -~0.162 
+i 0.787 


Ax” 


2n+42 X0.2752 
2a+ $m X0.2764 
2a+-$2X0.2775 


4n+-42X0.4677 
4n+4nX 0.4682 
4+ 4X 0.4696 


6r+4rX0.5871 
6r+42X0.5884 
6r+-42X0.5897 


8x+ 42 X 0.6667 
8x+ $2 X0.6677 
8x+ $2 X 0.6686 


107+} X0.7212 
107+ $x X0.7222 
107+-$4X0.7232 


127+ $2 X0.7600 
127+ $2 X0.7609 
127+ 42 X0.7618 


147+ 47 X0.7894 
1447+ 42 X0.7902 
1447+47X0.7910 


16r-+42X0.8124 
16r-+4rX0.8131 
16r-+42X0.8138 





—1 —1.31 
0 --0.377 
+1 0.577 


—1 —1.53 
0 —0.600 
+1 0.352 


—1 — 1.66 
0 —0.737 
+1 0.112 


=i —1.78 
0 —0.857 
+1 0.092 


—] —1.94 
0 —1.017 
+1 —0.063 


—1 —2.07 
0 —1.147 
+1 —0.198 


—1 —2.19 
0 — 1.322 
+1 —0.313 








k’=1—8.'* From these calculations, it can be said that 
every real part of the complex root A,’ is algebraically 
smaller than the corresponding real root A, and the 
terms e' of real 4, become predominant in the series 
of N or J for large values of ¢. Consequently the final 
value of J could be reduced to the correct formula (I) 
or (II). 

The neglect of complex roots give V, and J, a small 
discontinuity at ‘=¢. for the y, mechanism and at 
t=t for the y; mechanism. The author will discuss this 


subject more extensively in the future. 


16 The suffix k’ is the ordinal number for complex roots. 
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Extensive experimental data have been taken on thin photoconducting films of lead sulfide of the 
chemically-oxidized type. Conductivity of the films in the temperature range 77°-300°K depends greatly 
on the amount of oxidation received by the films. Activation energy approaches a maximum value of 0.35 
electron volt, but may have any value down to zero depending on the temperature range, amount of oxida- 
tion, and the illumination. Time constants as well as conductivity have been measured at different tem- 
peratures and illuminations, and in general tend toward a reciprocal relationship though the detailed 
behavior is more complicated than a simple reciprocity. Other important properties measured include 
spectral response and transient response to large changes in illumination. 





INTRODUCTION 


XPERIMENTAL results are presented concerning 
certain important physical properties of thin 
photoconducting films of lead sulfide. The properties 
which have been measured are: (1) conductivity as a 
function of temperature for films in the dark and for 
films illuminated with various amounts of radiation, 
(2) the transient response of films (i.e., the rise and 
decay of conductivity as a function of time after the 
interruption of radiation) as a function of temperature 
and illumination, (3) response (photocurrent) at con- 
stant temperature as a function of illumination, and 
(4) spectral response characteristics for many cells at 
different temperatures. 

All of these properties depend on the processing re- 
ceived by the films, particularly on the amount of 
“oxidation” which they receive. Some properties, such 
as conductivity, vary tremendously with processing. 
Since chemically oxidized films are under the best 
control with respect to processing, and are the most 
uniform, almost all data have been taken on this kind 
of films. 

The following paper by Slater! interprets some of the 
experimental results presented in this paper. 


EXPERIMENTAL PROCEDURE 
Preparation of Photoconductive Films 


There are at least three methods of preparing photo- 
conductive thin films of lead sulfide. The first method is 
to evaporate material from a bulk slab of lead sulfide 
onto the substrate material, usually glass. To render the 
thin evaporated film photoconducting, the evaporation 
is done in a low pressure of oxygen. The second method 
of preparation is by a chemical deposition analogous to 
a silvering process. Sensitization is accomplished by 
baking the chemically deposited film at a rather high 
temperature in the presence of oxygen. The third 
method is again to deposit chemically the lead sulfide 
on glass plates, only in this method a chemical oxidizing 


*Now at Sylvania Electric Products, Electronics Division, 
Woburn, Massachusetts. 
1J. C. Slater, Phys. Rev. 103, 1631 (1956), following paper. 


agent is present in the chemical baths as the deposition 
is taking place. This film is sometimes partially sensitive 
as it comes from the baths but is always baked in 
vacuum at a relatively low temperature to make it more 
sensitive. 

Almost all of the basic research data have been taken 
on chemically oxidized films deposited in a single coat 
on glass substrates. In the first place, much experience 
with films shows that these films are the most uniform 
in their response to light. That is, if a small spot of 
light is moved over the surface of the film between the 
electrodes, the increase in current through the film due 
to the spot of light is most nearly constant for films 
prepared in this way. Uniformity has also been checked 
by measuring the potential variation with distance from 
one of the electrodes. Films which do not respond 
uniformly to a spot of light also show nonlinearity in 
potential distribution. 

Further information concerning the uniformity and 
surface structure of PbS films can be obtained by taking 
electron-microscope photographs of the surfaces of the 
films. Figure 1 shows photographs of shadow-cast 
collodion replicas of two PbS films. Figure 1(a) is a 
photograph of an unoxidized chemically deposited film. 
The crystallites are as large as one-half micron on an 
edge. When oxidant is added to the baths to make 
photosensitive films, the crystallites are broken up into 
smaller ones. The photograph in Fig. 1(b) shows upon 
close examination, that the crystallites are approxi- 
mately cubic and about 0.1 u or less on an edge. From 
the electron-microscope studies completed to date, it is 
known that crystallite size does not vary greatly as the 
amount of oxidant is varied until this becomes very 
nearly zero. 

A second reason for the choice of chemically oxidized 
films is that the amount of oxidation received by the 
films is under the closest control for this method of 
preparation. The amount of oxidation received by a 
film determines its physical properties to a very great 
extent. Unless the film is oxidized in just the right 
amount, maximum response to radiation will not be 
obtained. In the work to follow, the relative amount of 
oxidizing agent present in the chemical baths when the 
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Fic. 1. Electron microscope photographs of lead sulfide films. 
(a) Chemically deposited film; (b) chemically oxidized film. 


film was made will be given as the “percent oxidant.” 
Presumably the greater this percentage, the more 
oxidized the film is, although no direct methods have 
been devised for determining just how much oxygen is 
in the film or in what form the oxygen exists. 


Experimental Apparatus 


In order to protect the PbS films from changes due 
to moisture and other substances in the air, the films are 
enclosed in a high-vacuum cell. Figure 2 is a diagram 
of such a cell. Gold electrodes are evaporated onto the 
PbS film surface and electrical contact made via 
Inconel springs welded to tungsten leads. A thin-walled 
bubble window transmits 50% or more of incident 
radiation to wavelengths greater than 4 yu. The ball of 
aluminum foil shown was found to be effective in 
keeping heat away from the PbS film during the process 
of constricting and sealing off the end of the cell. The 
films are baked on the vacuum system for two hours and 
then sealed off at pressures of about 10-* mm Hg or 
better. 

Most of the physical properties of PbS films are 
measured by the apparatus shown in Fig. 3. The PbS 
cell is placed within an apparatus (designed by R. H. 
McFee), shown in detail in Fig. 4, which permits the 
temperature of a copper container surrounding the cell 
to be varied between 77° and 400°K. The operation of 
this apparatus is evident from the figure—by sending 
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the proper amount of heater current through the heater 
surrounding the inner copper cylinder, the temperature 
of this cylinder can be maintained at a higher value 
than that of the outer copper cylinder. Temperature can 
be¥maintained within one degree at any value within 
this 77°-400°K range for any desired length of time; 
this is accomplished by an on-off heater-current control 
operated photoelectrically from a galvanometer which 
measures the thermocouple potential of the inner copper 
container. 

In series with the PbS cell are a bias battery and a 
load resistor Ry. Some PbS cells when cooled have 
resistances exceeding 10 ohms. These high values of 
resistance can be readily measured by the use of a dc 
electrometer voltmeter by employing load resistances 
up to 10" ohms. Bias voltage need not be very high for 
these measurements—223 v have been used for almost 
all the measurements. 

Various sources of radiation have been employed. 
Tungsten lamps are the most convenient source of 
radiation, and they operate at such a high temperature 
that over 90% of the radiation from them lies at wave- 
lengths shorter than the cutoff of the PbS films (i.e., 
below 2.6 u). The radiation from tungsten lamps may be 
calibrated by comparison with that from a blackbody 
at known temperature. In this way one knows the 
irradiance (w/cm? of radiation of all wavelengths in- 
cident on the PbS film) as a function of the distance of 
the lamp from the film. 

For measurements of spectral characteristics, a 
Beckman model IR-2 infrared spectrophotometer has 
been converted for use as a monochromator. This 
instrument may be used to illuminate the films in a 
narrow band of wavelengths in the wavelength region 
from 1 to 15 u. The radiation is chopped at 10 cps and 
amplified in the instrument by a tuned amplifier having 
a very low noise level. 

Side 
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view 


view 


Nonex 
envelope 


Aluminum- foil 
heat shield 
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Gold electrodes 





Photosensitive 
area (PbS) 





Tungsten leads 
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Fic. 2, Diagram of a PbS film research vacuum cell. 
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For studies of the transient response of PbS cells, 
radiation from a tungsten lamp is chopped in a square- 
wave fashion by a mechanical chopper, designed 
specifically for this work. The time constants of PbS 
cells vary from a few microseconds to several tenths of 
a second and therefore a considerable range of chopping 
speeds must be covered by the equipment. For certain 
measurements background light from another tungsten 
lamp is superposed on the modulated light. Since the 
unmodulated light may be very intense compared to 
the modulated, mechanical vibration of the chopper 
must be kept at a minimum in order to minimize un- 
wanted mechanical modulation of the background 
radiation. 

For the measurements of tranisient response of PbS 
cells, voltage amplifiers with a frequency range from 0 
cps to 100 kc/sec were required. Ordinary ac coupled 
amplifiers are adequate when time constants are not too 
long and when cell resistance is not too high. However, 
when PbS films are operated at low temperatures, cell 
resistance may exceed 10" ohms and time constants 
may become very long. In order not to lose too great a 
fraction of the usable signal response, the load resistance 
R;z should approach the PbS cell resistance in value. 
However, the product of Rz and the effective input 
capacity C; of the amplifier must be substantially less 
than the time constant 7 of the PbS being measured, i.e., 
RiC<r. To satisfy this condition we must use special 
feedback amplifiers having very low effective C;. How- 
ever, the irreducible minimum for C; is the parallel 
combination of the capacity across R; and that across 
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Fic. 3. Diagram of experimental apparatus. 
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Fic. 4. Cell cooling system. 


the PbS cell; this has been measured as 1 or 2 uuf. The 
amplifier shown in Fig. 5 is direct-coupled in order to 
measure long time constants. The first stage is operated 
electrometer-tube fashion to keep down grid current, 
and 100% feedback is employed (voltage gain ~1) to 
keep C; very small. The input circuit (not shown in the 
figure) has a bias battery, PbS cell, and load resistor in 
series, the latter being connected between the grid of the 
first stage and the feedback loop. 

For some of the transient-response measurements, a 
null-match type of measurement was done. In this type 
of measurement, a square-wave reference voltage is 
generated which is in phase with the square-wave light 
incident on the PbS film. This voltage is applied across 
an RC integrator circuit with known values for R and C. 
The output is an exponentially rising and decaying 
voltage having a known time constant r= RC. Output 
voltage is continuously variable. This voltage is mixed 
180° out of phase with the PbS-cell signal. In most cases 
one finds that the mixed signals will cancel if the ampli- 
tude of the signals is adjusted to be equal. This means 
that the PbS current rises and decays in an exponential 
way quite accurately under most conditions, and may be 
described by the time constant r= RC. 

The thickness of chemically oxidized films may be 
determined with an accuracy of about 20% from the 
difference in weight of the substrate before and after 
deposition of the film. Density of the film is assumed to 
be equal to that of single-crystal material (galena). 
Electrode separation is about 2 mm and electrode length 
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Fic. 5. Hi-Z de amplifier. 


about 5 mm. Since the film thicknesses are of the order 
of a few tenths of a micron, the cell resistance in ohms is 
roughly 10 000 times the reciprocal of the conductivity 
in (ohm-cm)-. 

PbS films show ohmic behavior whether in the dark 
or illuminated regardless of temperature, provided only 
that the applied electric field is not too high. Below 500 
volts/cm all are ohmic in behavior. This is the case 
even at fields of only a few tenths of a volt per cm. In 
all the work to follow, all applied electric fields are less 
than 500 volts/cm, and in most cases are 22.5/0.2=112 
volts/cm. 


EXPERIMENTAL RESULTS 
Variation of Dark Conductivity with Temperature 


Figure 6 shows plots of logarithm of the dark con- 
ductivity, op, vs reciprocal of the absolute temperature, 
1/T for some of the PbS films that were measured. Fora 
simple, intrinsic semiconductor, the conductivity would 
obey an equation of the form o=o» exp(—AE/RkT), 
where oo is a constant, and such a plot would be a 
straight line having a (negative) slope of (—AE/k). On 
the figure, the numbers at the right of the curves are 
the cell numbers, and the percent figure in parentheses 
is the percent oxidant used to make the films. On sub- 
sequent figures, the values of slopes of straight-line 
portions of s— T curves have been used to calculate the 
energy difference AE which is expressed in units of 
electron volts. 

Certain regularities in the data may be seen. Un- 
oxidized films such as the 0% film No. 12 (although 
this is exposed to air during part of its processing) have 
high values of conductivity over all the temperature 
range from room temperature (1/7=0.0034) to liquid 
nitrogen temperature (1/7=0.013). As oxidation of 
the films increases, as indicated by the increasing 
percent values, conductivity decreases progressively 
until the range 20% to 40% is reached. Still higher 
percentages of oxidant generally result again in higher 
values of conductivity, and in curves which show smaller 
temperature coefficients of conductivity, i.e., the mag- 
nitude of the slopes of the curves is smaller. 

The curves appear to approach an asymptote (the 


dashed line) havinga slope equivalent to AE=0.35+0.01 
ev. One cell in particular, No. 57 (called R57X in 
subsequent figures) lies right along this asymptote in the 
temperature range from 170° to 300°K. A number of 
other films, not shown, also approach the 0.35-ev slope. 
The few films which do cross over the line are without 
exception subject to the suspicion that the value of 
conductivity calculated is too low. Some are heavily 
oxidized films which do not have the smooth, mirror-like 
surface which less oxidized films have, and some are 
very thin (0.1 u) and showed evidence of “burning off” 
near the electrodes so that their actual thickness may 
have been considerably less than that calculated from 
weight differences. With these exceptions then, all dark 
conductivity curves lie to the right of the line and 
asymptotically approach it as temperature increases. 


Effect of Substrate Material on the 
Conductivity-Temperature Curves 


It has been suggested? that expansion and contraction 
of the substrate material on which a PbS film was 
deposited would noticeably alter the variation of film 
conductivity with temperature. If it were true that 
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Fic. 6. Dark conductivity as a function of temperature 
for a variety of PbS material. 
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variations in contact resistances between crystallites, 
for example, were largely responsible for the variation, 
the energy gaps AE in PbS films deduced from o—T 
data would be considerably in error. 

To check this important point, PbS films were de- 
posited concurrently in one chemical bath onto sub- 
strates of glass and fused quartz. The dark conductivity 
was then measured as a function of temperature within 
a few days after the four cells had been baked in an 
oven. Results of these measurements are shown in 
Fig. 7. Since the coefficient of expansion of glass 
~8X 10-6, for fused quartz ~0.26X10-*, and for PbS 
(single crystals) ~18 X 10~*, the glass contracted almost 
0.2%, for PbS twice this amount (if it is assumed the 
film behaves like a single crystal in this respect) and 
the quartz only 0.003%. Nevertheless, the conductivity 
curves for the four films are very nearly concident. 
From these results the effect of substrate expansion 
with respect to a PbS film appears negligible. The 
spectral response and conductivity at different levels 
of irradiance similarly showed no differences which 
could be attributed to the two different substrates, 
although the latter property shows considerable varia- 
tion from one film to another, even when the dark- 
conductivity curves are very nearly the same. 

The effect of the substrate material over a period of 
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Fic. 7. Dark conductivity as a function of temperature for PbS 
films deposited on glass and quartz substrates. 


Temperature —°K 
7 125 100 83 
' ' T 





Log conductivity o —(ohm—cm)' 








1 
a 6 





8 
10°/ T-°K 


Fic. 8. Conductivity-temperature curves for chemically-oxidized 
films having various percentages of oxidizing agent in the chemical 
baths. 


time was also checked and found to be negligible. 
Measurements of dark conductivity made five weeks 
later showed the dark conductivity had changed by less 
than a factor of three for any of the films. The largest 
changes occurred at low temperatures, while at high 
temperatures the change was less than 50%. Such good 
reproducibility and stability are not always obtained, 
but continual improvements in technique make this 
performance more and more likely. Second and third 
chemical depositions of PbS on glass and quartz sub- 
strates—four cells measured from each deposition— 
showed good reproducibility from deposition to deposi- 
tion, though not as good as the cells made from one 
deposition. Experimental results check those of the 
first deposition rather well, with high-temperature 
slopes equivalent to AE=0.34 ev for the op—T curves. 


Variation of Conductivity with Temperature 
and Irradiance 


One of the first sets of data to show how conductivity 
of films changes progressively with temperature and 
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amount of oxidation is shown in Fig. 8. The 0% film is 
unoxidized except for any oxidation resulting from brief 
exposure to air at room temperature during processing 
of the film. When illuminated, no increase in con- 
ductivity was detected. 

When 5% oxidant was placed in the chemical baths, 
conductivity in the dark, “op—5%”’ in the figure, 
decreased about one decade, and some sensitivity to 
light was obtained as shown by the curve marked 
“o,—5%.” Amount of light on the film was uncali- 
brated in these early measurements, but was of course 
maintained constant for measurements on any one film. 
Further oxidation (20% film) resulted in a very great 
decrease in dark conductivity “op—20%,” and a large 
increase in response of the film to light (the amount of 
light used for “o,—5%” and “o,—20%” are roughly 
comparable). A rather long straight-line portion is 
obtained for this film between the temperatures 150° 
and 300°K. The slope is 0.28 ev. 

Greater oxidation using 40% oxidant caused a slight 
decrease in dark conductivity, “cp—40%” from that 
for the 20% film. The amount of radiation was not 
calibrated, but is substantially less than that used to 
obtain the “o,— 20%” curve. Subsequent work showed 
that considerable variability in o— T curves is obtained, 
but that about 20—40% oxidant always produced high- 
resistivity films having large response to light. 

Still greater oxidation produces a large increase in 
dark conductivity, shown by the “cp—80%” curve in 
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Fic. 10. Conductivity-temperature curves for a 
PbS film having maximum slope. 


Fig. 8. Note the slopes of 0.12 ev at high temperatures 
and 0.5 ev at low temperatures. Two different amounts 
of radiation gave the “o,—80%”’ curves shown. Most 
remarkable is the way in which slopes of the o-T 
curves at low temperatures decrease as illumination 
increases (from 0.05 ev in the dark to 0.02 ev for the 
higher level of illumination), and the way the o,—T 
curves join onto the op—T curves as temperature 
increases. This latter effect means, of course, that the 
response to radiation, (e,—op)/op, is very much 
smaller at higher temperatures, not only because op 
increases, but also because (¢,.—op) decreases. The 
response (¢,—¢p)/¢p is, of course, directly proportional 
to the signal voltage one will obtain across a load resistor 
R_ for the small signal situation, i.e., (ex—op)<op. 
One sees from Fig. 8 that there exists an optimum 
amount of oxidant if one is to produce a film of mini- 
mum conductivity. From experience one knows that 
films of minimum conductivity have about the maxi- 
mum signal sensitivity; that is to say, the largest value 
of (e,—ap)/cp for unit irradiance. As nearly as can be 
seen from the figure, the optimum percentage of oxidant 
is 20% —40%. This checks out well with the dark 
conductivity vs temperature curves shown in Fig. 6 
representing measurements on a large number of films. 
Figure 9 shows data taken on a low-conductivity film 
with a calibrated tungsten lamp. The curves resemble 
those for cell R19X (the 40% film) shown in Fig. 8. The 
high-temperature slope of the ep>—T curve (0.26 ev) is 
very nearly equal to that for R19X. The curve marked 
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“dark-room radiation” was taken with no radiation 
incident on the film except that from the approximate 
300°K surroundings entering the aperture which admits 
the tungsten-lamp illumination. By closing off this 
aperture with metal in thermal contact with the cold 
reservoir surrounding the cell, the curve marked 
“completely dark” was obtained. A separate run is 
necessary to obtain these data as no practical cold 
shutter could be readily devised. Most films do not 
show such high sensitivity to room radiation as did 
this one, and it can be assumed that unless otherwise 
indicated the dark conductivity curves given for other 
films are substantially those one would obtain in com- 
plete darkness. At low temperatures, slopes of the 
o—T curves are small—order of 0.01 or 0.02 ev. This is 
observed for almost all films. 

As was mentioned previously, a number of films have 
been made having at high temperatures a variation of 
dark conductivity with temperature equivalent to about 
0.35 ev. The value 0.35 ev, it is to be emphasized, is the 
experimentally determined value of AZ in the equation 
o=o exp(—AE/kT) which for a simple semiconductor 
is equal to one-half the intrinsic gap Eg. A value for AE 
exceeding 0.35+0.01 ev has not been observed experi- 
mentally, although about 100 films have been measured 
and deliberate attempts to produce a film having larger 
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AE have been made. Typical o—T curves at various 
irradiances for such a film are shown in Fig. 10. The 
slope of s—T curves at intermediate temperatures and 
sufficiently high irradiance is about 0.2 ev. 

Figure 11 shows o—T curves which are rather un- 
usual in that there is a pronounced upward curvature 
of the o,—T curves at low temperatures and illumina- 
tions, resembling that commonly observed for the dark 
conductivity of bulk silicon and germanium. Similar 
upward-curving data are frequently seen for lead 
telluride films made at this laboratory. This film has an 
exceptionally high sensitivity when cooled; note the 
large response to room-temperature radiation entering 
the aperture in the apparatus (subtending at the cell 
about 0.03 steradian). In part this high sensitivity 
must be due to a spectral response which pushes out to 
exceptionally long wavelengths. 

One other exceptional behavior for this cell is that 
photocurrent varies approximately as the square root 
of irradiance at low temperatures over unusually large 
ranges of temperature and irradiance. 

One property which is always of interest theoretically 
is the manner in which photocurrent J, [proportional 
to (e,—ap) | varies with irradiance H. Figure 12 shows 
for one cell a plot of logarithm of J, vs logarithm of H, 
so that a straight line of slope +1.0 represents a linear 
variation of J, with H. For this cell, R28X, the photo- 
current varies more rapidly than linearly. Such rapid 
variation has been observed for several cells at tem- 
peratures from 77° to 100°K. On the other hand, some 
cells have shown variations of photocurrent which are 
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substantially less rapid then linear (slopes as low as 0.5) 
at 77°K. At low temperatures, therefore, the photo- 
current-irradiance characteristics have shown con- 
siderable variability. At higher temperatures, slopes 
of these plots lie fairly close to 1.0. At high irradiances— 
around 0.1 w/cm*—the slopes have approached 3 power 
for measurements on two cells. 

At the present time it does not seem possible to make 
any generalizations about variation of J, with H, 
particularly at low temperatures, except that no 
variation more rapid than linear has ever been observed 
at temperatures above 125°K. Cells have been measured 
whose ¢p—T curves looked very similar to one another 
and yet the photocurrent-irradiance relationships were 
quite different. A specific case of this was cell R28X 
whose gp—T curve resembled that for cell R114X 
(Fig. 11) quite closely. The dark conductivity curve was 
straight for about six decades in conductivity, with 
slope 0.17 ev, and the o—T curves under illumination 
broke sharply away from the op—T at low tempera- 
tures much as those for R114X do. Yet the photocurrent 
vs irradiance curves for this cell, shown in Fig. 12, are 
completely different from the square-root variation 
observed for R114X at low temperatures. The two sets 
of data, o—T and J,—H, are not related, therefore, in 
any obvious way. More sensitive films do show a tend- 
ency to a square-root variation at lower levels of irradi- 
ance than do less sensitive films. This is also our experi- 
ence with PbS cells operating at room temperature. 


Transient Response of Films 


When a PbS film is irradiated with light which is 
square-wave chopped, the photocurrent does not in- 
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crease or decrease instantaneously but requires a 
definite time to rise or decay to the final values in the 
light and in the dark. The rise and decay have been 
found to be exponential if the ac response to the modu- 
lated light is not too large. This fact has been shown by 
numerous null-match measurements on a large variety 
of lead sulfide films. 

Rise and decay times for exponentially-varying 
photocurrent are described by a time constant 1, the 
amount of time required for the photocurrent to rise 
or decay the fraction (1—1/e) of its peak value where 
¢ is the base of natural logarithms. Rise- and decay- 
time constants are usually equal within experimental 
error, but for a few films some differences have been 
observed when the ac response due to the chopped light 
has been large. Decay times will be reported here, and 
except for measurements where the ac response is large 
it may be assumed that rise times are substantially the 
same as decay times. Since the time constant measured 
depends on the magnitude of the ac response, care must 
be taken to keep this at small values, usually less than 
20%. However, as cell resistance becomes very large 
for certain cells when cooled, a good signal cannot 
always be obtained for use in the time-constant meas- 
urement without using ac responses larger than 20%, 
and these values are therefore more in doubt. Sensitivity 
of measured time constant to magntiude of the ac re- 
sponse varies considerably from cell to cell—sometimes 
an ac response of 100% makes no measurable difference 
in time constant. Where practicable, magnitude of the 
ac response, Ac/c, is shown in the figures. 

Time constants have been found to depend only very 
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little on applied electric field and on wavelength of the 
radiation, although extensive measurements have not 
been made of these dependences. The time constant for 
any one cell depends very much on temperature and on 
irradiance. The latter may be varied in two ways. First, 
one can use an intense light source and square-wave 
chop all of this radiation. Second, one can irradiate the 
film with intense unmodulated light (background light) 
and superpose on this a weak square-wave-modulated 
light of only sufficient intensity to enable one to measure 
7. If the first method is employed, and a large ac 
response results (due to operation at low temperatures 
where response to radiation is large), the rise and decay 
curves are no longer simple exponentials. The second 
method enables one to select, by imposing appropriate 
background radiation, the value of conductivity at 
which time-constant measurements are to be made; 
then by keeping ac response small, the time constant 
measured is a simple exponential, characteristic of the 
chosen value of conductivity. 


Variation of Time Constant with Conductivity 


One may attempt to treat the large changes in r 
observed by changing temperature, and by application 
of intense unmodulated background radiation at low 
temperatures (where the dc response is large), as the 
variation of r with one variable only, namely conduc- 
tivity of the PbS film. Figure 13 shows some data relat- 
ing time constant and conductivity at different 
temperatures. 

Consider first a simple case, shown in Fig. 13(a). 
The curve gp is the dark conductivity-temperature 
curve. The curve rp is a time-constant vs temperature 
curve obtained by using a weak square-wave-modulated 
light to measure 7 at a value of conductivity very nearly 
equal to op, i.e., if ox is the value of o with the light on 
(o,—op)<ep and therefore «,~op and rp is the time 
constant representative of op. The curve a, is obtained 
by irradiating the film with unmodulated light, upon 
which only a weak square-wave-modulated light is 
superposed to measure 7; therefore rz is the time- 
constant characteristic of the conductivity oz. The 
op—T curve is very nearly a mirror image of the 
tp—T curve, as are the r,— T and o,—T curves mirror 
images of one another. For this film, a heavily oxidized 
one (80% oxidant), the product opX rp and o,X rz are 
constant with temperature and the two products are 
equal within the experimental errors. 

A further illustration of how +r may be reciprocally 
related to o is shown in Fig. 14. Here, however, the 
temperature of the film (R114X, the o—T curves for 
which are given in Fig. 11) was fixed, and o was varied 
by application of background radiation. The experi- 
mental problem in these measurements is to keep 
temperature low enough so that a large response to 
light is obtainable, and yet resistance low enough to 
permit 7 measurements under small ac response condi- 
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Fic. 14. Variation of time constant with 
conductivity at a fixed temperature. 


tions. At the lower values of 7, a compromise had to be 
made—in order to obtain a clean signal, ac responses 
Aa/oz exceeded 20% and one could expect the meas- 
ured 7’s to be too short. Within experimental un- 
certainty, then, 7 varies inversely with o for this film 
at 125°K. 

In general the simple relationship 7Xo=constant 
does not hold true. An example is shown in Fig. 13(b). 
These are data for a rather lightly oxidized (10% 
oxidant) film which was easily measured because cell 
resistance was low at all temperatures. Obviously, at 
high temperatures o changes much less rapidly with 
temperature than does r. One also notes that a change in 
ao at low temperature by a ratio 7,/cp of less than three 
produced about one decade change in +. Films for 
which op changes rapidly with temperature show a 
relatively slow change of r over the same temperature 
range. This behavior is discussed further in a later 
paragraph. 

Although there is a general tendency for the s— T and 
7—T curves to be mirror images of one another, notable 
exceptions to mirror imaging occur as shown by the 
data in Fig. 15. In Fig. 15(a), the rp>—T curve breaks 
quite sharply below 200°K and rp appears to become 
almost constant at low temperatures. At high tempera- 
tures the o—T and rp—T curves are very nearly mirror 
images (rp Xop™constant). Several other films having 
high-temperature slopes of —0.17+0.01 ev for the 
op curve have shown mirror imaging of the ep>—T and 
tp—T curves within experimental error. The op—T 
and tp—T curves shown in Fig. 15(b) are not mirror 
images over any temperature range measured. Slope of 
the ep—T curve is —0.28 ev, and the two slopes for the 
tp—T curve are about +0,17 ev and +0.045 ev. 
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It was suggested by Gibson’ that the logarithm of the 
ratio of time constant to conductance vs reciprocal of 
the absolute temperature was a straight line having an 
approximately constant slope of 0.35-0.40 ev for all cells 


3 A. F. Gibson, “A study of the decay of photoconductivity and 
other related properties in lead sulfide,” Telecommunications 
Research Establishment, Memorandum No. 203 (unpublished). 


at high temperatures. For a rather large percentage of 
the cells measured, this relationship has proven valid 
over a limited temperature range. Figure 16 shows some 
of the data of this kind with the further refinement that 
conductivity rather than conductance is used in taking 
the ratio r/o (actually tp/op for most of the curves). 
One sees that not only is an approximately constant 
slope obtained (roughly +0.3 to 0.4 ev) but much of 
the rp/op data lie along a common line, with a few 
exceptions. Constancy of slope means simply that if one 
adds the magnitudes of the slopes of the op—T and 
tp—T curves, the sum is on the order of 0.3-0.4 ev in 
value. To put it another way, the more rapidly rp 
changes with temperature, the less rapidly op changes 
with temperature. 

Re-examination of the data in Figs. 14 and 15 pro- 
vides some support for the above relationship between 
tp/ap and temperature over limited ranges of tempera- 
ture at high temperatures where resistance is low and + 
is most easily measured under small-response condi- 
tions. A curve such as that for cell R116X, Fig. 15(b), 
obviously does not satisfy this relationship except per- 
haps over the intermediate temperature range where the 
slope of the rp—T curve is +0.045 ev. All that can be 
said now of the relationship illustrated by the data in 
Fig. 16 is that it correlates the time-constant and 
conductivity data for a considerable percentage of the 
cells measured (which includes about twice as many as 
are shown in Fig. 16) over a limited temperature range, 
even though the cells were prepared with greatly vary- 
ing percentages of oxidant. 

If the square-wave-chopped radiation is of high 
intensity and we have a sensitive cell which is cooled, 
then a large ac response is obtained and the decay of 
conductivity is not a simple exponential, but more 
rapid than exponential at the start of the decay. 

Let a(t) be the conductivity at time ¢ after the 
start of decay, ox be the conductivity under steady 
illumination, and op be the dark conductivity. 
Then for simple exponential decay : o(t)=o0p+ (¢1—op) 
Xexp(—t/r) and Info(t)/op—1]=constant —t/r. A 
plot logio[.o(t)/on—1] vs ¢ for simple exponential decay 
would be a straight line of slope —0.434/r. Plots of this 
kind for the decay of conductivity with time have been 
made for several films. The films are operated at low 
temperatures and high light levels are used, so that 
response of the films to light is large. When the light is 
suddenly removed, the initial rate of decay determined 
from the differential slope of the plots may be ten times 
or more the final rate reached at long times, when con- 
ductivity has decayed almost to the dark value. The 
final rate of decay is the time constant, rp, which one 
wishes to determine for small response conditions. If 
unmodulated background illumination is used to raise 
the conductivity to some value substantially larger than 
the dark value, the small ac response time constant rz, 
measured agrees roughly with the differential slope of 
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the conductivity decay plot at the corresponding value 
of conductivity, but accuracy of these measurements 
is not high. 

The theory for PbS photoconducting films given in 
Slater’s article on barrier theory! suggests that decay of 
conductivity with time be plotted as In In[o(#)/op] vs t. 
One such plot is shown in Fig. 17 for cell R114X. A plot 
for exponential decay of the kind discussed above gave a 
small ac response value of rp=0.25 sec, in reasonable 
agreement with the value found from Fig. 17. The 
log-log type plots (as in Fig. 17) give straight lines over 
a greater range in time / than do the “exponential” 
type plots. The latter, in fact, had a slight curvature 
even though ac response was only 3%, making an ac- 
curate determination of 7 impossible. At higher tem- 
peratures where accurate measurements of 7 at small ac 
response are possible, rise and decay of photocurrent 
have been found to be quite accurately exponential as 
shown by the “null-match” type of measurements 
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discussed. At low temperatures where cell resistances 
are often very high and measurements correspondingly 
difficult, there is some question for the high-resistance 
films how accurately exponential are the rise and decay 
of photocurrent. 


Spectral Response of Films 


The relative response of films to radiation of different 
wavelengths has been measured for numerous films at 77° 
and 296°K. Since the intensity of radiation in the mono- 
chromator beam is relatively low, and since the meas- 
urements are taken using radiation chopped at 10 cps, 
effects due to large changes in conductivity as a result of 
irradiating the films and due to time constant of the 
films are not important in these measurements. Pre- 
cautions have been taken to minimize the effects of 
absorption in the glass cell windows (by the use of 
thin bubbles), and to eliminate frosting of any of the 
windows through which radiation must pass. The 
amplitudes of the response values are correct to within 
a factor of two for all the wavelengths covered (out to 
four microns). 

Figure 18 shows spectral response curves for a rather 
large number of chemically oxidized PbS films. Loga- 
rithm of relative response is plotted against wavelength 
and the curves are normalized so that they coincide at 
\=1 uw, a more or less arbitrary choice of wavelength. 
The ripples in the curves at the shorter wavelengths are 
due at least in part to optical interference effects in the 
films, since the films are a few tenths of a micron in 
thickness—of the same order as the wavelength of the 
radiation. Other experiments with film thickness as a 
parameter have shown that as the films are made 
thicker, the relative spectral response at long wave- 
lengths (around 2.6 «) becomes larger and larger. 

The ripples of the curves and the amount of sag due 
to variations in film thickness are of secondary impor- 
tance theoretically. Of primary interest is the position 
in wavelength where relative response shows sharp 
drops. Casual examination of the data in Fig. 18 shows 
that there are edges where response drops sharply for 
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almost all films, and one can disregard the secondary 
influences of film thickness on the curves. At 296°K a 
distinct edge is seen at 2.6; 2.64 corresponds to about 
0.48-ev energy. There is evidence of a second drop at 
around 3.2 » (0.39 ev) at 296°K for a number of films. At 
77°K the edge at 2.6 is still evident in most films, but a 
second distinct edge at about 3.4 uw (0.36 ev) is very 
evident, and for a very few films possibly a third at 
3.9 w (0.32 ev). 

Experiments show that the hump lying between 2.6 
and 3.4 u in many spectral response curves at 77°K 
gradually develops as temperature decreases from room 
temperature. It is difficult to ascribe this phenomenon 
to absorption or interference effects. In fact there may 
be some correlation between the shape of spectral 
response curves and that of e—T curves for a film, the 
latter being determined by how much oxidation the 
film has received. A very lightly oxidized film (0.1%), 
for example, showed no sharp drop in spectral response 


20 3.0 
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until 3.4u, while films having op—T curves with large 
slopes often show exceptionally short-wavelength drops 
in spectral response, particularly at room temperature. 
A few high-resistance films have shown spectral re- 
sponses which do not push out to longer wavelengths at 
all when cooled, even more than two decades down from 
the peak response. Three of these curves can be seen in 
Fig. 18. 


ACKNOWLEDGMENTS 


The writer wishes to acknowledge the valuable help 
of several members of Electronics Corporation of 
America, especially: Mr. Ronald Newburgh for his 
careful work on the chemically deposited films and the 
replication of these films for electron-microscope study ; 
Mr. George W. Thelin for the design of a mechanical 
light chopper; Mr. Bradford T. Joyce for the design of 
the electrometer amplifier; and Mr. John McDonald for 
assistance with many of the experimental measurements. 





PHYSICAL REVIEW VOLUME 103, NUMBER 6 SEPTEMBER 15, 1956 


Barrier Theory of the Photoconductivity of Lead Sulfide* 


J. C. SLATER 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received April 16, 1956) 


The barrier theory of the infrared photoconductivity of PbS films is discussed, according to which the 
high resistance of the films arises from m-p-n barriers at the surfaces between the crystallites forming the 
films, the barriers being formed in the oxidizing process used in preparing the films. Under the action of 
light, electron hole pairs are formed, these carriers become trapped in the n- and p-type regions, respectively, 
the resulting charge density lowers the barriers, and hence the conductivity is increased. This theory is 
worked out quantitatively, and compared with experimental results of Mahlman on films of the type 
actually used as sensitive photoconductors. The theory shows good qualitative and quantitative agreement 
with experiment in numerous respects, including the explanation of the dark conductivity of the films and 
its dependence on temperature, the photoconductivity as a function of irradiance and temperature, the 
time constants involved in the rise or decay of the photoconductivity, and the short-wave limit of the 
photoconductivity. In working out the theory of the barrier model, we use the properties of the bulk material 
as determined by Petritz and Scanlon, and the properties of the films are found to be consistent with our 


knowledge of the behavior of the bulk material. 





1. INTRODUCTION 


EAD sulfide films are among the most sensitive 
infrared photoconductors known. One of the sug- 
gested explanations' is that in the dark there are 
barriers interposed between different crystallites of the 
film, which increase the resistivity beyond that of the 
bulk material, and that illumination reduces the height 
of these barriers, increasing the conductivity. It is the 
purpose of the present paper to work out some details 
of this barrier theory, and to show that in fact it is 
capable of describing many of the observed features of 
PbS photoconductivity. It is not claimed in any way 
that the barrier effect is the only mechanism present in 
PbS. Other mechanisms for photoconductivity are well 
known; Rose? has given a good description of them, and 
has concluded that it is hardly possible to deduce the 
mechanism uniquely from an experimental study of 
photoconductivity of a particular substance. With this 
conclusion we agree. Furthermore, it is very likely that 
more than one mechanism is simultaneously present in 
PbS. The main reason for believing this is the wide 
variation in properties from one PbS film to another of 
similar preparation. One film may, for example, show 
a variation of conductivity with irradiance that is less 
rapid than linear, the next one may have a more rapid 
variation than linear, in a way strongly suggesting a 
superposition of mechanisms arising from details in the 
preparation beyond the control of the experimenter. 
However, a barrier theory seems capable of explaining 
many features of the experimental behavior, and since 
it was not considered by Rose in the general discussion 
quoted above, it seems worth developing here. We shall 


* This work was carried out as a consultant for the Electronics 
Corporation of America, and was supported by the U. S. Air 
Force. 

1See, for instance, L. Sosnowski, Phys. Rev. 72, 641 (1947); 
H. M. James, Science 110, 254 (1949); E. S. Rittner, Science 111, 
685 (1950); R. A. Smith, Phil. Mag., Suppl. 2, 321 (1953); H. T. 
Minden, J. Chem. Phys. 23, 1948 (1955). 

2 A. Rose, Phys. Rev. 97, 322 (1955). 


compare the theory with experimental results on photo- 
conductive films of high sensitivity obtained by Mahl- 
man*® and others, while on the staff of Electronics 
Corporation of America. I am grateful to Dr. Mahlman, 
to Professor W. B. Nottingham, and to others who have 
been connected with ECA, for valuable discussion. 


2. DARK CONDUCTIVITY 


One cannot hope to understand the photoconductivity 
of PbS films without having a good understanding of 
the conductivity of these films in the dark, and par- 
ticularly of the variation of conductivity with prepara- 
tion and with temperature. In Fig. 1 we show the 
logarithm of the conductivity as a function of 10°/T, 
where T is the absolute temperature, for a considerable 
number of films of a type actually used as photocon- 
ductors. These are chemically deposited films which 
differ in the amount of oxidation treatment which they 
have received. Unoxidized films show a high con- 
ductivity, varying only little with temperature. As the 
oxidation is increased, the resistance increases, par- 
ticularly at the low temperatures, the curves showing a 
much steeper slope. Some films show a slope which 
approaches approximately a maximum value given by 
an exponential exp(—AE/kT), where AE is about 0.35 
to 0.37 ev. Still further oxidation decreases the slope 
again, increasing the conductivity, until finally a highly 
oxidized film has a temperature dependence of con- 
ductivity much like an unoxidized film. Evaporated 
films treated directly with oxygen show similar charac- 
teristics, depending upon the amount of exposure to 
oxygen. The films of highest resistance are those which 
show the greatest photoconductivity. It has been shown 
by various workers‘ that the unoxidized films have the 
properties of n-type semiconductors, and that the 
properties change to those of p-type semiconductors as 


3G. W. Mahliman, Phys. Rev. 103, 1619 (1956), preceding 


paper. 
‘For instance, H. Hintenburger, Z. Physik 119, 1 (1942). 
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Fic. 1. Logarithm of conductivity vs 108/7, for a number of 
experimental films (from G. W. Mahlman). The percentages 
indicate amount of oxidizing treatment, in arbitrary units. The 
films with highest photoconductive sensitivity are those with 20% 
to 40% oxidizing treatment. 


we pass through the state of maximum resistance, and 
maximum photoconductivity. 

Before seeking the interpretation of these facts in 
terms of the barrier theory, let us ask how the properties 
of the films compare with those of bulk PbS. A careful 
study of this material has recently been made by 
Petritz and Scanlon.’ They have made measurements of 
the mobility of both holes and electrons as a function of 
temperature (both mobilities are approximately equal, 
and both vary approximately as 7~*), and of the 
effective masses of holes and electrons (they estimate 
values of the effective mass of electrons varying from 
0.22 to 0.34m,, where m, is the electron mass, and for 
holes values from 0.1 to 0.36; since these estimates are 
not very certain, we adopt in the present calculations a 
value 0.30 for both holes and electrons). In Table I we 
give values for the mobility of either holes or electrons 


TABLE I. Assumed mobilities of holes or electrons in PbS 
(from graph of Petritz and Scanlon). 








u(cm?/volt sec) 


300 
540 
940 
1300 
1750 
2300 
2800 
3400 


10°/T 











*R. L. Petritz and W. W. Scanlon, Phys. Rev. 97, 1627 (1955). 
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as a function of temperature, scaled off the graphs given 
by Petritz and Scanlon, and used as a basis of the 
calculations in this paper. Petritz and Scanlon also 
estimate the gap width as 0.37 ev. On the basis of these 
values we can compute the intrinsic conductivity of pure 
PbS by the equation 


2 
om Lam AT)! exp(— AE/2bT olny +n.) ], (1) 


where m* is the effective mass (assumed to be 0.3m, for 
both electrons and holes), AE is the gap width 0.37 ev, 
and mw, and w_ are the mobilities of holes and electrons, 
assumed equal and taken from Table I. 

In Fig. 2 we show the intrinsic conductivity so com- 
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Fic. 2. Logarithm of conductivity vs 10°/7, for intrinsic PbS, 


computed from results of Petritz and Scanlon. The curves for the 
experimental films of Fig. 1 are included for comparison. 


puted, and for comparison the conductivities of the 
same films shown in Fig. 1. It is at once obvious that 
some films have a much higher resistance than the 
intrinsic material. The slope of the intrinsic curve 
corresponds to the value AE/2, where AE is the experi- 
mental gap width of 0.37 ev, whereas the films of highest 
resistance have curves with a slope which empirically 
is very close to twice this value, or AE rather than 
AE/2. Our limiting films of high resistance are not, then, 
composed of intrinsic material. The greater slope of the 
conductivity curves for the films is, of course, the 
feature which results in the higher film resistance at 
low temperature. 

It is well known that a material containing n-p-n 
junctions can have an effective resistance much higher 
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than that of intrinsic material. Let us see how barriers 
resulting from such junctions can very plausibly be 
present in the films, and how they can result in the 
observed conductivities. 

First we have to know a few facts about the physical 
nature of the films. They are about 0.2 u in thickness, 
and are seen under the electron microscope to consist 
of crystallites whose dimensions are about 0.1 y, in 
contact. The unoxidized material, as we have stated, 
is m type, presumably on account of sulfur vacancies. 
We may now assume that the oxidizing treatment which 
changes the n-type material to p-type penetrates into 
the surfaces of separation between crystallites, in which 
the diffusion of the oxidizing agent would be rapid, 
and produces a thin layer of p-type material between 
the crystallites. Such a layer of p-type material between 
the n-type crystallites will produce n-p-n barriers of the 
required sort to result in a high resistance. 

In Fig. 3 we show the way in which the energy bands 
will vary through such an n-p-n barrier, in three differ- 
ent cases of increasing thickness of p-type material 
(which presumably corresponds to increasing amounts 
of oxidation). We shall come later to the method of 
calculation of such curves. In Fig. 3(a) the layer is too 
thin to allow the development of a barrier of maximum 
height. In Fig. 3(b) the barrier is completely developed, 
and in Fig. 3(c) the layer of p-type material is so thick 
that there is not enough n-type material left to form a 
complete n-type barrier in the p-type material. We shall 
see later that all of these cases are likely to be met in 
practice, with the sizes of crystallites and probable 
concentration of impurities which we actually have. 

We can now consider the expected behavior of the 
conductivity as a function of temperature for these 
three cases. In case (a) conductivity will take place 
largely by electrons which have enough energy to 
surmount the barriers in the thin p-type layers, so 
that the film will act like an n-type semiconductor. We 
may assume that the mobility of those electrons which 
can surmount the barrier is substantially the same as 
that of the electrons in the intrinsic material, and that 
the effect of the barriers is merely to reduce the number 
of electrons which can surmount them, and thus to 
carry current through the film. If AZ is the height of the 
top of the barrier above the Fermi level, the current 
will then have an exponential factor exp(—AE/kT), 
and we see that AE can be anything from a very small 
value (for the case where the barriers are not developed) 
up to 0.37 ev [when they are completely developed, as 
in case (b) ]. Hence we may expect to find films whose 
conductivity curves show slopes anywhere from a small 
value to the value corresponding to 0.37 ev, or twice 
the slope of the intrinsic material. Films are observed 
with characteristics all through this range. 

From the discussion just given, we see that the 
case (b), where the barriers are fully developed, will 
lead to a conductivity curve with slope corresponding 
to 0,37 ev, as is found experimentally for the films of 
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highest resistance. In this case conductivity will be 
produced both by holes and electrons, for now the holes 
just able to pass below the barriers marked “mn” in 
Fig. 3(b) in the valence band will be as plentiful as the 
electrons able to surmount the barriers marked “p” in 
Fig. 3(b) in the conduction band. This is in agreement 
with the experimental fact that it is at this point of 
maximum resistance that the character of the con- 
ductivity changes from m type to p type. We also see 
clearly from this case why it is that such a model can 
lead to a much higher resistance than one has in the 
intrinsic material: current must be carried by minority 
carriers in both n-type and p-type regions (that is, in 
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Fic. 3. Energy bands in barrier model of PbS. (a) Partially 
developed barriers, underoxidized case; (b) completely developed 
barriers; _(c) partially developed barriers, overoxidized case. 
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the bulk of the crystallites and in the barriers), and 
these carriers are much less abundant than either holes 
or electrons would be in the intrinsic material. 

As the material approaches case (c) of Fig. 3, the 
situation is the reverse of that shown in case (a), and 
most of the current will be carried by holes which can 
pass under the barriers remaining in the n-type regions, 
so that the conductivity will become p-type, and the 
resistance will decrease again. On account of the geo- 
metrical situation, however, we must expect a rather 
different behavior in this case from that found in 
case (a). It is clear that as p-type material is formed in 
more and more of the boundary layers between crystal- 
lites, it will be possible for this p-type material to join 
together into continuous paths through the crystal, 
which the current can traverse without having to go 
through the interior of the crystallites at all. Presumably 
such devious shunt paths for the current become rapidly 
more common, and furnish the main mechanism for 
carrying current in an overoxidized film. 

We note, from Figs. 1 and 2, that while the curve for 
conductivity vs 10°/T for an actual film may remain 
approximately straight through a number of powers 
of 10, still at very low temperatures the experimental 
curves all flatten out. The explanation for this is pre- 
sumably to be found in the existence of some devious 
shunt paths through the crystal, of small cross-sectional 
area, but giving a small conductivity varying slowly 
with temperature, which is swamped by the main 
conductivity through the bulk of the material at high 
temperatures, but which becomes the principal form of 
conductivity at low temperatures. Such shunt paths 
could consist either of m-type regions in which the 
barriers were less fully developed than in the bulk of 
the material, or of p-type regions in which the con- 
ductivity of the boundary layers was so well developed 
that we had shunt paths through these boundary 
layers. It is found, by analysis of the experimental 
curves, that they can be well represented as a super- 
position of a principal conductivity behaving according 
to the barrier model of Figs. 3(a), 3(b), or 3(c), shunted 
by paths with much lower barriers, whose conductance 
at room temperature would be smaller than that of the 
main part of the film by a factor of something like 10°, 
but whose conductance would dominate at low tem- 
peratures. Since such shunt paths would be very 
erratic things, varying from film to film, it is likely that 
their existence is one of the major features leading to 
the observed variation in properties from one film to 
another. 

We now have seen that the barrier theory can account 
for the general type of behavior observed in the dark 
conductivity. Let us next make these considerations 
more quantitative. First we consider the case of com- 
pletely developed barriers as in Fig. 3(b). We have 
assumed in our qualitative discussion that the barriers 
were of height 0.37 ev, independent of temperature, 
so that the conductivity would contain a factor 
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exp(—AE/kT), where AE has this value. It is obvious, 
however, that as the temperature goes up, the material, 
both m and p type, will tend to become intrinsic, the 
Fermi level assuming at high temperature a position in 
the middle of the gap, and the barriers wil! disappear. 
Let us inquire whether this will occur in the temperature 
range considered (the measurements on the films are 
at room temperature and below), and whether it will 
invalidate our argument leading to a straight-line curve 
for logarithm of conductivity vs 10*/7. To answer this 
question we have calculated the way in which the 
Fermi level varies with temperature for various im- 
purity concentrations, and have computed curves of 
conductivity vs temperature using the barrier model of 
Fig. 3(b), for these cases. It is well known that as the 
temperature goes up the Fermi level approaches the 
intrinsic value, more rapidly with low concentration of 
impurities than with high. Now, for reasons which we 
shall mention shortly, it seems necessary that the 
impurity concentration both in the n-type crystallites 
and the p-type surface layers must be at least of the 
order of magnitude of 10'* per cc. It is reasonable that 
we should actually have such numbers of impurity 
centers. Thus, Petritz and Scanlon’ quote impurity 
concentrations in synthetic single crystals, and these 
come out several times 10'*. 

We now find that for impurity concentrations of 10'* 
or greater, the variation of the Fermi level with tem- 
perature is not enough, in the range of temperatures 
used, to affect our arguments. Specifically, in Fig. 4 we 
show the conductivity vs temperature for a model like 
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Fic. 4. Logarithm of conductivity vs 108/7, for the barrier 
model of Fig. 3(b), assuming 10' impurity atoms/cc in both 
n- and p-type material. The curves for the experimental films of 
Fig. 1 are included for comparison. 
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that of Fig. 3(b), assuming 10'* impurity centers per cc 
in both m- and p-type regions, and taking account of 
the variation of the Fermi level with temperature. For 
comparison we show the same experimental curves 
which we have given in Figs. 1 and 2. It is clear from 
this figure that this theoretical curve represents very 
well the limiting form which the experimental curves 
approach, for the films of highest resistance. Calculated 
curves corresponding to impurity concentrations greater 
than 10'* are practically indistinguishable from that 
shown in Fig. 4. 

We shall next discuss the cases of incompletely de- 
veloped barriers, as shown in Figs. 3(a) and (c); our 
discussion will apply specifically to case (a), but that 
of (c) is entirely parallel. We shall first use a simple 
and approximate method of discussion, then a more 
sophisticated and correct method, both of which lead 
to substantially the same answers. In Fig. 5 we show 
the top of the valence band and the bottom of the 
conduction band as a function of position through the 
barrier. We assume that n-type material with a density 
of No donors per unit volume persists up to a dividing 
line shown and that p-type material with a density of 
No acceptors per unit volume (we take the donor and 
acceptor densities as being equal for convenience and 
for lack of knowledge to the contrary), is present in the 
barrier. In the n-type region we let E(x) be the energy 
of the bottom of the conduction band, measured upward 
from the Fermi level, and in the p-type region we let 
E(x) be the top of the valence band, measured down- 
ward from the Fermi level (so that E(x) is positive in 
both cases). We assume that E(x) is measured in elec- 
tron volts; that is, it is e times an electrostatic potential 
in volts. We let Eo be the height of the bottom of the 
conduction band in the n-type region above the Fermi 
level, or the distance of the top of the valence band in 
the p-type region below the Fermi level, in the case of 
infinitely wide regions of n-type and p-type material ; 
that is, in the case of the fully developed barriers of 
Fig. 3(b). 

Now we consider the curved parts of the curves of 
E(x) as shown in Fig. 5. The curvature arises from the 
volume density of positive charge in the depletion layer 
in the n-type region, and of negative charge in the 
depletion layer in the p-type region. For the simplified 
theory which we shall first use, we assume that the 
depletion is complete; that is, that the charge density, 
positive or negative as the case may be, is constant, 
equal to that of + No electronic charges per unit volume. 
In such a case Poisson’s equation as applied to either 
n- or p-type regions becomes 


PE/dx? = N e*/keo, (2) 


where x is the distance measured perpendicular to the 
barrier, e is the magnitude of the electronic charge, 
k is the dielectric constant (assumed to be 17.9 for 
PbS), and ¢9=8.85X10-" farads/meter, if we use mks 
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Fic. 5. Valence and conduction bands in case of Fig. 3(a), 
showing notation used in text. 


units. A solution of Eq. (2) is 


1 Noe? 
E=const+- 
2 ke 


(*—const)?. (3) 


We are to set up similar solutions in both n-type and 
p-type regions which must join with constant value and 
constant slope at the boundary between the two regions. 

The boundary conditions are different in the n-type 
and the p-type regions for the case we are considering. 
Let X be the thickness of the p-type region. In the 
p-type region the parabolic behavior of the E vs « curve 
will start at the center of the region. Hence the value 
of E at the edge of the p-type region will be 


1 Noe? s X\? 
E=const+- (>) : (4) 
2 ke 2 


The slope of the curve at this point must be equal to 
the slope of the corresponding curve in the n-type 
region, which means that the thickness of the depletion 
layer in the n-type region must be X/2, equal to half 
the width of the p-type region, so that the total amount 
of charge in the barrier, made up of positive charge in 
the n-type region, negative in the p-type region, will 
be zero. Then the value of E(«) in the n-type region, at 
the boundary between n-type and p-type regions, will 
be Eo+(Noe?/2keo)(X/2)*. The height of the barrier, 
in the p-type region, above the Fermi level, will then be 


barrier height = Ey +2(Noe?/2keo) (X/2)? 
=Eot+ (Noe?/4keo) X?. (5) 


If we let No=10'8/cc, the quantity (Noe?/4keo) X? will 
equal 0.37 ev for X=382 angstroms. In other words, 
for a p-type region of this thickness, and for a low tem- 
perature where Ep is negligible, the barrier will just 
become complete, while for any smaller thickness we 
have a barrier such as is shown in Fig. 3(a), of less 
than the maximum height. For other values of No the 
critical thickness of the p-type region for giving a 
barrier of maximum height will be proportional to No~?. 

We can now see why it was stated earlier that the 





1636 ta 


density of impurity centers, Vo, cannot be much less 
than 10"*. For let us remember that the assumed thick- 
ness of a crystallite is about 0.14=1000 A. With 
No=10"*, we have just seen that the critical thickness 
of the p-type region for development of complete 
barriers is 382 A. In such a case the n-type region left 
between two successive p-type regions will be 1000— 382 
=618 A. But if the value of No were much less, so that 
the thickness of the p-type region were much greater 
than 382 A, the thickness of the n-type region would 
be correspondingly less, and it would be perfectly 
possible to have values such that a complete barrier 
could not build up in either the n-type or the p-type 
region. In fact, the critical concentration is that for 
which the thickness of the p-type region, for complete 
barrier formation, is 500 A, and we see at once that this 
is (382/500)#10'8=8.8X 10'7/cc. For impurity concen- 
trations less than this value, complete barrier height 
cannot be built up. 

We see, then, that according to this elementary 
treatment, for an impurity concentration of 10'*/cc, 
the barrier height will build up proportionally to the 
square of the thickness of the p-type region, to a 
limiting value of 0.37 ev, which it will reach at a thick- 
ness of 382 A. As the p-type region becomes thicker we 
shall continue to have these barriers of maximum 
height, until the thickness of the n-type region is 
reduced to 382 A, after which the barrier height in the 
n-type region will decrease proportionally to the square 
of the thickness of the n-type region. The first situation, 
where the barrier height is proportional to the thickness 
of p-type region, is that shown in Fig. 3(a); the second 
situation, with maximum barrier height, is that of 
Fig. 3(b); the third is that of Fig. 3(c). The region of 
tolerance over which the case of maximum carrier 
height exists is larger, the higher the impurity concen- 
tration. In the range of concentrations which we may 
well expect—a small multiple of 10'*—we see that 
there is appreciable tolerance, so that films of maximum 
resistance would be expected to occur in substantial 
number, which agrees with the observations. 

Now we shall discuss this same problem of the forma- 
tion of barriers from a more sophisticated point of view. 
The positive charge density in the n-type region, and 
the negative density in the p-type region, are not 
really those arising from +N» electronic charges per 
unit volume, unless the conduction band lies so far 
above the Fermi level in the n-type region that the 
impurity levels are entirely empty, or the valence band 
lies so far below the Fermi level in the p-type region 
that the acceptor levels are entirely filled with electrons. 
More generally, we can compute the positive charge 
density in the n-type region from the following formula 
for N, the number of positive charges per unit volume, 
with a similar formula for the p-type region: 


N=No—No/{exp[ (E—E1)/kT]+1} 
— (2/h®)(2em*kT)#/[exp(E/kT) +1]. (6) 
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In Eq. (6) the first term No» stands for the number of 
donors per unit volume. The second term represents 
the number of donors which contain electrons, and 
hence do not contribute to the net positive charge 
density; the quantity Z, measures the distance of the 
donor level below the bottom of the conduction band. 
The third term represents the number of electrons per 
unit volume in the conduction band, which therefore 
must be subtracted from the number of positive charges 
per unit volume. The expression (6) is such that if 
E= Ep, the number N is zero; that is, Eo, as assumed 
earlier, represents the bottom of the conduction band 
(measured up from the Fermi level) in a case of an 
infinite sample of material, in which the charge density 
must be zero. 

To obtain a rigorous solution of the problem of finding 
E(x) through the barrier, we must rewrite Poisson’s 
equation, Eq. (2), replacing No which appears in Eq. (2) 
by N as given in Eq. (6). When we do this we note 
immediately that if E= Eo, so that N=0, we have a 
solution corresponding to constant E, the ordinary case 
of an infinite sample of material. We are interested, 
however, in the case of finite thicknesses of material, 
corresponding to the barriers, so that we must integrate 
the whole differential equation, which is a differential 
equation of a complicated form for E as a function of x. 
This can only be handled by numerical integration, and 
the writer has carried out numerical integrations for 
the necessary cases, assuming Vo=10'8/cc, and assum- 
ing £,=0.01 ev. We shall now discuss the general 
nature of these solutions. 

Since we have a second-order differential equation, 
there will be two arbitrary constants. We note by 
symmetry from Fig. 3 or Fig. 5 that E will have a 
minimum at the mid-point of the n-type region, or at 
the mid-point of the p-type region. Let us then measure 
our coordinate x from this mid-point and choose one 
of the two arbitrary constants by requiring that the 
slope dE/dx be zero at this point. Then there will be a 
solution corresponding to each value of E at x=0. For 
E= Ep the curve will be a horizontal straight line. For 
larger initial EZ the curve will start to rise as « increases, 
and by the time it has risen an amount of the order of 
magnitude of kT, the function N of Eq. (6) will become 
substantially equal to No, and the curve will be para- 
bolic, of the form given in Eq. (3), with appropriate 
constants. In our numerical integration it has been 
convenient to carry each curve out to large enough 
values of E so that this parabolic approximation is 
justified, and then to evaluate the two constants as 
functions of the ordinate of the curve at «=0. For 
better understanding we show in Fig. 6 a family of 
such curves. 

We must now use one such curve for the n-type 
region and another for the p-type region, subject to 
two conditions: the function must be continuous, and 
the slope must be continuous, at the boundary between 
the two regions. These conditions can be satisfied by 
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numerical methods which we shall not go into. When 
we satisfy these boundary conditions we find the exact 
shape of the barrier and we find the barrier height as a 
function of the thickness of the p-type region, replacing 
the simple value of Eq. (5). As far as the shape of the 
barrier is concerned, the departure from the parabolic 
form given in the elementary discussion is unimportant. 
As far as the height is concerned, we exhibit some of 
the exact results in Figs. 7 and 8. In Fig. 7 we show the 
barrier height as a function of X for 108®/T=8, as calcu- 
lated by this rigorous method. For comparison we give 
the parabola given by Eq. (5). We see that there is 
substantial agreement between the parabola of Eq. (5) 
and the rigorous curve for values of X less than the 
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Fic. 6. E(x) —Z vs x, both expressed in suitably chosen dimen- 
sionless units, from Poisson’s equation derived by combining 
Eqs. (2) and (6), for a number of initial conditions. 


critical value for formation of the complete barrier, 
and above the critical value the barrier height stays 
approximately constant; the only real difference be- 
tween the exact solution and the approximation is that 
in the exact case there is a smooth transition from one 
case to the other. 

In Fig. 8 we show the barrier heights for a number of 
values of X as a function of 10/7. These variations 
include all of the temperature dependences found in 
Eq. (6), including the variation of the quantity Eo with 
temperature, the height of the bottom of the conduction 
band above the Fermi level. We see that for values of 
10°/T greater than 4, which includes the cases met in 
practice with the photoconductive measurements, the 
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Fic. 7. Barrier height as a function of X, thickness of p-type 
layer, for 108/7=8, 108 impurity atoms/cc. Dashed curve, 
parabola and constant value given by elementary treatment. 


variation of barrier height with temperature is un- 
important. We thus justify the qualitative discussion 
which we have given earlier: in cases of only partially 
developed barriers the curve of logarithm of conduc- 
tivity vs 10°/T will be approximately a straight line 
whose slope depends on the height of the barriers, and 
the maximum such slope corresponds to completely 
formed barriers, for which the slope corresponds to 
0.37 ev. In this way we explain the fact that films are 
observed corresponding to many different slopes, up to 
a maximum value. When we actually compute curves 
of conductivity for barriers of various heights we find 
good agreement between them and various films in the 
straight-line portion of the experimental graphs; as we 
have stated earlier, the tendency to flatten out at low 
temperatures, found in all experimental curves, must 
be explained by devious shunt paths of low-resistance 
material whose conductivity does not vary greatly 
with temperature, and since this is a random situation 
we cannot set up any single theoretical curve to agree 
with experiment in this region. 


3. MECHANISM OF PHOTOCONDUCTIVITY 


In the preceding section we have seen that the 
barrier theory is capable of explaining the general 
features of the dark conductivity of the PbS films. Now 
we inquire how photoconductivity is to be explained. 
When light is absorbed anywhere in the crystal, whether 
in the n- or p-type regions, an electron will be raised to 
the conduction band, leaving a hole in the valence band. 
Any radiation whose wavelength is shorter than that 
corresponding to the gap width of 0.37 ev can cause 
formation of electron-hole pairs, and it is well known 
that this wavelength agrees well with the long-wave 
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limit of infrared sensitivity of PbS photoconductors. 
The electron so introduced into the conduction band 
will now tend to fall to the lowest possible energy, or 
into an m-type region, whether it originates in an n-type 
or a p-type region, and the hole will in a similar way 
find its way into a p-type region. The presence of extra 
electrons in the n-type region, extra holes in the p-type 
region, will neutralize some of the space charge pro- 
ducing the barriers. Thus the barriers will be lowered, 
and the conductivity will correspondingly be increased. 
Let us now put these ideas in more quantitative 
language. 

There are two aspects to the problem, the lowering 
of the barrier by the hole-electron pairs, and the calcu- 
lation of the number of such pairs produced by the 
irradiation. Let us consider first the lowering of the 
barriers. Let us assume that we have on the average n 
hole-electron pairs per unit volume, produced by irradi- 
ation. Now the electrons, in the n-type regions, will 
tend to drift to the interface between the depletion 
layer and the neutral material, and the holes in the 
p-type regions will drift to the surface of the depletion 
layer in that region; that is, if the barriers are incom- 
pletely developed, they will be located in the center of 
the p-type region. They will neutralize part of the 
charge in the depletion layers, and will have the effect 
of decreasing the effective thickness of those layers, 
hence decreasing the barrier height; we may use our 
elementary theory to find the decrease of barrier height 
from Eq. (5). Let the dimension of a crystallite be D 
(we shall assume it to be 0.14). The electrons in a 
crystallite will be distributed over two interfaces be- 
tween neutral regions and depletion layers. Hence the 
charge per unit area on either of these interfaces will be 
—neD/2. This will neutralize volume charge whose 
charge density in the depletion layer is Noe. Therefore 
it will neutralize volume charge extending to a depth 
nD/2No. Now the combined thickness of the depletion 
layers in m- and p-type regions, from the center of the 
p-type region to the interface in the n-type region, in 
the absence of irradiation, is X. Hence in the presence 
of irradiation it will be reduced to X—nD/No, reduced 
by the amount of the regions neutralized in both 
depletion layers. We therefore conclude that the barrier 
height in the presence of radiation will be given by 


barrier height = Eo+ (Noe*/4keo)(X—nD/No)*, (7) 


which follows at once from Eq. (5). 

From the barrier height, as found in Eq. (7), we can 
immediately deduce the conductivity. The conductivity 
will depend on barrier height through the exponential 
exp[ — (barrier height)/&7'], so that Ino will be pro- 
portional to — (barrier height)/kT. We let o1 be the 
conductivity in the presence of light [for which we use 
Eq. (7)], and op be the conductivity in the dark, for 
which m=0, and we let 


(Noe®/4keo) X?= AEp, (8) 
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so that Eo+AZp is the barrier height in the dark 
(ordinarily Eo is small enough to disregard). Then we 


find 
ot\ AE, /2nD_ n*D? 
CEC)» 
oD RT \NoX No?X? 
In Eq. (9) we see the way in which the conductivity 


varies with n. If we solve the quadratic (9) for nD/NoX, 
we find 


nD/NoX=1—[1—(kT/AE,) In(o1/ep)}!. (10) 


Equation (10) is particularly interesting, for it allows 
us to solve for nD/NoX, the fractional decrease in the 
barrier thickness produced by radiation, in terms of 
known quantities. To find it, we must know AZo, which 
we get from the slope of the experimental curve of 
conductivity vs 10°/T (disregarding Eo), and the dark 
conductivity. In this latter quantity, if we are working 
at low temperatures where the experimental curve 
of dark conductivity vs reciprocal temperature has 
flattened off, we use an extrapolated dark conductivity 
corresponding to constant barrier height, or a straight- 
line extrapolation ; for we assume that the flattening off 
is a result of shunting by devious paths which do not 
contribute to the photoconductivity, and we wish to 
subtract the conductivity arising from these devious 
paths. When we carry through such calculations in 
actual cases, we find that in the experiments to be 
described, the barrier has been reduced in thickness by 
some 30% by the most intense irradiation employed. 

The second part of our problem is to find the way 
in which n, the number of electron-hole pairs per unit 
volume, depends on the irradiance J. In the first place, 
the number of such pairs created per unit time will be 
proportional to J; let it be called aJ. The constant a 
will be determined by the fact that some fraction of all 
photons striking the film will produce pairs. The fraction 
will be less than unity because some of the incident 
radiation will be reflected or scattered, and some will 
travel through without being absorbed. In a steady 
state, the number of electron-hole pairs created per 
unit time will be balanced by the number recombining 
again. We must consider the possible mechanisms for 
this recombination. Since an electron and hole, after 
their creation, migrate in opposite directions, and come 
to rest at opposite sides of a barrier, separated by several 
hundred angstroms, a direct recombination is hardly 
possible. We are much more likely to have recombina- 
tion by an indirect process. An electron, trapped in an 
n-type region, will recombine with a hole which happens 
to be found in its neighborhood, or a hole, trapped in 
a p-type region, will recombine with an electron which 
happens to be in its neighborhood. Let us consider 
these possibilities more in detail. 

Suppose that we have the case of incompletely de- 
veloped barriers, as shown in Fig. 3(a). Then current 
will be carried largely by electrons surmounting the 
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barriers in the p-type regions. These electrons can 
combine with holes trapped in the p-type region. The 
number of such recombinations per unit time will be 
proportional to m, the number of trapped holes; and to 
the number of electrons per unit volume in the p-type 
region. Since these are the same electrons which are 
carrying the current, the number of recombinations per 
unit time will be proportional to nc. Every time an 
electron recombines with a hole trapped in a p-type 
region, it must leave behind a hole in the n-type region. 
Hence effectively it is neutralizing one of the electrons 
trapped in the n-type region. Similar considerations 
will hold in the cases shown in Figs. 3(b) and 3(c). 

Combining these two mechanisms, then, we must 
have 

dn n 


—=al—-, 
dt T 


(11) 


where the time constant 7 is inversely proportional to 
the conductivity, so that 


(12) 


Since the time constant depends on conductivity, it 
really depends on m, so that Eq. (11) is more compli- 
cated than it seems at first sight. We shall use Eq. (11) 
in Sec. 4 to discuss transient effects, but at the moment 
we are interested in the steady state. Here we have 


(13) 


We may now combine Eqs. (10), (12), and (13), noting 
that o appearing in Eq. (12) is the same as o, appearing 
in Eq. (10), and obtain 


(aAD/NoX)I=o1{ 1— [1 — (RT /AEp) In(oz/op) |}. 
(14) 


In Eq. (14) we have an expression for the irradiance as 
a function of the conductivity, and if we plot the curve 
with J as abscissa, o, as ordinate, we find the conduc- 
tivity as a function of irradiance. 

We are now ready to start comparison of some of 
these results with experiment, though we shall have to 
postpone some comparisons until later, when we discuss 
the time variation more in detail. First we consider 
some of the experimental results. In Fig. 9 we show the 
logarithm of the conductivity of a typical film vs 10°/T, 
for various irradiances. In Fig. 10 we show results for 
the logarithm of the time constant as a function of 
10/7, and for comparison the logarithm of the con- 
ductivity, in the dark and for a fixed irradiance, for 
several typical films. 

The first observation which we make from Fig. 10 is 
that in a qualitative way the inverse proportionality 
between conductivity and time constant, postulated in 
Eq. (12), certainly holds. The time constant decreases 
in going to higher temperature, or to higher irradiance, 
in much the same way in which the conductivity in- 
creases. For some films the relation given in Eq. (12) 


or=A. 


n=alr. 





T T ' t ' 


I= 7X107™> W/CM? 


1x07 


LOG o-(OHM-cmM)~! 








1 


4 10°/ T 





Fic. 9. Logarithm of conductivity vs 10°/T, for various 
irradiances, observed for film R19X. 


seems to be almost quantitatively fulfilled, but for 
others it is only approximate. The tendency is for the 
measured time constant to vary considerably less than 
the conductivity, both with temperature and with 
irradiance. This appearance may be partly a result of 
inadequacies in the experimental technique. The time 
constant was very hard to measure accurately at the 
low temperatures and low irradiances, because the re- 
sistance of the films was so extremely high, and the 
expected direction of the errors would lead to a true 
time constant much longer than the measured value. 
More accurate measurements, carried out in a few 
cases, gave a much longer time constant for the high- 
resistance cases, and more nearly reciprocal relations, 
as postulated in Eq. (12), than is indicated in the results 
of Fig. 10. In making this comparison, one must take 
account of a correction to the measured time constant 
discussed in Sec. 4; this correction was not made in 
the results of Fig. 10, which represent the direct experi- 
mental data. 

It seems reasonable, then, as a first approximation, 
to assume the correctness of Eq. (12). One point should 
be noted in connection with this equation, in the case 
of low temperatures, where the curve of conductivity 
vs temperature flattens out. We find experimentally 
that the curve of time constant flattens out in a similar 
way. This would imply that the shunt-path conduc- 
tivity, which we have assumed to be responsible for the 
conductivity at low temperature and low irradiance, 
should at the same time supply an electron concentra- 
tion which would be effective in producing recombina- 
tions with trapped holes in the p-type regions. This 
perhaps could happen if the shunt paths were really 
very minute, but distributed widely throughout the 
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body of the material, consisting really of randomly 
scattered regions of lower than average barriers. In such 
a case electrons carrying current in the shunt paths 
might be found close enough to the barriers in question 
to produce recombinations with trapped holes. It must 
be admitted that this view is somewhat unclear, how- 
ever, and that this furnishes one of the weak points of 
the theory. However, whatever may be the mechanism 
of the recombination, an equation of the form of 
Eq. (11) seems most likely to be true, and the same 
time constant which is directly measured by the experi- 
ments to be discussed in Sec. 4 should be the one 
appearing in Eq. (13). In other words, by using meas- 
ured time constants in Eq. (14), writing it in the form 


(aD/NoX)I=(1/71){1—[1— (kT /AEp) 
XIn(¢1/ep) F}, (15) 


we should have a relation making no use of the assumed 
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relation between time constant and conductivity, and 
hence based on somewhat firmer ground. 

Now let us make some comparison between our 
theory of photoconductivity and experiment. In the 
first place, we show in Fig. 11 a curve of conductivity 
vs irradiance, for a typical case, computed from Eq. (14). 
This curve, which is plotted on a logarithmic scale, 
shows a somewhat less rapid variation than linear of 
conductivity as a function of irradiance, continuing 
without great change in slope up to a limiting irradiance 
where the barriers disappear. The slope of the curve 
depends on the value of kT/AEp, but corresponds in 
most cases to a dependence of o, on a power of J 
between 0.7 and 0.95. The experimental curves for 
conductivity vs irradiance mostly have this general 
form, though as we have stated earlier, they can vary 
much more erratically than the theory would suggest, 
in some cases even being more rapid than linear. 
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In this connection, we may note that if we use 
Eq. (15) instead of the more specialized form [Eq. (14) ], 
we can ask how the conductivity would vary with 
irradiance if the time constant were not inversely pro- 
portional to the conductivity. As an extreme case, if rz, 
were independent of conductivity or irradiance, Eq. (15) 
would lead to a very strong dependence of conductivity 
on irradiance. For small irradiances, where we can 
expand the square root in Eq. (15) in power series, we 
should find 


(o1/op)=exp(2aDr ,AEol/NoXkT), (16) 


an exponential dependence on J, if rz, were independent 
of J. We may therefore plausibly suppose that the 
observed strong variation in occasional films arises 
from a time constant which varies somewhat less rapidly 
with conductivity than Eq. (12) would demand. The 
fact that most of the observed curves show a variation 
which is less rapid than linear, however, and qualita- 
tively similar to that of Fig. 11, would indicate that 
our assumed inverse relationship between time con- 
stant and conductivity is actually well justified. 

If we assume the correctness of Eq. (12) and assume 
furthermore that the constant A is independent of 
temperature (which is not exactly true, as we shall see 
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Fic. 11. Logarithm of conductivity vs logarithm of irradiance, 
for a typical case, computed by Eq. (14). The curve stops abruptly 
as indicated, at the point where the barriers are reduced to zero. 


later), then Eq. (14) would give us a complete frame- 
work for calculating the conductivity as a function of 
irradiance at any temperature. To a first approximation, 
this simple assumption works surprisingly well. Thus, 
in Fig. 12, we show calculated curves for conductivity 
as a function of reciprocal temperature, for various 
irradiances, for the same film whose conductivity was 
plotted in Fig. 9, compared with the observed points. 
In making this calculation, we have taken for op an 
assumed value corresponding to a straight-line extrapo- 
lation of the conductivity vs 10°/T curve, and then 
have added the conductivity of the shunt paths to the 
calculated «. This seems to be the most reasonable way 
to correct for these shunt paths. We have furthermore 
chosen a single value of the quantity (¢AD/N,X), 
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Fic. 12. Logarithm of conductivity vs 108/T, for various 
irradiances, for film R19X, calculated on assumption that A is 
independent of temperature. Experimental points shown by 
crosses. 


regarded as a disposable parameter, to fit the curves 
most accurately. It is obvious that we have in this 
way an explanation of the general form of the observed 
curves. 

We can improve the agreement by taking account of 
the fact that Eq. (12) with A independent of tempera- 
ture, does not agree very well with experiment. In the 
case of the film which we are using as an example, we 
do not have good data for the dependence of time 
constant on irradiance, but we do have good informa- 
tion on its dependence on temperature at one fixed 
irradiance. In Fig. 13 we show the values of ozrz 
observed as a function of temperature (making the 
corrections to be discussed in Sec. 4), for an irradiance 
of about 1X10 w/cm*. We see that this quantity 
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Fic. 13. Quantity ¢z7,=A (plotted logarithmically) as function 
of 10°/7, for film R19X, at irradiance of 110‘ w/cm*. Crosses 
show experimental points; curve is best estimate of experimental] 
value deduced from the observed points. 
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Fic. 14. Logarithm of conductivity vs 10°/T, for various 
irradiances, for film R19X, calculated on assumption that A 
varies with temperature as given by smoothed curve of Fig. 13. 
Experimental points shown by crosses. 


varies by over a factor of ten from low to high tem- 
perature. If we use a value A(7) determined from 
Fig. 13, but still assume that Eq. (12) holds for each 
temperature, we find calculated curves for conductivity 
vs 10°/T at different irradiances as shown in Fig. 14. 
It is clear that this has improved the agreement be- 
tween theory and experiment, as compared with Fig. 12. 

It seems, then, that our explanation is capable of 
describing the general nature of the dependence of 
conductivity on irradiance with satisfactory accuracy. 
The film which we have used as an illustration is a 
fairly standard one, and similar calculations on other 
films give comparable results. We shall now proceed in 
the next section to discuss further details of the meas- 
urement of the time constant and then the numerical 
values of the various constants entering into the 
calculations. 


4. TRANSIENT EFFECTS AND THE MEASUREMENT 
OF TIME CONSTANT 


In Eq. (11) we have the equation for transient effects. 
This equation is more complicated than it seems, 
because of the dependence of the time constant on the 
conductivity. Thus if we excited the film with a high 
irradiance, and then suddenly turned off the illumina- 
tion, we should initially have a high value of m, and a 
large conductivity, with a consequent short time con- 
stant. We should expect initially a rapid decay, but 


then as the conductivity became smaller, the time con- 
stant would increase, and the later part of the decay 
would be much slower. Such behavior has been shown 
in experimental curves of the decay from a high initial 
excitation. As a result of this effect, the direct measure- 
ment of time constant is more complicated than would 
appear at first sight. 

i Two experimental methods have been used for deter- 
mining the time constant. One, of which very little use 
was made, is based on the experiment described in the 
preceding paragraph. Most of the measurements, how- 
ever, were made by superposing a constant irradiance, 
and an additional square-wave-modulated irradiance, 
of such an amount that the conductivity increased by 
no more than five percent of the constant value. When 
this additional square-wave pulse stops, the conduc- 
tivity decays from the steady-state value characteristic 
of the added irradiance, to that characteristic of the 
steady irradiance. This decay is very approximately 
exponential, and r is closely related to the time con- 
stant of the exponential decay. We shall now prove this 
fact, and discuss the method. 

Let oz, be the conductivity characteristic of the 
steady irradiance, and let mz, be the associated value 
of n, related to it by Eq. (9) or (10). Let rz be the 
value of 7 connected with this value mz. Now we 
consider the decay indicated by Eq. (11), when we 
start at ‘=0 with a value of nm somewhat greater than nz, 
and let it decay down to mz subject to the irradiance 


connected with the subscript L. From Eq. (13), we have 
(17) 


nyp=alry. 


Then we can rewrite Eq. (11) in the form 


d(n—nrz) (" “*) 
dt g T TL ; 


Since we are allowing J to vary by only a few percent 
between the time when the square-wave pulse is on 
and the steady irradiance, we may assume that n will 
vary from mz by only a few percent, and hence that r 
will vary from rz by only a few percent. Hence it is 
allowable to expand + about rz, as a power series in 
n—nz. We have 


r=T1+(dr/dn)1(n—nz)+°::. 
We substitute this expression in Eq. (18) and find 
d(n—n n—n d \nr 
( oN “t1-( ) | (20) 
L 


dt TL d\nn 


(18) 


(19) 





From Eq. (20) we see that n—mz will decay loga- 
rithmically, and that the time constant observed in the 
modulation experiment, which we shall call rmoa, is 


(21) 


d Inr ie 
fT 
d\nn fs 
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where 7, is the fundamental time constant of Eq. (11), 
in the presence of light. The derivative of Inv with 
respect to Inn is to be computed at the irradiance 
being used. In order to calculate the factor in Eq. (21), 
we shall assume that the time constant varies inversely 
as the conductivity, as in Eq. (12), and we shall assume 
that the conductivity is given in terms of m by the 
linear term of Eq. (9), disregarding the quadratic term, 
which is ordinarily small in the cases met in practice. 
Then we find that 


(d Inr)/(d Inn) = —In(¢z/op), 
so that Eq. (21) becomes 
TL=Tmoa_1+In(oz/cp) ]. 


From Eq. (23) we see that 7 z, the time constant 
appearing in Eq. (11), is greater than that measured in 
the modulation experiment, by a factor which goes 
from unity at small irradiance, to something of the 
order of 6 or 7 at the highest irradiances used. This 
correction factor was not used in the experimental 
graphs shown in Fig. 10, but it was used in the values of 
o171 plotted in Fig. 13. 

In the discussion of this modulation method of 
measuring time constant, it was assumed that the 
amplitude of the square-wave modulation was small 
enough so as to change the resistance of the sample by 
only a few percent. In the case of the high-resistance 
films, however, it was not possible to get measurements 
with such small modulations, and in some cases the 
change of conductivity produced by the modulation 
was very much larger than this value. This produced 
errors in the resulting values of time constant, which 
we have mentioned earlier, and which made the meas- 
urement of time constants of high-resistance films of 
very doubtful validity. 

The second method of measuring time constant is a 
direct measurement of the decay of conductivity, as 
has been mentioned earlier. By a large steady irradiance, 
the conductivity is built up to perhaps several hundred 
times the dark conductivity. The irradiance is then 
removed, and the decay of the conductivity is observed. 
This should follow Eq. (11), in which J is set equal to 
zero. This allows us to find the time constant directly, 
if we assume as before that the conductivity and m are 
related by the linear term of Eq. (9). We then find 


(22) 


(23) 


d\nn 1 dlnIn(o/op) 


(24) 
dt T dt 


In other words, we need only plot InIn(¢/ep) as a 
function of time, find the slope of this curve, and 
determine the time constant directly from it. This type 
of measurement has been carried out for only a few 
films, and while the results of it are in general agree- 
ment with the modulation method, it has not been 
used for detailed determination of time constants. 
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5. NUMERICAL AGREEMENT OF THEORY 
AND EXPERIMENT 


In the preceding sections, we have seen that we 
have a general agreement between the barrier theory 
and experiment, though there are detailed points of 
disagreement. We have not, however, considered the 
values of the numerical constants involved, to see if 
they agree with expectations. In the present section 
we shall carry out such an investigation and shall find 
that the theory seems numerically reasonable. There 
are two constants whose reasonableness we shall con- 
sider: a of Eq. (11) and A of Eq. (12). We consider A 
first. To compute it, let us make the argument leading 
to Eqs. (11) and (12) more precise. Consider a trapped 
hole in a p-type region. There will be electrons sur- 
mounting the barrier, which can combine with it. The 
probability that an electron combine with it can be 
written as the recombination cross section, times the 
drift velocity of an electron, times the number of 
electrons per unit volume at the top of the barrier. 
This probability of recombination is what we have 
written as ¢/A. On the other hand, the conductivity 
equals the number of electrons per unit volume at the 
top of the barrier, times eu. The drift velocity is 
(kT /2nm*)'. Hence we have 


eu/A=c(kT/2rm*)}, (25) 


where c is the recombination cross section. 

In Fig. 13 we plotted values of ozrz, or of A, as a 
function of temperature, for a typical film. We can 
then use Eq. (25), together with the assumed mobilities 
of Table I, to compute the recombination cross section 
as a function of temperature, for this particular case. 
The results are shown in Table II. We see that these 
values vary somewhat with temperature, being smaller 
at high temperatures. No explanation is offered for 
this, but many fairly complicated mechanisms could 
be postulated which would lead to such results. The 
essential result, however, is the order of magnitude of 
the cross sections. Recombination cross sections have 
been observed all the way from a maximum of about 
10-" cm? to much smaller values, as is pointed out by 
Rose.2 Thus the values which we deduce from our 
model fall well within the expected range. Similar 


TABLE II. Recombination cross section of trapped hole as 
function of temperature, film R19X. 
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calculations on other films lead to cross sections in the 
same general range of values. 

Next let us consider the constant a. This occurs in 
the statement that the number of electron-hole pairs 
created per second is aJ, where J is the irradiance. Let 
us assume that a fraction a of all photons falling on the 
sample produce electron-hole pairs. If we take the 
average wavelength of the photons to be 2 u (which is 
approximately the location of the maximum energy 
density in the spectrum of the light source), then the 
energy of a photon is about 1.0 10~ joule. An irradi- 
ance of 1 w/cm? will then correspond to about 10” 
photons per sec per cm?. The average thickness of the 
films is about 0.2 u. If we assume that a fraction a of the 
photons falling on a square centimeter per second is 
absorbed in this film, we shall find that the number of 
photons absorbed per second per cubic centimeter is 
5X 10a, for an irradiance of 1 w/cm?. This then gives 
us an estimate of a. 

To compare with experiment, it was found that the 
constant value of (aD/N»X), used in computing Fig. 14 
from Eq. (14), was 5.3 10‘ cm*/w-sec. We are assuming 
that D=0.1 uw. For the product NX, we can use Eq. (5), 


SLATER 


in which Eo can be neglected in this case, giving a 
relation between No, X, and the barrier height AE, 
which was 0.285 ev in the case considered. These rela- 
tions lead to 


NoX =2(keoNoAEo/e*)!. (26) 


If we assume No=10!8/cc, we then find that a=1.76 
X10”, from which a=0.035; if we assume that 
No=10"/cc, a=0.11. In other words, for reasonable 
choices of the impurity concentration, we find values 
of a, the fraction of impinging photons which produce 
electron-hole pairs, of a few percent, which certainly 
seems plausible, when we consider that part of the 
incident radiation will be of too long wavelength to be 
absorbed, and much of the rest of it will be reflected or 
scattered, or will pass through the film (since it is not 
thick enough to be perfectly opaque). Our estimate of a, 
then, as of A, seems to lie in an entirely reasonable 
range of values, completing our discussion of the agree- 
ment of the barrier theory with experiment, and show- 
ing that it is able to give a reasonable account of the 
main features of the observed photoconductivity. 
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New Formulation and Solution of the Phase Problem in X-Ray Analysis 
of Noncentric Crystals Containing Anomalous Scatterers* 


YOsHIHARU OKAYA AND Ray PEPINSKY 
X-Ray and Crystal Structure Laboratory, Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received June 6, 1956) 


Use of anomalous dispersion in x-ray analyses of noncentric crystals reduces the problem of phase determi- 
nation for any given structure factor to the choice between two possible roots of two simultaneous quadratic 
equations. This assumes that anomalous scatterer positions have been established by classical techniques. 
Selection of the correct root is aided by: the P,(u) function of Okaya, Saito, and Pepinsky; heavy atom or 
isomorphous replacement techniques; or the linear inequalities of Okaya. Given moderately accurate 
structure factor amplitudes | Fh| and | F—h|, the phase problem is solved for noncentric crystals containing 
anomalous scatterers; and the absolute configuration of the structure is obtained as a by-product of the 


direct analysis. 





INTRODUCTION 


KAYA, Saito, and Pepinsky' and Pepinsky and 

Okaya? have developed a method for determina- 
tion of the structures and absolute configuration of 
noncentrosymmetric crystals, by using the phenomenon 
of anomalous x-ray dispersion. The imaginary part of 
the convolution of the density of scattering material 
(now a complex quantity) is expressed by 


P,(u) => | Fn|? sin(2rh-u). (1) 
h 


This is equivalent to the superposition of all distri- 
butions of noncentrically-arranged normal scatterers 
around each anomalous scatterer; and the superposi- 
tions can be unscrambled by image-seeking methods 
(Takeuchi, Okaya, and Pepinsky*). 

In the present paper a further method is described, 
by which the phases of individual structure factors can 
be directly determined. This has some advantages over 
the use of the P,(u) function alone. As in the case of 
the P,(u) function, the absolute configuration of the 
noncentric distribution appears automatically. 


NEW FORMULATION OF THE PHASE PROBLEM 


Consider the scattered x-ray intensity Jn from a 
crystallographic plane, of a noncentric crystal, h= (,k,!) 
representing the Miller indices of the plane. Jn is re- 
lated to the structure factor Fn by 


In= K-Fn- Fn*=K|Fa|?, (2) 
where 
(3a) 


(3b) 


Fn=An+7Bn, 
Frn*= An—1Bn, 
and K is a determinable proportionality constant. 


*Development supported by a contract with the Office of 
Naval Research, and a grant from the National Institutes of 
Health. 

1 Okaya, Saito, and Pepinsky, Phys. Rev. 98, 1857 (1955). 

2R. Pepinsky and Y. Okaya, Proc. Natl. Acad. Sci. U. S. 42, 
286 (1956). 

3 Pepinsky, Takeuchi, and Okaya, presented at the Meeting of 
the American Crystallographic Association, French Lick, Indiana, 
June, 1956 (unpublished). See also R. Pepinsky, Record Chem. 
Progr. (Kresge-Hooker Sci. Lib.) (to be published). 


p(r) represents the density distribution of scattering 
material. We consider the crystal to be composed of 
normal and anomalously scattering atoms and write 
the structure factor in the discrete atom approximation 


Fnu=> f,(h) exp(2zih-r,), (4) 


where /,(h) is the scattering factor for the mth atom 
and r, is that atom’s position. 

If the scattered wavelength is close to and just 
shorter than an absorption edge of a scattering atom n, 
fn(h) is complex, because of dispersion : 


fn®*(h)= fn’ (h)+ifn'’(h). (5) 
Otherwise, f,(h) is real. We can decompose Fh into 
Fra= Fa®-*-+ Fhi*-, (6) 


where Fn®-*- is summed over all normal scatterers, and 
Fn**- over all anomalous scatterers. (For a given 
incident x-ray wavelength, there will in general be only 
one type of anomalous scatterer in the crystal.) 

From (4), , 


Fn* => f,*(h) exp(—2zih-r,). (7) 


It is obvious that for normal scatterers, since /,"°* 


= (f,2-*)*, 
(Fn®-*:)*¥= F-n"*., (8) 
where —h=(—hA, —k, —/)=(h,k,l). Then, from (3a) 
and (3b), 
An®-8-= A —n?- (9a) 
and 
Br®-= — B-n™*-, (9b) 


The relations (9a) and (9b) do not hold for An**: and 
Bn**-, because in this case f,(h)+ f,*(h). It is for this 
reason that | Fn|*¥ | F-n|?. 
Using the relations above, we can now write 
| Fn|?= (A n®8--+ 4 no-s-)24 (Bn*-*-+ Bn®*-)?, (10a) 
and 


| F-n| San (A-n**--+A h?-8-)24 (B-n**:— Bu®-*-)*. (10b) 
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(a) SOLUTIONS FOR h 
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(b) SOLUTIONS FOR -h 


Fic. 1. Geometric representation of solutions for Ah®*- and Bh®+-, from known | Fh|, | F—h|, Ah**-, Bh*-*-, A—h*-*-, B—h**- values. 


Let us assume that the positions of the anomalous 
scatterers have been established by usual methods 


(e.g., from interpretation of Patterson maps, including 
if necessary joint Patterson maps obtained by altering 
the incident x-ray wavelength so that in one case no 


anomalous scattering occurs).2 Then An**:, Bn**-, 
A-n**-, and B-n**: are known; and of course | Fn|? 
and |F-n|*? are known from the original intensity 
measurements. 

Equations (10a) and (10b) can be regarded as simul- 
taneous quadratic equations with two unknowns An®* 
and Bn"*-. Each such pair of equations, for a given 
value of h, has two sets of roots: 


(A h®--)y, (Bn™*:)s, and (An™*:)ry, (Bu®-*-) yy. 


The phase problem for a noncentric crystal, con- 
taining anomalous scatterers in known positions and 
normal scatterers in unknown positions, has now been 
reduced to the choice between solutions I and IT for 
the roots of Eqs. (10a) and (10b). 


METHODS FOR SOLUTION OF THE 
PHASE AMBIGUITY 


The choice between solutions I and II can be made 
via several approaches. The discussion is clarified by 
reference to Figs. 1(a) and 1(b). The radius of the 
circle of Fig. 1(a) corresponds to |Fn|, and that of 
Fig. 1(b) to |F-n|. OA and AB correspond to An**: 
and Bn*-*-, respectively; and O’A’ and O’B’ correspond 
to A-n**: and B-n**-. Solutions I and II correspond 
respectively to points £ and F in Fig. 1(a), and to E’ and 
F’ in Fig. 1(b). Equations (9a) and (9b) require that 


BC=B'CT= (An®*-); ], and BD=B'D'[= (An®*:)r7 |; 
and, similarly, CE=—C’E’'[=(Bn"*:);], and BD 
= — B’D’'[ = (Bn"*:) 11]. 

Approaches to choice between I and II for each h 
can be categorized as follows: 

1. If Fn**: is sufficiently large (e.g., for a heavy 
atom), one or the other solution may perhaps be 
excluded because an unreasonable value of | Fn®*-| is 
required. 

2. Another pair of Eqs. (10a) and (10b) can be 
achieved by altering the incident x-ray wavelength so 
that anomalous scattering is avoided. An®*- and Bn? 
are then unchanged, but An**: and Bn**- now become 
An**- and Bn. where h.a. indicates a heavy atom 
without dispersion. This then adds a third quadratic 
equation to (10a) and (10b), which suffices to exclude 
one or the other of former solutions I and II. 

3. A method related to method 2 above is to replace 
the anomalous scatterer isomorphously with an atom 
of quite different normal scattering power. This may 
or may not be possible chemically; and one must 
depend upon fairly strict isomorphism: i.e., r, for the 
replaceable scatterers are essentially identical, and this 
replacement does not alter the coordinates and hence 
the Fn™*- contributions from the original normal 
scatterers. Such isomorphous replacement has of course 
often been very helpful in classical phase analysis; so 
it can be expected often to be useful here. Analytically, 
this procedure also adds a third equation to (10a) 
and (10b). 

4. The most useful technique is likely to be applica- 
tion of the deconvoluted P,(u) function of Okaya et al.! 





PHASE PROBLEM 


and Pepinsky and Okaya.? This directly provides 
knowledge of the noncentric dispositions of normal 
scatterers about the anomalous scatterers, and hence 
should give the general if not the correct direction and 
magnitude of Fn"-*-. If the correct direction and magni- 
tude is immediately given by P,(u), then of course the 
entire analysis presented above is unnecessary. Situa- 
tions can conceivably arise, however, where a con- 
siderable amount of the scattering material is centro- 
symmetrically disposed about the anomalous scatterer. 
The disposition of this material will not be centrically 
arranged around a second anomalous scatterer (of the 
same atomic species) in the same cell, if more than one 
such scatterer is present per cell; and this condition 
will aid in location of the centrically-disposed atoms. 

The analysis of this paper is quite independent of 
such accidental partially-centric distributions. Any 
centric distributions will not contribute to (Bn®*:); or 
(Bn"*:)11; and in general they are not likely to change 
the direction of (An™-*:); or (Ah®*-)q7. 

5. The linear inequalities of Okaya‘ for the non- 
centric case may also be useful in distinguishing between 
solutions I and IT. 


DISCUSSION 


It should be remarked that phase determination 
could be accomplished, except for determination of 
absolute configuration, if three crystals were available 
which were precisely isomorphous but contained differ- 
ent heavy atoms. This condition is very difficult to 
satisfy, as every investigator who has attempted to 
prepare such an isomorphous series can testify. Not only 
are the heavy atoms likely to be slightly displaced, but 
the organic constituents (or inorganic constituents other 
than the replaceable heavy atom) are likely to re- 
arrange slightly due to the unequal radii and thermal 
oscillations of the replaced heavy atoms. Use of anoma- 
lous dispersion, plus measurements with a change in 
wavelength such that dispersion is avoided, guarantees 
precise isomorphism, since one single crystal is used 
throughout. 

Use of the ‘crystal engineering’ technique of 
Pepinsky® is the only method known to the authors 
which is likely to provide a very closely isomorphous 
series of structures. In this technique, organic ions are 
crystallized with complex ions, and the size of the latter 
tends to control the molecular packing, with the result- 
ing structures generally very amenable to x-ray exami- 
nation. Central atoms of the complex ion can generally 
be replaced with chemically-similar atoms, without 

*Y. Okaya, Acta Cryst. (to be published). 

®R. Pepinsky, Phys. Rev. 100, 971 (1955). 
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significant change in the size of the complex. These 
central atoms are also generally very useful as anoma- 
lous scatterers. 

It is interesting that although noncentric structures 
were very much more difficult to solve than centro- 
symmetric crystals, before introduction of the P,(u) 
function, the latter plus the present approach utilizing 
anomalous dispersion now provide an essentially direct 
route to the solution of noncentric structures containing 
anomalous scatterers. As already stated, the absolute 
configuration results automatically. An examination of 
Eqs. (10a) and (10b) reveals the importance of anoma- 
lous dispersion. Without that phenomenon, the two 
equations would reduce to a single one, with Fn®-- 
= An *--+7Bn"- replacing Fn**-; and rather than only 
two possible solutions for these equations, with straight- 
forward procedures available for selecting the correct 
root, the phase of Fn®-*: is entirely uncontrolled. The 
technique of triple isomorphism without dispersion, as 
discussed above, will not establish absolute configura- 
tions; this is because, without anomalous scattering, 
| Fn|?= | F-n|?. 

Utilizing An=An**-+An"* and Bn= Bn**-+Bn"*: 
as determined by our procedure, we can compute the 
electron density,function p(r) : 


1 
p(r) “ > (Ancos2rh- r+ Bn sin2rh- r) 
h 


i 
—— } (An**: sin2ah-r— Bn**: cos27h- r). 
h 


The real part of this function reveals the real part of 
the scattering power of the anomalous scatterers, plus 
all the normal scatterers. The imaginary part of p(r) 
gives the imaginary part of the scattering power 
associated with the anomalous scatterers; the dis- 
appearance of coefficients An"*: and Bn": from this 
imaginary part follows because of Eqs. (9a) and (9b). 
We need compute only the real part of p(r) for a struc- 
ture determination. 

Experience to date indicates that the multifilm 
photographic method of intensity recording, with visual 
estimation, can provide sufficiently accurate intensity 
data for determination of moderately complex struc- 
tures by the methods discussed in the preceding sections. 
Use of counter recording instruments is preferable, 
however, and will no doubt be required for quite 
complex structures. With the solution of the phase 
problem now dependent only upon instrumental meas- 
urements, it is obvious that efforts to obtain adequate 
accuracy are justified. 
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Simplified Theory of Space-Charge-Limited Currents in an Insulator with Traps 
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An ohmic contact between a metal and an insulator facilitates the injection of electrons into the insulator. 
Subsequent flow of the electrons is space-charge limited. In real insulators the trapping of electrons in local- 
ized states in the forbidden gap profoundly influences the current flow. The interesting features of the current 
density—voltage (J— V) characteristic are confined within a “triangle” in the logJ—logV plane bounded 
by three limiting curves: Ohm’s law, Child’s law for solids (J « V?) and a traps-filled-limit curve which has a 
voltage threshold and an enormously steep current rise. Simple inequalities relating the true field at the 
anode to the ohmic field facilitate qualitative discussion of the J—V characteristic. Exact solutions have 
been obtained for an insulator with a single, discrete trap level in a simplified theory which idealizes the 
ohmic contact and neglects the diffusive contribution to the current. The discrete trap level produces the 
same type of nonlinearity discovered by Smith and Rose and attributed by them to traps distributed in 


energy. 





I. INTRODUCTION 


MPURITY and defect states in insulators profoundly 
influence their electrical and optical properties. This 
makes it possible to use these properties to obtain in- 
formation about the nature of the states. In this study 
we shall discuss the effect of localized states in an in- 
sulator on a particular electrical property, namely the 
passage of currents limited by space charge. 

The reason why space-charge forces play a prominent 
role in the electrical properties of insulators as compared 
to, say, semiconductors at room temperature, is that 
these solids normally have a relatively low density of 

free carriers and consequently charge unbalance is 
easily produced by electrical fields. Very large effects 
can be produced through the use of ohmic contacts 
which facilitate the direct injection of excess charge 
into the insulator. The character and magnitude of 
these effects is due largely to the presence of localized 
states which can trap and store charge in an equilibrium 
with the free, mobile charge. The study of space- 
charge-limited currents can therefore yield such in- 
formation as the density, location-in-energy and capture 
cross sections of the trapping states. Finally, the correct 
interpretation of amy electrical experiment on insulators 
requires a proper accounting of the space-charge 
forces. 

Space-charge-limited currents in solids have pre- 
viously been discussed by Mott and Gurney’ for a trap- 
free insulator, by Rose? for an insulator with localized 
trapping states in the forbidden gap, and by Shockley 
and Prim* and Dacey* for semiconductors with appro- 
priate p—mn junctions. They have been studied experi- 
mentally in insulators by Smith and Rose® and in semi- 
conductors by Dacey.‘ 


1N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1940), first edition, 
. 172. 
. 2 A. Rose, Phys. Rev. 97, 1538 (1955). 
3 W. Shockley and R. C. Prim, Phys. Rev. 90, 753 (1953). 
4G. C. Dacey, Phys. Rev. 90, 759 (1953). 
5 R. W. Smith and A. Rose, Phys. Rev. 97, 1531 (1955). 


The present study is based on a simplified one dimen- 
sional theory which neglects the diffusive contribution 
to the current and idealizes the ohmic (injecting) 
contact. The material covered largely complements 
the pioneering studies of Rose,? whose major concern 
was with electron traps distributed in energy over 
a region of the forbidden gap. We adopt at the 
outset a very general point of view in that we specify 
initially only the minimum amount of detail concerning 
electron® traps in the crystal. We show that the inter- 
esting features of the J—V (current density vs voltage) 
characteristic are confined within a “triangle” in the 
logJ—logV plane bounded by three limiting curves: 
Ohm’s law (J « V), Child’s law for solids (J « V2), and 
a traps-filled-limit (TFL) curve which has a voltage 
threshold and a enormously steep current rise. Also 
we derive simple inequalities relating the true field at 
the anode to the ohmic field. These inequalities facilitate 
qualitative discussion of the J—V_ characteristic. 
Exact solutions, within the framework of the simplified 
theory, are presented for electron traps at a single 
discrete level. These solutions exhibit the features pre- 
dicted by the general, qualitative discussion. 

Throughout this study the mks system of units is 
employed. Further, a one-dimensional, plane geometry 
is adopted for all problems. 


II. BASIS FOR THE SIMPLIFIED THEORY 


It is a direct consequence of the energy-band picture 
for an insulator that an ohmic contact furnishes a 
reservoir of free electrons which are in the insulator in 
the region of the contact. This is illustrated in Fig. 
1(A) which shows a simplified energy-band diagram for 
an insulator, with a discrete trap level, in ohmic contact 
with a metal in thermal and electrical equilibrium. 
When voltage is applied across the insulator, as in Fig. 
1(B), this reservoir will inject electrons into the bulk 
of the insulator. The metal, in turn, is tightly coupled to 


6 This article is concerned throughout with current flow involv- 
ing only one sign of carrier. For the sake of definiteness we have 
taken the carriers to be electrons. 
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the reservoir and readily replenishes it so long as the 
current is well below its saturation value for the partic- 
ular contact at the given temperature. The plot of po- 
tential V vs position x in Fig. 1(B) exhibits the minimum 
which is characteristic of space-charge-limited currents. 

The exact theory is based on three equations—a 
current flow equation, Poisson’s equation, and an 
equation of state relating the free-electron density to 
the trapped-electron density at the same position. 
With the sign conventions, 


J=—Jx, &=—6x, 6=dV/dx, 
these equations are, respectively: 
J =eyun&—eD(dn/dx)=constant, (1’) 
(c/e)(d8/dx) = (n—2)+(m—N)), (2) 
n and m; are in quasi-thermal equilibrium, (3) 


where J is the current density; J=|J| ; & is the electric 
field intensity ; 6= | &| ; e is the magnitude of the elec- 
tronic charge; uw is the electronic mobility; D is the 
diffusion constant for electrons; ¢ is the static dielectric 
constant of the insulator; and n, are the densities of 
free and trapped electrons, respectively; they are 
functions of position x; % and n; are the values of n 
and m, respectively, in the bulk neutral crystal in 
thermal and electrical equilibrium (no applied voltage). 

The “quasi-thermal equilibrium” of (3) is a short- 
hand way of stating that the steady-state Fermi level 
F(x), defined with reference to n(x), determines the 
occupancy of the electron traps via the usual Fermi- 


Vv 





(A) (B) Fe 

Fic. 1. Simplified energy-band diagrams for an injecting con- 
tact of an insulator with a metal. (A): The contact in thermal and 
electrical equilibrium. F' is the thermodynamic Fermi level, EZ; a 
single, discrete trap level, and #, the bottom level of the conduc- 
tion band. E, and #, are functions of position x. The amount I of 
downward-bending of the bands at the contact is, in a simplified 
picture neglecting surface influences, given by the difference of 
work functions of the insulator and metal: [=@;—@y. The 
density of electrons in the conduction band at position x, %(x), is 
given by: %(x) =, exp{(F —E.(x) ]/kT}, Ne being the effective 
density of conduction-band states at temperature T. The slanted 
solid lines denote the Fermi sea of electrons in the metal. (B): 
The contact in steady state under an applied voltage. V is the 
electric potential, EZ, the total free-carrier energy (both solid 
lines). The corresponding thermodynamic equilibrium quantities, 
V and E£., are indicated by dashed lines. 


Dirac occupation function. F(x) is given by’ 
n(x) =N, exp{(F(x)—E.(x) /kT}, (4) 


where J, is the effective density of states* in the con- 
duction band at temperature T and E,(x) is the electron 
energy at the conduction band minima at position x. 

A set of traps of density NV; at energy E,(x) are, in 
quasi-thermal equilibrium with n(x), occupied accord- 
ing to® 


E,(x)—F(«)\ 7 
ee | 
=n(x)N n(x) +N}, (5) 


ni(x)=N; | 1 +exp( 


with 
N=N, exp{(E.(x)—E.(x) |/kT}. 


The solution of Eqs. (1’)—(3) requires specification of 
a pair of boundary conditions. It is convenient to con- 
sider the insulator as a semi-infinite crystal, thus in 
Fig. 1, extended to x= ©. In Eq. (2), % and % are then 
taken at x=. One of the two boundary conditions is 
simply”: 


(boundary condition) n(x)-n as x0. (6) 


From Eq. (3) it follows that n.(x)—7; as x 

The second boundary condition must be specified at 
the interface, x=0 in Fig. 1. 

The system of equations (1’)—(3), with the electron 
traps specified, can be reduced to a nonlinear second- 
order differential equation in the free-carrier density 
n(x). It appears to be very difficult, and perhaps im- 
possible, to obtain, in terms of known functions an 
analytic solution of this equation obeying the boundary 
condition (6). Also there are difficulties and uncer- 


7 Here, for the sake of convenience, we are assuming non- 
degeneracy of the electrons in the conduction band, even under 
current flow. For insulators this will certainly be the usual 
situation. 

8 See, e.g., W. Shockley, “Electrons and Holes in Semiconductors” 
(D. Van Nostrand Company, Inc., New York, 1950), p. 240. 

8 The criterion for the validity of the assumption of quasi- 
thermal equilibrium as written in (5), is that (€,)/(¢n)=exp 
X {(E:—E.)/kT}. Here (e,) is the probability per unit time of 
thermal ejection of an electron from an occupied trap into the 
conduction band and (c,)=(vo,) is the probability per unit time 
of capture of an electron from the conduction band into an un- 
occupied trap, v being the velocity of the electron and o, the cross 
section for its capture by the trap. ( ) denotes, in each case, the 
proper average over the conduction band states. This criterion 
will be met under quite general conditions. However, if the 
electric field intensity is high enough to “heat up” the electrons 
to a temperature T, substantially exceeding the lattice tempera- 
ture T and if ¢, is strongly velocity dependent, then the condition 
will not be met since (e,) will be essentially equal to its thermal 
and electrical equilibrium value, (é,), whereas (c,) will differ 
substantially from its equilibrium value, (¢,). 

10 For a finite crystal with the anode contact at x=a, it is as- 
sumed simply that the solution for the semi-infinite crystal holds 
undisturbed up to the point x=a. This is generally the procedure 
followed in the treatment of this type of problem, and underlying 
it is clearly the assumption, usually left implicit, that the anode 
does not itself introduce constraints into the problem. This 
assumption is made also in the “simplified theory” discussed in 
this article. 
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Fic. 2. Log-log plot of limiting current density (J) versus 
voltage (V) characteristics for space-charge-limited currents 
in an insulator with traps. 


tainties, related to the physics of the interface in es- 
tablishing the appropriate boundary condition at x=0. 
An analytic solution has been given by Shockley and 
Prim* for the simplest possible problem of this type, 
namely with i=0, %,=0, m,=0 in Eq. (2). Even in this 
case the solution is quite complicated. Their solution is 
not useful for our present study because it omits all 
trapping effects. 

In order to obtain a picture of the space-charge- 
limited currents in an insulator, we have followed the 
procedure of replacing the current flow equation (1’) 
by the simpler equation obtained by neglecting the 
diffusive contribution to the current. Thus (1’) is 
replaced by 

J = enp&= constant. (1) 


With this simplification the boundary condition 
appropriate for the description of space-charge- 
limited currents is 


(boundary condition) 6=0 at x=0 (the cathode 
interface). (7) 


Equations (1), (2), and (3) and the boundary condi- 
tion (7) provide the mathematical framework for the 


“simplified theory” of space-charge-limited currents 
in an insulator. The boundary condition (7) coupled 
with Eq. (1) requires that » be infinite at the cathode 
interface. 

A discussion of the range of application of the 
simplified theory is given in Sec. V. 


Ill. LIMITING CURRENT DENSITY-VOLTAGE 
CHARACTERISTICS. LOGJ—LOGV “TRIANGLE” 


An over-all view of the obtainable J—V character- 
istics can be obtained by an examination of certain 
limiting cases of current flow. In Fig. 2 is shown a 
log-log plot of current density J vs voltage V for three 
such cases. 

The lower curve is Ohm’s law for the neutral crystal, 
Jo=ernuéEg, where & is the ohmic electric field inten- 
sity, 6:>=V,/a, with a the cathode-anode spacing and 
V,, the applied voltage. 

The upper curve is Child’s law for solids, J-=9euV .?/ 
8a’, valid for a trap-free crystal, 7,=0, n,=0, with a 
negligible “dark density”’ of carriers, i~0. It is obtained 
by direct integration of Eqs. (1) and (2) using boundary 
condition (7). 

The Ohm’s law and Child’s law curves intersect at 
the voltage V,°-° =8¢ea°i/%, This crossover occurs 
when the excess injected carrier density at the anode, 
calculated from Child’s law, reaches the same magni- 
tude as the dark density 7. 

The curve on the right, labeled traps-filled-limit or 
TFL, is the curve corresponding to the situation that 
the traps in the crystal have all been filled prior to the 
application of voltage. We note that there is a voltage 
threshold, denoted by V,‘T¥™), for current flow. This 
is due to the fact that before voltage is applied there is 
already unneutralized charge in the traps which pre- 
vents the injection of additional electrons at the 
cathode. The voltage V,‘TF")=ea?N,/2e, with N; the 
total trap density, is necessary to overcome this 
repulsion. The enormous steepness of the TFL curve 
relative to the Ohm’s law curve, as exhibited in Fig. 2, 
follows only on the assumption that the trap density 
N, greatly exceeds the dark density 7. Indeed the ratio 
of the slope Arrr of the TFL curve to that, Ag, of the 
Ohm’s law curve at their point of intersection is 
Arri/Aog ~ N,/n. The TFL curve is practically vertical, 
for N,/n>>1, up to a decade or so below its extrapolated 
intersection with the Child’s law curve. 

A mathematical treatment of the TFL law is given 
in Appendix A. The mathematics of the transition, 
in a trap-free crystal, from Ohm’s law to Child’s law is 
also presented in Appendix A. The solution given there 
also yields a correction to Child’s law. 

It is possible to state at the outset some quite general 
properties of the true current density-voltage character- 
istic in the real crystal with traps in relation to the 
“triangle” of Fig. 2. 

(i) The true J—V curve cannot lie below the Ohm’s 
law line. For the reservoir of electrons at the cathode 
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can only have added, through injection, additional 
carriers to those already present thermally." 

(ii) The true J— V curve cannot lie above the Child’s 
law line, for voltages at which a significant amount of 
carrier injection takes place, i.e., for Va>V,_‘%°. 
For this represents the case that all of the excess, in- 
jected charge in the insulator, corresponding to a given 
applied voltage, is in the conduction band. If any of 
this injected charge is trapped, then the current must 
be correspondingly lower. 

(iii) The true J—V curve cannot lie below the TFL 
curve; i.e., it cannot lie to the right of this limit. For 
this limit represents the most unfavorable situation, 
current-wise, namely one in which the greatest possible 
fraction of excess charge in the insulator is trapped, 
and therefore the smallest fraction is available for 
conduction. 

Therefore the following conclusions may be drawn 
about the behavior of the true J—V curve. 

At voltages below the Ohm’s law—Child’s law cross- 
over, V,‘*-°), the true curve follows Ohm’s law. 

Above V,‘°-*) the true curve lies somewhere inside 
the “triangle”. At voltage V,‘TF™, if the true J—V 
curve lies sufficiently below Child’s law curve, it will 
merge with the vertical portion of the TFL curve. 

At higher voltages, where the TFL curve merges with 
Child’s law, namely somewhat above V,‘TF™) (by 
about 50%), the true J—V curve follows Child’s law. 

Since all of the possible nonlinearities of interest in 
the true J—V curve must lie inside the “triangle” of 
Fig. (2), it is useful to know the size of this “triangle’’. 
The key quantity determining this size is the ratio 
V {TFL /V,(-9 =N,/n. With trap densities VN, > 10" 
cm" being the rule for insulators in the current state of 
their technology, there will obviously be plenty of 
“room” available for nonlinearity. 


IV. USEFUL INEQUALITY, SOME SIMPLIFICATIONS 
IN REASONING, AND SOME CALCULATED RESULTS 


Without actually solving Eqs. (1)-(3), some further 
detailed information, beyond that of Sec. III, can be 
obtained with the help of general arguments. 

An important simplification results from the observa- 
tion that the electric field intensity at the anode, &s, is 
not very different in magnitude from the “ohmic” field 
intensity 69=V,/a. Indeed, we establish rigorously the 
inequality” 

Ea< 64<28p. (8) 


1A formal proof that n(x)>% for all «, in Eq. (2), is easily 
provided: n= at x=0. If n(x) <m at some x there must be a 
first crossing point, say at x, #(x,)=%. Immediately beyond x, 
n(x) <f whence also, from Eqs. (2) and (3), d&/dx<0. But n(x) 
and &(x) simultaneously decreasing is inconsistent with Eq. (1), 
and the assumption of a crossing has produced a contradiction. 

12 Rose (reference 2) employs throughout his work the relation 
Qtot=CVa, where Qtot is the total injected, excess charge in the 
insulator per unit cross-sectional area and C is taken as the 
capacitance per unit area of the electrode-insulator combination. 
For a plane-parallel geometry, this capacitance is e/a (mks units). 
The inequality (8) is equivalent, for this geometry, to the inequal- 
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Fic. 3. Convexity of the electric field intensity distribution & 
and consequent inequalities. The quantities under the geometric 
figures are the areas of the corresponding figures. 


We have already seen (footnote 11) that everywhere 
throughout the crystal m>” and n,>7,;. Hence, from 
Eq. (2), d&/dx>0 and & increases monotonically from 
zero at the cathode. Therefore, from Eqs. (1) and (3), 
n and m, must both decrease monotonically going out 
from the cathode. Hence from Eq. (2), d&/dx decreases 
monotonically from infinity at the cathode. Finally, a 
plot of & vs x must have the convex shape indicated in 
Fig. 3. But a comparison of the three areas, as in Fig. 3, 
yields immediately the inequalities: 6./2<&<6&, 
which are equivalent to (8). For Child’s law, 6,=369/2. 
Over the “vertical” portion of the traps-filled-limit law 
in Fig. 2, 8428. [See (A15) of Appendix A. ] 

Noting, from Eq. (1), that J/Jo=n(x)8&(x)/i So 
=n,6&,/Nn&o, then, within a factor of two, the following 
relations are valid: 


J/Ja=na/i, J ~enué&n. (9) 


Here we have the first important simplification: The 
current density can be estimated simply by determining 
the free-carrier density at the anode, or equivalently, 
the position of the steady-state Fermi level at the anode. 

To relate J directly to V4, it remains to relate n, 
to V,. Integration of Eq. (2) under boundary condition 
(7) gives: €8,/ea= (ng—7i)+(na—z), with ng= (1/a) 
X Soen(x)dx and nig=(1/a) Joon: (x)dx. We now make 
the assumption that m,+ng and mq~nq. It would be 
most desirable to set quite general and relatively 
narrow limits, along the lines of (8), on the maximum 
error incurred by these assumptions. Unfortunately the 
traps-filled-limit case provides a counter-example to 
show that this is impossible [see (A16) of Appendix A ]. 
Nevertheless, the discussion in Appendix A leads us to 
expect that relatively small errors are incurred by these 
assumptions. Replacing mg by ma, ma by nia, and & by 


ity «/a<C<2e/a, and therefore Rose’s assumption involves an 
error of at most a factor of two. 
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_Fic. 4. Relative plot of the steady-state Fermi level F for a 
given current flow in an insulator with a single, discrete trap 
level Ey. 


V,/a in the above equation gives 


eV ,/ea? = (ng—7i) + (Mta— Nt). (10) 


Combining (9) with (10) gives the desired relationship 
between J and V,. To be sure, it is first necessary to 
relate mq to ma, but in practice, once the energy distri- 
bution of traps within the forbidden gap is known, this 
is done very simply. 

To illustrate the usefulness of the simplified approach 
developed above we apply it to a case of particular 
interest, namely that in which the traps are located at a 
single, discrete energy level in the forbidden gap. 

This case is illustrated in Fig. 4 where the location of 
the steady-state Fermi level with respect to the energy 
bands is plotted versus position for a given current flow. 
Actually the energy bands should be drawn tilted, as in 
Fig. 1(B), due to the applied voltage, but since our 
interest is in the relative location of F, we have drawn 
the energy bands horizontal. According to the above 
arguments, the over-all features of the current density- 
voltage characteristic can be determined by fixing our 
attention on the location in energy of F,, the steady- 
state Fermi level at the anode. 

So long as F, lies below the trap level E; there is a 
fixed ratio 0, independent of applied voltage, between n, 
and Mia: 


E.—F, ; Na . N. E.—E, ” 
>1 j:—=0= e? , 

( kT ) Nita N; =( kT ) oP 
Thus, of the total charge density at the anode end only 
the fraction @ is available for conduction (assuming, 
here, that 01). Since the effectiveness of the dark 
density 7 of free carriers relative to the injected free 
carriers is greater by the factor 1/6 over their trap-free 
effectiveness, the transition voltage marking the 
departure from Ohm’s law will likewise be a factor 
1/6 greater than the trap-free transition voltage 
V.*© of Fig. 2. Thus the J—V characteristic will 
follow Ohm’s law up to the voltage Vo, 4°°-° ~ea*i/28. 

For V,‘TF© >V.>Ve,a°*, F, lies below E; and the 
J—V characteristic follows Child’s law for solids 
modified by the correction factor 0: J=0euV ,2/8a°. 

At V,~V,‘TF™ the traps fill and the J— V character- 
istic thereafter follows the traps-filled-limit law and 
finally the full Child’s law. 

This same method of reasoning is easily generalized 


to cover more complicated cases, such as several discrete 
trap levels or distributions of trap levels. 

Exact analytic solutions have been obtained, within 
the framework of the simplified theory, for the case of a 
single, discrete trap level. These solutions, which are 
presented in Appendix C, have been plotted graphically 
in Fig. 5 using constants corresponding to a cadmium 
sulfide crystal of high purity and convenient dimension 
for experimental study. It is seen that the various curves 
corresponding to different choices of trap depth G=E, 
—E,, follow the above-predicted behavior. It is to be 
noted that the curve corresponding to G=0.7 ev be- 
comes vertical at a voltage smaller than the V,‘TFY 
for the other curves, corresponding to the dashed verti- 
cal line. The reason is (see Appendix A) that the thres- 
hold voltage is accurately given by V,‘TF™)=ea? 
X (Ni— 1-2) /2e. For E,—F=0.75 ev and G=0.7 ev, 
Ni-7—N=0.865N;, whereas for G <0.6 ev, Ni- tui 
~N;. 

The ratio of the slopes Ag,.=dJ/dV of a modified 
Child’s law curve and Ag rez of the traps-filled-limit 
curve at their (extrapolated) point of intersection is 
Ae, rri/As,e 1/6 with 6 given by (11). This change of 
slope is so great that, if encountered in practice, would, 
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Fic. 5. Exact solutions for the simplified theory of space- 
charge-limited currents in a CdS crystal with traps at a single, 
discrete energy level. The dashed curves are the three limiting 
characteristics of Fig. 2. For CdS, ¢/eo=11 and p= 200 cm?*/volt 
sec at T=300°K. The solid curves are the calculated solutions; 
for all curves V;=10" cm, a=5X10™* cm, E.-—F=0.75 ev, 
corresponding to %~10* cm and resistivity p~3X10" ohm cm 
at T=300°K. 
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prior to Rose’s work,” surely have been misinterpreted 
as an electronic breakdown. Comparing the current 
density J‘ONSET at the onset of the almost vertical 
portion of the J—V characteristic to that, J‘®X!7), 
at the exit from this portion of the curve, we find that 
the range of “‘verticality” is J‘®X!7/J(ONSET) ~ 1/9, 


Vv. CONCLUDING REMARKS 


Both theoretically and experimentally much work 
remains to be done on space-charge-limited currents in 
insulators. 

On the theoretical side it would be desirable to obtain 
a quantitative estimate of the errors incurred by using 
the simplified theory in place of the more accurate 
theory characterized by Eq. (1’), boundary condition 
(6) and another (unspecified) boundary condition at 
the cathode. Clearly the solutions of the simplified 
theory are completely in error in the immediate vicinity 
of the cathode interface, since for all such solutions 
n= and dn/dx=—o at x=0. Nonetheless, at cur- 
rents which are space-charge limited, that is, for which 
the potential minimum of Fig. 1(B) has not yet moved 
past the interface, we will expect that far enough away 
from the interface the solutions of the simplified theory 
are actually quite accurate. If the region near the inter- 
face where the diffusion current exceeds or is comparable 
to drift current is of extent /(/), then at a distance L 
from the interface, where L>>/(J), the solution of the 
simplified theory should not be in error by more than 
the factor 1+ K[/(J)/L], where K will be on the order 
of two or less. This follows simply from the functional 
form of the solutions in the Child’s law case, the traps- 
filled-limit case, etc. Beyond these general remarks, a 
detailed evaluation of the errors in the solutions of the 
simplified theory can only be obtained if the comparable 
solutions of the accurate theory are also worked out. For 
the one case in which the solutions have been obtained 
for both theories, namely the trap-free insulator with 
no free carriers in the dark, the above remarks are 
borne out by the calculations.” 

The simplified theory, by its very nature, fails to give 
any information whatever on the onset of saturation, 
that is the point at which the potential minimum moves 
past the interface and out of the insulator. Beyond this 
point, the current is no longer completely space-charge- 
limited. This region of the J—V characteristic can be 
studied only by invoking the more accurate theory in 
conjunction with a reasonably realistic picture of the 
contact. Where the currents are well into the saturation 
region, a simplified theory can again be invoked with 
the boundary condition (7) replaced by a new boundary 
condition related to the detailed electronic structure of 
the contact. 

On the experimental side, the work of Smith and 
Rose’ has provided abundant evidence for the existence 
of space-charge-limited currents in an insulator with 
traps, namely in CdS. In particular they have confirmed 


18 See reference 3, Fig. 5 on p. 756. 
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Child’s law for solids by pulse measurements. They have 
also measured extremely nonlinear steady-state cur- 
rents“ which they attribute to traps distributed in 
energy in the forbidden gap. A more quantitative check 
of theory with experiment can perhaps be obtained 
through study of an insulator with a known density of 
traps at a single, discrete trap level. The two solids 
whose advanced state of technology make particularly 
suitable candidates for such a study are germanium and 
silicon. In a compensated sample with V4 donors/cm* 
and N, acceptors/cm’ with Va> Nu, at a temperature 
low enough to condense most of the free carriers back 
on the parent donors, and with N4>>/%, there will be 
Na electron traps/cm*, at the known donor level. For 
germanium with hydrogenic-type (Group V) donors, the 
experiment would have to be done at liquid-helium 
temperature, and the results being sought would likely 
be swamped by low-field breakdown. (However, 
carrier injection under conditions of space-charge- 
limitation might make itself felt in the prebreakdown 
current region.!5) 

Use of germanium doped with a nonhydrogenic type 
of impurity offers the possibility of an experiment at 
liquid air temperature. An example might be gold- 
doped germanium, although here the double-acceptor 
state of the gold would necessitate carefully-controlled 
compensation. Silicon, suitably doped, also offers the 
possibility of a critical experiment at liquid air tem- 
perature. 

The author would here like to express his con- 
siderable indebtedness to Dr. H. S. Sommers, Jr., Dr. 
A. Rose, Mr. R. W. Smith, Dr. L. Nergaard, and Dr. 
D. O. North for many stimulating and helpful dis- 
cussions. The general lines of reasoning employed in 
the present study were first developed by Dr. Rose and 
indeed form the intuitive basis for his earlier studies in 
this field. 


APPENDIX A. MATHEMATICAL SOLUTIONS FOR A 
TRAP-FREE INSULATOR AND A TRAP-FILLED 
INSULATOR 


The solutions of Eqs. (1) and (2) for the two limiting 
cases of a trap-free crystal and a trap-filled'® crystal 
follow almost identical lines and so may be discussed 
together. Equation (2) may be written 


(€/e)(d&/dx) =n¥i; 


upper sign for the trap-free crystal (i=7) 
lower sign for the trap-filled crystal (i= N,—1i,.—N). 
(Al) 


14 See reference 5, Fig. 4 on p. 1534, curve labeled I and the 
discussion on p. 1534. 

15 This possibility was pointed out by R. Bray (private commu- 
nication). 

16 The equivalent of the trap-filled case has previously been 
studied by Shockley and Prim (see reference 3, p. 754) in con- 
nection with certain semiconductor problems. However, their 
entire discussion, including their choice of normalized variables, 
centers around particular types of transistor structures and 
consequently the detailed form of thier solution, (2.7) through 
(2.15), p. 755, is unsuitable for discussion of the insulator problem. 
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It is convenient to obtain the solutions in terms of 
dimensionless distance, field, and potential variables 
w, u, and 2, respectively, defined as follows: 


w= CR yx/eJ, u=ehpE/J=fi/n, v= ef y2V/eJ*. (A2) 


The current Eq. (1) has been used in (A2) in expressing 
u as a ratio of carrier densities. 
The Poisson equation (A1) becomes 


du/dw=(1/u)¥1, (A3) 
and the definition of the potential, V(x) = /o78(x)dx, 


becomes 
“ dw 
v= f u—du= 
o du 0 


u uz 
———du. 
1-u 


(A4) 


The integration of Eqs. (A3) and (A4), subject to the 
boundary condition (7): «=0 at w=0, gives 


w=Fu—I|n(1Fu), 
v= F30—uFln(1Fu). 


(AS) 
(A6) 


The range of u is from u=0 at w=0 to u=1 at w= © 
for the upper sign, and for the lower sign, to w= at 
w= oo, 

It would be desirable to obtain « and » as explicit 
“simple” functions of w, but inspection of (A5) and 
(A6) shows that this is clearly impossible over the entire 
range of w, although it is a simple matter over limited 
ranges of w at its extremes, as is done below. In this 
respect, these relatively simple limiting cases exhibit a 
basic feature which appears almost universally through- 
out the entire class of problems of space-charge-limited 
current flow with one sign of carrier. Namely it is, with 
the exception of the Child’s law case,!” [i=0 in Eq. 
(A1)]} (without or with the inclusion of the diffusion 
current) apparently impossible to obtain explicit solu- 
tions in closed form in terms of known functions. 

Further, the form of the solution, namely Eqs. (A5) 
and (A6), is also typical of what one encounters 
generally, as seen in Appendix C following. 

The solutions of Eqs. (A5) and (A6) are, for w small 
and w large, respectively: 


wK1: u~(2w)!, v~}(2w)!; (A7) 


v~w; 


w>I: at sign: u=~1—e~”, (A8) 


lower sign: uw, 0} 

For the further discussion of the problem, it is con- 

venient to define an ohmic field intensity &, an ohmic- 

like current density Jo and a dimensionless voltage 
parameter a as follows: 


&,=V./a, (A9) 


where subscript “a” denotes the value of a quantity at 
the anode, x=a. With a (i.e., the applied voltage V,) 
given, Yq, Wa, and “, are to be determined, and from 


Jo=efiwE,, a=eV,/ena’=0,/w,’, 


11 See reference 3 for the explicit solutions in this case. 
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these in turn are obtained the values of all physical 
quantities of interest. Where analytic approximations 
cannot be used, a useful procedure is to plot graphically, 
using Eqs. (A5) and (A6), the ratio v/w* vs u. This 
ratio decreases monotonically from © at u=0 to 0 at 
u=1 for the upper sign, and to } at w= © for the lower 
sign. With a given, this plot enables us to determine 
uniquely the corresponding value of “4. The values of 
w, and v, are then obtained from Eqs. (A5) and (A6), 
respectively. For the resulting current density J, free- 
carrier density at the anode ma, and field intensity at 
the anode &,, we have the relations, obtained from 
(A2): 


J/Jg=We/Va, Na/t=1/ta, 84/Ea=UgWa/Va. 


The field intensity, free-carrier density, and potential 
distributions along the insulator are conveniently ob- 
tained from Eqs. (A5) and (A6) via the scaling relations. 


&(x)/6.= na/n(x) =u/ta, 
V(«)/Va=/t. (A11) 


For a greater than unity, “<1 and expansion of 
In(1=F), in (AS) and (A6), as a power series in u leads, 
via the approximations (A7) including higher order 
terms, to the analytic approximations 


I Dr sg 3 7 
aig. —t-et—; 


mS 2h. 2:4 0B 


(A10) 


x/a=w/Wa, 


—~-F—. 
&9 2 

This is the Child’s law region of current; indeed the 
relation J/Jg=9a/8 is exactly Child’s law. The approxi- 
mations (A12) are very accurate for a>1 and quite fair 
for 0.7<a<1. Note that a=1 corresponds to a voltage 
equal to twice V,‘°-© for the trap-free crystal and to 
twice V,‘TF™) for the trap-filled crystal. 

Beyond this point it is convenient to discuss the two 
cases separately. 

(i) The trap-free crystal; Ohm’s law and the Ohm’s law- 
Child’s law transition.—For a<1, ug is very close to 
unity, and the following analytic approximations are 
useful : 


E No 1 
—~1++43a; *mt+|exp- (-+1)}; 
n a 


2 


8a 
rad oe (A13) 


a 


This is obviously the Ohm’s law region of current. The 
approximations (A13) are very accurate for a<0.2. 

Comparing (A12) (upper sign) with (A13) we see 
that a good estimate for the transition point from 
Ohm’s law to Child’s law is a+} corresponding to 
V,{9-©) = (ea?/2e)f as in Fig. 2. 

(ii) The trap-filled crystal (The traps-filled-limit law).— 
The threshold voltage V,‘T¥™ of Fig. 2 corresponds to 
a=}. At voltages slightly above threshold, ie., for 
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a—}<1, ua>>1 and the approximations (A8) (lower 
sign) are valid. The field intensity varies linearly with 
distance, and the potential parabolically, corresponding 
to a constant excess charge density e(N;,—7%,—7). In 
this range of voltages the following analytic approxi- 
mations are useful (note that a,—}=(V,z—V,‘TF)/ 
2V4(TFL)): 


Ri 2(ai— > 
Je Int /(er—3)]+ ln In[1/(e,— 


en (V.- V,{TFL) 


JI~—-- 


a In[V,{TFL)/(Va— V,{TFL)) ] 
Neo ar 2) 8 
»] & 


ni ~— (a,— 
The “verticality” of the J—V curve for the traps-filled- 
limit case for V, near threshold, V,‘TF™, follows from 
(A14). 

To establish the size of the error made by substituting 
tq for no= (1/a) fo*n(x)dx, we note that integration of 
Eq. (A1) (lower sign) gives e6,/ea=ng+/. For a,—}<1, 
&, may be replaced by 2& from (A15). From (A9) and 
(A15): 





yt 
(A14) 





—~2, (A15) 


(a:—3<K1); 


mg 3 Pialt/ lee 1] 


Since n4/ng—0 as a,—4, it follows that it is impossible 
to establish a general inequality, along the lines of (8), 
confining mq, within relatively narrow limits, near mg. 

The simplified arguments of Sec. IV, namely Eqs. (9) 
and (10), applied to the traps-filled case give the result 


(Va—Va'TFL))/Va(TFLC1: 

J = (efip/a)[Va—Va'tTF™]. (A117) 
The difference voltage, Va—V,‘T¥™, appears in (A17) 
instead of V, alone as in Eq. (10), because in the TFL 
case &(0) €0 until V.>Va4‘TF™. Comparing the Japprox 
of (A17) with the Jexact of (A14), we have 


J dtu 
——_—__~ n| 


J approx 


V,(TFL) -1 
rae 


It may be concluded then, that, except for the case that 
(Va—Va'TF™)/VaTF™ is very small indeed, the 
approximation (A17) is correct within a factor of two or 
three. Since for the real crystal, m,</% is impossible, it is 
in any case, not physically sensible to take (Va. 
—V,‘TFL))/V,(TF“)<1 in the argument of the above 
logarithm. Since we would expect that the greatest 
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error arising from the approximation n,~mg occurs 
precisely in the TFL case, we conclude quite generally 
that this approximation, and its companion mq ~ mq, do 
not lead to errors of more than a factor of two or three. 


APPENDIX B. INSULATOR WITH 
“SHALLOW” TRAPS 


Electron traps at a given location in an insulator are 
said to be “shallow” if they lie, energetically, above the 
steady-state Fermi level for electrons at that position. 
The property of being “shallow” is clearly not an 
intrinsic property of the trap, but depends both on the 
degree of excitation of the insulator and on the tempera- 
ture. We have already seen, in the discussion of Sec. IV, 
that if the traps are shallow then there is a fixed ratio 0, 
independent of applied voltage, between n and m. For a 
discrete trap level, 9 is given by (11). Assuming that 
6<1, at distances sufficiently removed from the cathode 
(in the simplified theory n= at the cathode requires 
that all traps be filled near the cathode), Eq. (2) can be 
written 


(0¢/e)(d&/dx)=n—". (B1) 


An appropriate set of dimensionless variables for the 
description of the solution in this case is obtained simply 
by replacing ¢ by #¢ in (A1), (A2), and (A9): 


1 1 
We=-W, M=U, %~=-?, 
6 


The results (A12) and (A13) are now valid with a 
replaced by ag. The transition point from Ohm’s law to 
Child’s law is ag +}. corresponding to the transition 
voltage Vo,4°°-*)=ea'i/2. From the relation J/Jo 
™~9ae/8, valid for ap>1, is obtained the modified 
Child’s law, J=90euV .2/8a*. This modified Child’s law 
is often described by referring to a “reduced effective 
mobility” ue=Ou. In our opinion this is not an appro- 
priate description since, for example, it fails completely 
to describe the modified transition voltage Vo,_‘*°, 
which does not involve the mobility. Mathematically, 
the above discussion indicates that it would be more 
appropriate to define a “reduced effective dielectric 
constant” ¢j=6¢. Physically, however, this does not 
have much significance. 


APPENDIX C. MATHEMATICAL SOLUTIONS FOR AN 
INSULATOR WITH A SINGLE DISCRETE 
TRAP LEVEL 


The equations to be integrated are (1), (2), and (4), 
the last being the equation of state for a single, discrete 
level. Letting M=7i+7;, the solution is conveniently 
expressed in terms of the dimensionless variables w, A, 
and ¢ defined in direct analogy with the variables w, u 
and » respectively of (A2) 


w=CMux/eJ; A=eMuS/J=M/n; 


g=OM3eV/eJ*. (C1) 
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The equation of state (4) can be rewritten 


n/M=c/(1+6d), with c=N,/M, b=N/M, 


N=N. exp[(E:—E.)/kT]. (C2) 


The Poisson equation (2) becomes 





= (C3) 


‘ f d(1-+02) 
146.’ Jo (1—A)(145r)+e 


For the potential, 
» dw A \*(1+5A) 
pany a 
The range of A is from A=0 at w=0 to A=Amax 
=M/fiatw=~. 
Equations (C3) and (C4), subject to the boundary 
condition (7): A=0 at w=0, are directly integrated by 
the use of partial fractions. It is convenient to express 


the results in terms of the new “normalized’’ dimension- 
less variables 2, A, and @ defined by 





(C4) 


Q=w/Amax, A=A/Amax, P= G/Amax’. (CS) 


The final equations, without any approximations, are 


@ 2 
=—i—— ln EP gata) #8 


2 
= —3A?— @A—D Inj 1+—-(1-+n)A(1—A)—A? 
5 


1+n 
1+——A 


n 
+3 lIn———-_ (C7) 
1—A 
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with 
8=1/2bBe; Bo=(ct+b—1)/2b; n=4{(1+28)!—-1}; 
2bBo+1 a 6 


4 


C= = 
2(1+2n) 2(1+n)(1+2n) 
a 6 
D= ~ ; 
2(1+n) 4(1+n)? 
(1+8)@ 5 
= + 
2(1+n)(1+2n) 4(1+n)?(1+2n) 


The results (C6) and (C7) and the accompanying ex- 
pression for the coefficients can be expressed in an 
algebraically more compact form. However, the above 
form is one which the author has found particularly 
suitable for actual calculations. Underlying the choice 
of this form is the fact that «<1, whence n~}6(1—}45), 
in cases of particular interest, such as those plotted up 
in Fig. 5. In analogy with (A9), a new dimensionless 
parameter ay is defined 


ay=eV,/eMa?=®,/22. 


a= ; 
2bBo(1+-7) 





’ 








(C8) 
J, qa, and &, are determined from 
J/JIo => Q,/P, ; &,/ &9 = AgQa/Pa. (C9) 


Each portion of the J—V characteristic is associated 
with a definite range of A in Eqs. (C6) and (C7). This 
detailed association is listed in Table I. For each range 


Ne/n=1/Aa; 


TABLE I. The ranges of A associated with the different portions 
of the J—V characteristic for a single, discrete trap level. 6= 
1/2bB.?, §= Bod, Bo= (c+b—1)/2b [see (C2) ].* 








Associated portion of the 


Range of A —V characteristic 


1 to0.97 
0.97 to 0.1 
0.1 to 10¢ 
10¢ to 0.1¢ 
0.1¢ to 106 
105 tod 
6>A 





Ohm’s law 
Transition 
Modified Child’s law 
Transition 
Traps-filled-limit law 
Transition 
Child’s law 








« If the values of 6 and ¢ are such that one of the ranges listed for A is not 
available, then the corresponding portion will be missing from the J -V 
characteristic. 


of A appropriate simplifications of Eqs. (C6) and (C7) 
are readily worked out. 
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Techniques have been developed which make it possible to 
examine the detailed properties of the superconducting transition 
under rigorously isothermal conditions down to temperatures of 
about 0.8°K. The superconducting behavior of an accurately 
ellipsoidal single crystal of pure aluminum has been studied by 
using a high-precision ballistic induction method which is particu- 
larly well suited for studying the reversibility of the transition. 
The problem of accurately determining the thermodynamic 
critical field, H., from magnetic induction measurements is 
discussed. 

The experimental results show that aluminum always super- 
cools by a substantial amount if the applied magnetic field is 
reduced from a value greater than a characteristic value, H,, 
which is the field necessary to destroy the last detectable trace of 


superconductivity in a super to normal transition. The value of 
H, appears to be slightly greater than H.. Some aluminum 
specimens are found to exhibit two discreet supercooled transition 
fields depending upon the magnitude of the excursion in the 
applied field beyond H.. This effect (termed the quench effect) 
appears to indicate that the superconducting phase can survive 
in microscopic regions within the specimen at fields far above 
the critical field, and it is possible to determine quite accurately 
the field, H,, which is necessary to quench such local regions. The 
available evidence is consistent with the model proposed by 
Faber according to which the persistent superconducting traces 
are associated with localized strain configurations in the metallic 
lattice. 





1. INTRODUCTION 


HE basic superconducting properties of aluminum 
are not known with the degree of precision that 
exists in the case of the easily measurable elements 
such as tin. The critical temperature of aluminum lies 
just below 1.2°K, and comparatively few precise meas- 
urements have been made in this temperature region 
owing to the difficulties associated with the establish- 
ment of the stable and accurately known temperatures 
which such measurements require. 

This paper is the first of two articles which will 
present the results of an investigation whose object 
has been the accurate determination of the critical 
constants of the superconducting transition in alu- 
minum. Part I describes the procedures followed in 
making precise ballistic induction measurements under 
conditions of exceptionally good temperature stability 
down to temperatures of about 0.8°K. The measuring 
techniques used in this work provide a detailed picture 
of the magnetic changes which occur in the specimen 
as it is taken through the superconducting to normal 
transition and vice versa (hereafter designated as S-N 
or N-S transitions), revealing certain qualitative 
features of the transitions which have not received close 
attention in previous work. The discussion of the results 
in Part I is largely confined to the qualitative aspects, 
and the presentation of precise numerical values for the 
critical constants of the transition in aluminum will be 
given in Part IT. 


2. EXPERIMENTAL 
A. Cryostat 


The cryostat designed for this investigation is based 
on the scheme originally described by Blaisse, Cooke, 


*This work has received partial support from the Office of 


Ordnance Research. 
¢ This work was done while on leave from the Preston Labora- 


tories, Butler, Pennsylvania. 


and Hull! for reducing the temperature by pumping 
through a small orifice over an adiabatically isolated 
bath of liquid helium. The orifice reduces the efflux 
of helium from the bath due to Rollin Film flow, thus 
greatly reducing the quantity of gas to the pumping 
system. This permits the achievement of low pressures 
over the helium bath with vacuum pumps of moderate 
capacity. 

A cross-sectional view of the working portion of the 
cryostat is shown in Fig. 1, and a schematic diagram 
of the complete apparatus appears in Fig. 2. The 
inner bath is pumped by a C.V.C. oil-diffusion pump 
(VMF-100) backed by a C.V.C. booster pump (VKB- 
08) and a Cenco Hypervac-23 forepump.? Temperatures 
as low as 0.76°K have been achieved under some 
circumstances, but no great effort has been expended 
to reach lower temperatures. The pumping tube 
above the inner bath in Fig. 1 is }-inch diameter 
Cupro-nickel of 0.006-inch wall thickness, and it 
terminates at an orifice of 0.030-inch diameter where 
it connects to the inner vessel. With this pumping 
tube and orifice, a temperature of about 0.8°K could 
be reached regularly. The pumping line contains a large 
throttle valve (about 4-inch diameter) immediately 
in front of the diffusion pump which is used to reduce 
the pumping speed at the inner bath and thus approxi- 
mately control the temperature of the inner bath. The 
inner bath is thermally isolated by a vacuum jacket 
which is continuously pumped by a diffusion pump. 
Unless otherwise noted, all parts of the lower assembly 
are made of brass. 

Since the metal construction of the cryostat prevents 
visual observation of the inner liquid level, the follow- 
ing scheme is employed to fill the inner vessel and 


1 Blaisse, Cooke, and Hull, Physica 6, 231 (1939). 

2 These specifications are given to permit estimates of the 
available pumping capacity, but better pumps for this purpose 
are available. 
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Fic. 1. Cross section of the working region of the cryostat. Mechanical details of the bobbins for the solenoids 
have been omitted for simplicity, but the dimensions and placement of the windings are drawn to scale. 


monitor the liquid level within it. An external tank of 
known volume is filled with helium gas at about 200 psi. 
The helium is then slowly bled from this tank, condensed 
in a coil immersed in the outer helium bath, and dis- 
charged into the inner system just above the small 
pumping tube. The throttle valve closes off the inner 
system from the pumps during this operation. The 
pressure drop in the tank from which the gas is being 
bled provides an indication of the quantity of liquid 


condensed in the inner system. The subsequent level 
of the liquid in the inner bath is determined by meas- 
uring the volume of gas discharged from the fore-pump. 
Although the volume of the inner vessel is only about 
40 cc, the loss of helium in pumping through the 
orifice is sufficiently small that one filling of liquid 
will last for about 30 hours operation. 

The superconducting specimens under observation 
are held loosely in cylindrical appendages (called sample 
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Fic. 2, Schematic diagram of the complete cryostat. 


tails) which project from the bottom of the inner vessel. 
The specimens are immersed in liquid He IT, an arrange- 
ment which assures excellent thermal contact with the 
inner bath. The specimens are inserted into the sample 
tails by means of removable soldered plugs at the bottom 
of each tail. It is desirable for the sake of the specimen 
that the solder used have,a low melting point, and, for 
the sake of the magnetic measurements, that it be 
nonsuperconducting. These two requirements have 
been met satisfactorily by the use of a solder consisting 
of a eutectic mixture of bismuth and cadmium which 
has a melting point near 140°C and which, unlike most 
soft solders, does not become superconducting down 
to the lowest temperatures that we can reach.2 We 
have found this solder to work very nicely but potential 
users are cautioned to avoid overheating it since the 
consequences of inhaling cadmium oxide fumes are 
severe and often fatal.‘ 

The search coils used in the magnetic measurements 
are clamped in a rigid support which keeps them from 
touching the inner container. This mounting prevents 
the conduction of heat to the inner bath through the 
electrical leads to the search coils. The heavy bottom 
of the inner vessel is made of copper and a carbon 
resistance thermometer is mounted in this piece. 


3 We are indebted to Dr. R. R. Hake for conducting a series of 
tests on various low-melting alloys which resulted in the selection 
of this particular solder. 

4See, for example, Metals Handbook (American Society for 
Metals, Cleveland, 1948), p. 755. 


The vapor pressure of the outer helium bath can be 
regulated by means of the separate pumping system 
shown in Fig. 2. The temperature of the outer bath can 
be accurately stabilized at any value between 1.5 and 
4.2°K by the use of a bellows-actuated regulating valve 
in the pumping line. This feature is employed in the 
calibration of the carbon thermometer on the inner 
vessel. 


B. Temperature Control 


The temperature was determined in these measure- 
ments by using the carbon resistor mounted on the 
inner vessel. In order to calibrate the resistor, helium 
gas was introduced into the vacuum space surrounding 
the inner vessel, this putting the carbon resistor into 
good thermal contact with the outer bath. During 
this operation the inner system was filled with helium 
and closed off frem the pumps. Under these circum- 
stances the pressure prevailing in the pumping tube is 
the equilibrium vapor pressure of the condensed helium 
in the inner vessel. The vapor pressure was measured 
with a large-bore mercury manometer. The resistance 
of the carbon thermometer was determined as a 
function of the vapor pressure in the inner system 
and the vapor pressure data were converted to tempera- 
tures using the 1948 temperature scale.’ Resistance- 
temperature data were obtained over the temperature 
range from about 4 to 1.5°K and used to determine the 


5H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
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best values of the constants A, B, and K in the empirical 
formula® 
B/T=K/logR+logR—A. 


This formula was then used to calculate temperatures 
below 1.5°K from the observed resistance values. It 
should be remarked that subsequent measurements 
have shown that this sort of extrapolation cannot be 
relied upon to determine the absolute temperature to 
better than 1 or 2%. 

The resistance of the carbon thermometer was 
measured with a Wheatstone Bridge circuit which 
included provisions for eliminating lead resistance and 
stray emf’s. The null detector was a Leeds and Northrup 
9835-B stabilized dc amplifier with a built in micro- 
voltmeter. The carbon thermometer was made from 
a 10-ohm }-watt Allen-Bradley carbon radio resistor, 
and its sensitivity was such that temperature variations 
of 10 °K were readily detectable over the range 
1.2 to 0.8°K. 

Because of its high sensitivity, the carbon resistor 
was used to maintain a very stable temperature in the 
inner helium bath. To stabilize the temperature, the 
throttle valve in the pumping line was adjusted to 
produce a temperature in the inner bath slightly lower 
than that desired for a measurement. A Type G Leeds 
and Northrup Millivolt Speedomax recorder, driven 
by the dc amplifier on the resistance bridge, was then 
used to actuate an on-off switch controlling the current 
to a constantan heater wound on the inner vessel in 
such a way as to keep the bridge balanced at the 
desired resistance value. In this way the temperature 
of the superconducting specimens could be held constant 
to within 10~ °K for hours if necessary. 


C. Magnetic Field Control 


The method used in measuring the superconducting 
transitions requires the use of two separate solenoids, 
called the nitrogen and air solenoids after the medium 
in which each operates in the apparatus (see Fig. 1). 
The magnetic field applied to the specimen is the sum 
of the fields produced by these two solenoids. The 
nitrogen solenoid produces a large constant field which 
is regulated at about the value corresponding to the 
critical field of the specimen at the temperature of 
measurement. The air solenoid supplies a small field 
which may be made to subtract from or add to the 
field produced by the nitrogen solenoid. By adjusting 
the current in the air solenoid, the magnetic field at the 
specimen can be very accurately controlled within a 
range of field values which brackets the critical field 
of the specimen. Both solenoids have been based on 
designs recently proposed by Garrett? which are 
characterized by exceptionally homogeneous fields and 


he Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 
7M. W. Garrett, J. Appl. Phys. 22, 1091 (1951). 
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by favorable geometry for applications in cryogenic 
apparatus. 

The nitrogen solenoid design was based on Garrett’s 
sixth order system. As indicated in Fig. 1, it is a solenoid 
with double-wound ends which produces a field uniform 
to one part in 10° within a roughly spherical volume 
about 3 inches in diameter. The solenoid is powered 
by a current-regulated supply capable of a maximum 
current of 1 ampere (corresponding to a maximum 
field of 100 gauss). By means of the regulator the field 
can be held constant to +0.01 gauss. 

The design of the air solenoid is based on Garrett’s 
eighth-order system which consists of a short solenoid 
with compensating loops at either end. For the air 
solenoid, the field is uniform to one part in 10* within 
a spherical volume of about 4 inches in diameter. This 
solenoid is powered by storage batteries. A bank of 15 
precision resistors connected in series with the solenoid 
is so arranged that by successively shunting the resis- 
tors, the magnetic field may be increased in 15 approxi- 
mately equal steps. The step interval, and hence the 
maximum field produced by the air solenoid, can be 
varied by using more or less storage batteries as re- 
quired. The step interval used in the present work 
was 0.08 gauss, giving a maximum field of 1.2 gauss. 
The total span of magnetic field which could be covered 
stepwise was, in this case, 2.4 gauss since the air 
solenoid field could first be set to oppose the nitrogen 
solenoid field, reduced stepwise to zero, reversed, and 
then increased stepwise from zero, aiding the nitrogen 
solenoid field. 

Both the nitrogen and air solenoids were calibrated 
with a precision of one part in 10° by using the para- 
magnetic resonance absorption line of potassium dis- 
solved in liquid ammonia. Experimental measurements 
were also made to establish the boundaries of the 
0.1% limits on field homogeneity for both solenoids. 
The homogeneity of field over the entire volume of the 
specimens was 0.1% or better in all measurements. 

A Helmholtz pair was used to cancel the earth’s 
magnetic field at the superconducting specimens. 
Critical fields measured with the solenoid fields normal 
and reversed indicated that 0.08 gauss of uncom- 
pensated stray field remain at the samples. 


D. Specimen Preparation 


All of the specimens measured in this work were 
prepared from 99.99% pure aluminum bar stock 
supplied by the Aluminum Company of America. In 
order to permit an accurate estimate of the demag- 
netizing coefficient of the specimens, all were carefully 
machined in the form of an ellipsoid of revolution with 
a major axis of 2.50 inches and a minor axis of 0.242 
inch. 

After machining, the specimens were recrystallized 
into single crystals by using the soft-mould technique 
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of Noggle® which preserves the machined dimensions. 
The specimens were etched to check for the existence 
of grain boundaries by using a solution due to Beck 
et al.® One polycrystal with a machined surface was 
studied. 


E. Measurement of the Superconducting 
Transition 


The conventional scheme, of switching off and on a 
magnetic field of the order of magnitude of the critical 
field, was not appropriate in the present investigation 
for two reasons. In the first place, the use of paramag- 
netic salt pills as thermometers was envisaged at the 
beginning of this work, but large changes in the mag- 
netic field make accurate temperature stabilization im- 
possible in this temperature range if any magnetic 
material is in thermal contact with the superconducting 
specimen. Secondly, it was desired to study the super- 
cooling phenomenon in the aluminum transition but 
switching off the entire external field completely 
obscures this effect. 

In the method adopted for this work, two identical 
search coils, one of which surrounds the aluminum 
specimen, are connected in series opposition through a 
sensitive ballistic galvanometer. The change of the 
effective permeability of the specimen as it makes an 
isothermal transition is determined from the galvanom- 
eter deflections when the applied magnetic field is 
changed by small, monotonic, stepwise increments so 
as to take the specimen through its critical field. 

The galvanometer used in these measurements was 
a Leeds and Northrup 2285-e having a coil resistance 
of 13.2 ohms, a period of 29 seconds (undamped), and 
an external critical damping resistance of 600 ohms. 
The search coils were wound on brass bobbins in- 
sulated with a single layer of glassine paper as a 
precaution against short circuits between the coil and 
the bobbin. Each coil consisted of 9760 turns of 40- 
gauge heavy Formex-insulated copper magnet wire 
with a resistance of 1300 ohms at room temperature or 
about 26 ohms at liquid helium temperatures. Three 
of these coils were mounted in the coil support of the 
cryostat, two surrounding two separate specimen tails 
(only one tail is shown in Fig. 1), and the third, called 
the dummy, was located symetrically with respect to 
the two specimen coils but surrounded nothing. Switch- 
ing arrangements permitted the connection of either 
of the specimen coils in series opposition with the 
dummy coil through the galvanometer. The combined 
resistance of two search coils at helium temperature was 
substantially less than the critical damping resistance 
of the galvanometer and so the galvanometer responded 
more or less as a fluxmeter. 

Figure 3(a) is a diagramatic representation of the 


8 T. S. Noggle, Rev. Sci. Instr. 24, 184 (1953). 
®* Beck, Kremer, Demer, and Holzworth, Trans. Am. Inst. 
Mining Met. Engrs. 175, 372 (1948). 
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Fic. 3. (a) Variation of magnetic flux linking specimen and 
dummy coils for an ideal ellipsoidal superconducting specimen in 
a homogeneous magnetic field, H,. (b) Variation of permeability 
for an ideal superconducting ellipsoid in a homogeneous magnetic 
field, H,. (n=demagnetizing factor of the ellipsoid.) 


flux linkage in the coil system as a function of the 
applied external field. In this diagram, the flux $4 
linking the dummy is arbitrarily taken as negative, 
and, since the dummy coil contains no specimen, #4 
decreases linearly with the applied field, H,. The flux 
linked by the specimen coil, ®,, is positive since the 
specimen and dummy coils are connected in series 
opposition. ®, increases linearly up to the point at 
which the flux first begins to penetrate the specimen, 
but the slope has a much smaller magnitude than the 
slope of the @g curve since flux is excluded from the 
volume of the specimen. For an ideal superconducting 
ellopsoid, the flux first begins to penetrate the specimen 
when the external field reaches the value (1—n)H., 


' where m is the demagnetizing coefficient of the ellipsoid 


and H, is the critical field of the specimen. Between the 
values H.=(1—mn)H, and H,=H,, the magnetic flux 
progressively penetrates the specimen, the process 
being represented in Fig. 3(a) as a linear rise in the ®, 
curve. For values of H, greater than H,, |®,| =|&q| 
since the dummy and specimen search coils are identical. 
The net flux linkage in the galvanometer circuit is 
shown by the heavy solid line in Fig. 3(a). 

Expressions for the theoretical response of the present 
measuring method to changes in the superconducting 
properties of the specimen can be derived from the 
well-known equations which describe the macroscopic 
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magnetic properties of a superconducting ellipsoid in a 
uniform magnetic field.” The net flux, #, linking the 
galvanometer circuit can be expressed as follows: 


&=$.+0=C(H.+fel)—C(H.+fal), (1) 


where C= the effective area-turns constant for a single 
search coil, H,=the applied external field (i.e., the 
field which would exist in the absence of the specimen), 
I=the magnetic moment per unit volume of the 
specimen, and f,, fa=field distortion factors for the 
specimen and dummy coils respectively which are 
determined by the dimensions of the coils and the 
specimen but are independent of H,. Ideally, the 
magnetization, J, of a superconducting ellipsoid in a 
uniform field, H,, can be written 


I= (B—H.)/[4x(1—n)], (2) 


where B=the magnetic induction within the ellipsoid 
and m=the demagnetizing factor of the ellipsoid. 
Setting (f.— fa)=, we obtain from (1) and (2) 


=(Cf(B—H.) )/[4n(1—n)]. (3) 


The quantity Cf/4r(1—n) is a constant of the measure- 
ment which will be denoted hereafter as I’. 

To observe a super to normal transition the solenoids 
are first adjusted to give a value of H, somewhat less 
than (1—m)H, for the temperature of measurement. 
Then, using the switching arrangement on the air 
solenoid described previously, H, is increased mono- 
tonically in approximately uniform stepwise increments, 
and the galvanometer deflection accompanying each 
stepwise change is recorded. The galvanometer de- 
flections are thus proportional to the derivative of the 
® curve at the prevailing value of H,. Letting 6d 
represent the galvanometer deflection resulting from 
the incremental change 6H, in the applied external 
field, and introducing the galvanometer flux sensitivity 
K=6d/5®, the quantity measured may be expressed as 


d/5H = KT[(6B/8H.)—1]. (4) 


Depending upon the magnitude of H,, the specimen 

may be in either the superconducting, intermediate, or 

normal states with the following consequent responses: 
(1) Superconducting State: 5B/5H,=0; thus 


5d/8H = — KT. (4s) 


This relation makes it possible to directly determine 
the over-all flux sensitivity of the galvanometer-search- 
coil circuit. In the present measurements, the observed 
value was KT’ = 11.3 mm/gauss. 

(2) Intermediate State: 6B/5H.=1/n; thus 


6d/6H = KT (1—n)/n. (4i) 


With the present specimens, » is approximately equal 
to 0.02 and so, in addition to a change in the sign of the 


_ See, for example, D. Shoenberg, Superconductivity (Cam- 
bridge University Press, Cambridge, 1952), Chap. IT. 
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galvanometer deflection, there is a 50-fold increase 
in the magnitude of the deflection which makes this 
method very suitable for the examination of the 
detailed features of the intermediate state. 

(3) Normal State: 5B/5H,.=1; thus 


d/5H.=0. (4n) 


The accuracy with which this relation holds provides 
an experimental check on the degree of mismatch in 
the area turns constants for the different search coils. 
There is again a clean-cut change in the character of 
the galvanometer response to signify the transition 
of the specimen from the intermediate state to the 
normal state, and it is found in practice that the value 
of H, at which the last trace of superconductivity 
leaves the specimen can be fixed with good precision. 
In presenting the experimental results, it is desirable 
to characterize the magnetic condition of the specimen 
by a parameter whose magnitude varies within fixed 
limits depending upon whether the specimen is super- 
conducting or normal, but is independent of the 
magnitude of H,. The permeability of the specimen 
has the desired property since it varies from zero in the 
superconducting state to unity in the normal state. 
For an ellipsoid in the intermediate state the perme- 
ability, 4, may be defined according to the theory 

given by Peierls" as 
= B/H., (S) 

where 

B=H,— (H.—H,)/n. (6) 


These relations are in satisfactory agreement with 
previous experimental measurements on magnetic 
properties, and they have also been shown to be 
consistent with the thermodynamic requirements on the 
superconducting transition.” From (4), (5), and (6) an 
expression may be derived which expresses the speci- 
men permeability in terms of the galvanometer de- 
flections. Since this relation serves as the basis for the 
discussion of the experimental results, its derivation 
will be given here. 
From (4) we have 


5Bi=5H.'+ (6d‘/KT) ; (7) 


but B=0 for all 6H,‘ which give negative galvanometer 
deflections [see Eq. (4s) ], and so B may be expressed as 


j j ae 
B(j)=X 6Bi=> 6H.'+— >& dd’, (8) 
i=l i=l KT i=1 


where i is the integer denoting the ordinal number 
of the stepwise increase in H,, and i=1 corresponds to 
the first stepwise increment which produces a positive 
galvanometer deflection. The quantity B(j) denotes 
the magnetic induction within the specimen following 


1 R. Pierels, Proc. Roy. Soc. (London) A155, 613 (1936), 
2D. Shoenberg, reference 8, p. 25, 
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the jth positive galvanometer deflection. The value 
H.=H, at which flux first begins to penetrate the 
specimen is a well-defined property of the transition, 
and it will be noted that 


i 

% 5H.'=[H.(j)— Hy]. (9) 

Using (9) and the condition that B= H, when H.=H., 
we may solve (8) for AT, obtaining 


KT = (L6d')/Hp= (Ldd')/[(1—n)H-], (10) 


where > totdd' is the sum of all the positive galvanometer 
deflections observed as H, is increased from H, to H.. 
(In the ideal case, this is the only interval of H, in which 
any positive deflections would be observed.) 

For brevity we introduce a new symbol to represent 
the normalized sum of the galvanometer deflections, 
defining it as follows: 

E] 
Ad(j)=> od‘ / Ydd', 


i=l tot 


(11) 


and Ad(j) can be shown to be equal to the specimen 
permeability. Rewriting (8) by using (9), (10), and 
(11), we find 


Ad(j)=(B—H.+H.—nH.)/[H-(A—n)]; 
but from (6), (nH.—H,.+H,.)=nB, and so 
1 (B—nB) B 


stein ta, 
H, (i-n) 4d. 


(12) 


Ad(j)= (13) 


The derivation above is strictly valid only in the 
ideal case in which uv varies with H, according to (5) 
and (6) and which is represented graphically in Fig. 
3(b). The experimental transitions, while showing a 
general conformity with the results of this analysis, 
also show appreciable deviations, the nature and 
probable causes of which will be discussed in the follow- 
ing sections. 

There is one experimental consideration which may 
be mentioned at this point. The constant of propor- 
tionality between the galvanometer deflection and the 
change in magnetic induction within the specimen 
depends on the relaxation time for flux changes in the 
specimen to reach equilibrium following a stepwise 
change in H,. This is an intrinsic property of the speci- 
men, not to be confused with the time constant of the 
galvanometer-search-coil circuit. Experience in this 
work has shown this reiaxation time to be about 15 
seconds when the specimen is in the intermediate state, 
while the time constant of the galvanometer system is 
about 2 or 3 seconds (since it is heavily overdamped 
by the search coils). The relaxation time is long enough 
to affect the integrating efficiency of the galvanometer, 
as evidenced by the observation that KT’ determined 
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from response in the intermediate state [from Eq. (10) ] 
was about 20% smaller than AT determined in the 
superconducting state [from Eq. (4s) ]. The long relaxa- 
tion time does not in itself reduce the validity of (13) 
so long as it is constant throughout the intermediate 
state. Observation of the galvanometer deflections 
indicated that the relaxation time was substantially 
constant in the intermediate state, but more detailed 
information would clearly be desirable. 


3. RESULTS 


In Fig. 4 the results of plotting experimental values 
of Ad(j) against the applied field, H., are shown. In 
constructing such plots the normalizing factor, )t+dd'‘, 
is taken as the sum of all the positive galvanometer 
deflections observed in the complete transition, even 
though the experimental transition spreads over a 
range of H, values greater than the ideal width, nH,. 
Because of (13) we shall refer to this and similar plots as 
permeability curves, and the experimental quantity 
Ad(j) will hereafter be designated as the effective 
permeability we. It should be clear that y,, defined in 
this way, is an average quantity characteristic of the 
specimen as a whole. 

To obtain a curve such as Fig. 4, the temperature of 
the specimen is first stabilized at a value somewhere 
below the zero-field critical temperature, T., and H, is 
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Fic. 4. Experimental permeability curve measured at a tem- 
perature of about 0.84°K. The critical parameters, Hy, H-, Hn, 
Hs, Hy, and Hs», which are referred to in the text, are illustrated. 
The lower curve is a greatly expanded plot of the S-N transition 
shown in the upper curve. 
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increased from zero. The particular values H, and H” 
which mark the beginning and completion of the super 
to normal transition are noted on the figure. The yu, 
curve is typical of the transitions observed in this work 
in showing a predominantly linear rise with more or less 
rounding near u.=0 and 1. Because of this rounding 
effect, the linear portion of the permeability curve, 
when extrapolated to 1,=0 or 1, does not in general 
give either H, or H,. However, the value of the applied 
field obtained by extrapolation of the linear portion 
to the value u.= 1 is regarded as the best approximation 
to the critical field for the transition. Some arguments 
supporting the validity of this criterion for H, will be 
given in the discussion of the following section. 

If H, is decreased from a value greater than H,, the 
specimen remains in the normal state until the field 
is reduced considerably below H,, and then the transi- 
tion occurs abruptly at a field value which we will 
designate hereafter as Hs,. This transition is complete 
within one stepwidth (about 0.08 oersted) and so far 
as can be told experimentally it is completely discon- 
tinuous. The property of making the N-S transition 
at a field value below that for the S-N transition has 
been called supercooling and the effect has been known, 
since the early work of Shoenberg," to be exceptionally 
large in the case of aluminum. 

With some specimens it is found that there are two 
distinct supercooled transitions depending upon the 
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Fic. 5. Critical field curves for a pure aluminum specimen. 
Points determined at constant field by varying the temperature 
are indicated by small arrows. All other points were measured 
under isothermal conditions. 


13D. Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940). 
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magnitude of the excursion in applied field above the 
value H,. We call this property the quench phe- 
nomenon, and for transitions which show this feature 
it is necessary to add two further particular field values 
to a plot such as Fig. 4. A specimen showing the 
quench phenomenon will not show its full degree of 
supercooling unless the field is first increased beyond the 
value H, (the quench field). If the applied field is 
decreased from any value between H, and Hg, the 
specimen makes a supercooled transition at a field 
value designated Hg. The N-S transition at Hg is, 
in most of its qualitative properties, the same sort of 
discontinuous occurrence that is observed at Hs:. How- 
ever, in the transition at Hse there is evidence of a 
small quantity of magnetic flux remaining in the speci- 
men after the main precipitous drop which occurs at 
Hg2. This residual flux is rapidly expelled as H, is 
reduced below Hs:, and its magnitude is of the order 
of 2 or 3% of the flux expelled in the discontinuous 
transition. 

For completeness it should be remarked that if H, 
is reduced from any value less than H,, the permeability 
curve is retraced with only a small hysteresis. In other 
words, there is no supercooling in this case. 

All of the particular field values noted in Fig. 4 are 
sharply defined parameters of the superconducting 
transition which can be accurately measured with the 
present technique and which show a high degree of 
reproducibility. Once the specimen has been cooled 
below the critical temperature and the temperature 
stabilized, no special precautions are required for the 
observation of these phenomena beyond manipulation 
of the external field in the manner described above. 
The results of a series of transitions observed at various 
temperatures are collected in Fig. 5. These measure- 
ments were made on a specimen which showed the 
quench phenomenon, and values of H., Hy, Hsi, and 
Hs: are plotted against the square of the temperature 
as determined with the carbon resistance thermometer. 
The quench field curve appears to cut across the critical 
field curve and, for temperatures greater than that 
corresponding to the intersection of the H, and H, 
curves, only one supercooled transition is observed. 
The quench field curve was reproducible for two runs 
between which the specimen was warmed to room 
temperature but not removed from the cryostat. After 
the second run, the specimen was removed from the 
apparatus and then replaced, whereupon it was dis- 
covered that the H, curve had changed (run of 
February 25-26) although the H., Hs, and Hg2 curves 
remained unchanged. 

The H, curve in Fig. 5 shows a slight curvature near 
T., indicating a small deviation from a true 7? de- 
pendence, but more recent measurements indicate the 
presence of a systematic error in the determination of 
the absolute temperature. The H, vs T dependence 
shown in Fig. 5 is fairly close to that reported in 
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previous work by Daunt and Heer," but because of the 
suspected inaccuracy in the temperature a more exact 
analytic specification of the observed temperature 
dependence will be deferred until Part II. 

Although the usual procedure in these measurements 
was to vary the applied field at constant temperature, a 
number of observations were made at constant applied 
field by varying the temperature to see whether the Hs 
and H, values obtained were the same. In all cases the 
values measured at constant field agreed with those 
obtained at constant temperature to within the pre- 
cision of the measurement. 

Measurements were made on five different specimens 
which were prepared from the same lot of pure aluminum 
but which differed in the degree of crystalline perfection 
achieved. Three of the specimens were single crystals 
(including specimen No. 12 from which the data of 
Fig. 5 were obtained), one was a tricrystal, and one 
was a fine-grained polycrystal. In the course of the 
measurements on the various specimens, the measuring 
technique itself was refined and improved so it would 
serve no useful purpose to record here all the data 
that were obtained on all the specimens. The curves of 
Fig. 5 were obtained with the most refined measuring 
techniques on one of the best specimens and, except 
for the quench phenomenon, which is not observed on 
all specimens, they are typical results. For the present 


purposes it will suffice to cover the results obtained 
with the other specimens by a few general observations. 


(1) Within the limits of error of these measurements, 
there was no difference between the critical field curves 
for any of the specimens. 

(2) The degree of supercooling was about the same 
for two of the single crystals, but the third showed 
substantially less supercooling and agreed fairly closely 
with the supercooling properties of the polycrystal. 
(The Hs; curve of Fig. 5 represents about the largest 
degree of supercooling observed in this series of 
measurements.) 

(3) The S-N transitions for the polycrystalline speci- 
men were appreciably sharper than those of the single 
crystal specimens. 

(4) There are not sufficient data from the present 
measurements to estimate the frequency of occurrence 
of the quench effect in single crystal specimens. Only 
one of these specimens showed the effect, but this may 
have been due to the circumstance that in the early 
measurements of this series the effect was unknown 
and therefore not looked for. The effect has been found 
again in the more recent measurements to be reported 
in Part II. 


In the following sections, a more detailed discussion 
will be given of some of the features of the transition 
shown in Fig. 4. 


4 J, G, Daunt and C. V. Heer, Phys. Rev. 76, 1324 (1949). 
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4. SUPERCONDUCTING TO NORMAL TRANSITION 


In this section, attention will be confined to the 
properties of the S-N transition between the applied 
field values H, and H, (see Fig. 4). It will facilitate the 
present discussion to consider the transition on a plot 
of ue. versus h, where h is the reduced field defined as 
H./H.. A plot of this type with a greatly expanded h 
scale is shown in Fig. 6. In making precise measure- 
ments on the superconducting transition, a major 
problem is the establishment of an accurate value of 
the magnetic field within the observed breadth of the 
transition which corresponds to the true thermodynamic 
critical field of the superconducting material. 


A. Intrinsic Transition Width 


According to the analysis presented above, the S-N 
transition in an ideal superconducting ellipsoid should, 
when plotted as in Fig. 6, consist of a straight line 
passing through the point u.=1, 4=1, and having a 
slope equal to 1/n, where n is the demagnetizing coeffi- 
cient of the ellipsoid. The absolute width of the transi- 
tion is proportional to H, and hence increases with 
decreasing temperature, but the relative width, as 
presented in Fig. 6, should be independent of the 
temperature. We shall call the temperature-independent 
relative width the intrinsic width, and it is of interest 
to see how well the predictions of the idealized theory 
agree with the results of an accurate measurement, and 
to what extent the disagreements can be explained. 
We shall restrict attention for the moment to data 
obtained below 1°K since our results show that the 
best approximation to ideal behavior occurs at tempera- 
tures well below 7,. 

The points shown in Fig. 6 are data obtained from 
one specimen in observations at six different tempera- 
tures below 1°K. Since the position of the experimental 
points along the / axis depends upon the value assigned 
to the critical field, it is necessary to adopt some experi- 
mental criterion for choosing H,. For each of the transi- 
tions in Fig. 6, H, was determined by making a linear 
extrapolation of the permeability curve to the value 
Me=1 on a plot such as Fig: 4. The reasons for choosing 
this criterion are largely intuitive in the present case 
since several appreciable deviations from ideal behavior 
are evident in the experimental transitions. However, 
it will be noted in Fig. 6 that this criterion results in 
superimposing all the transitions very nicely. The 
agreement between the data for different temperatures 
and the linearity of their common locus is noteworthy. 
This is what is to be expected from the idealized theory, 
but, unfortunately for the idealized theory and our 
criterion, it is not quite the right straight line. 

The specimen used in these measurements was quite 
accurately ellipsoidal, and so it is possible to assign a 
fairly precise value to the demagnetization coefficient 
and thus to predict the slope of the transition curve. 
The ideal transition shape obtained in this way is 
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Fic. 6. Permeability curves for an ellipsoidal single crystal of 
aluminum measured at several temperatures below 1°K. The 
ideal transition shape for the ellipticity of this specimen is shown 
by the dashed line. 


also shown in Fig. 6, and it will be noted that the experi- 
mental points indicate an intrinsic transition width 
which is sharper than ideal. From the dimensions of the 
specimen the demagnetization coefficient obtained from 
tabulated values'® is 0.019, whereas the slope of the 
experimental transition curve indicates a demagnetizing 
coefficient of 0.014. To appreciate the difference in 
specimen dimensions implied by this difference in n 
values, let it be assumed that the specimen length is 
exactly 2.500 inches. The value n=0.019 corresponds 
to the actual specimen diameter of 0.242 inch while 
n=0.014 corresponds to a diameter of 0.202 inch. 
Actually the dimensions of the specimen were measured 
to a precision of a few thousandths of an inch, and it 
seems quite certain that this apparent difference in n 
values is something more fundamental than a matter 
of errors in the physical dimensions of the specimen. 
While the evidence of the present data is not conclusive 
on this point, we suggest that the extra sharpness of 
these transitions may be a manifestation of the free 
energy associated with the boundary between the 
superconducting and normal regions in the specimen. 
The role played by the boundary free energy has been 
ignored in the idealized theory of the intermediate state 
which was given above. However, the boundary free 
energy is positive and relatively large in the case of 
aluminum as evidenced by the large degree of super- 


18 FE. C. Stoner, Phil. Mag. 36, 803 (1945). 


cooling which it shows.’ Its effect would be to require 
a larger than ideal value of H, to start the specimen 
into the intermediate state, which is the observed effect. 

In addition to the difference between the ideal and 
actual slopes, further departures from ideality are 
evident in the rounding tendencies of the transition 
curves near u,= 1 and u.=0. Observations in connection 
with the present work indicate that the rounding near 
He=0 is due to local flux penetration at surface irregu- 
larities or departures from perfect ellipticity, an ex- 
planation previously advanced by Maxwell.!7 The 
observed rounding is small with elliptical single crystals, 
being at most about equal to the intrinsic width of the 
transition. The rounding is much greater in observa- 
tions on elongated cylindrical specimens which are not 
accurately ellipsoidal in shape. With such specimens the 
broadening near u.=0 may be many times the intrinsic 
width. 

The rounding of the transition curves near u,=1 
varies considerably from one specimen to another, and, 
as might be expected, it seems entirely unrelated to 
specimen geometry. Some correlation seems to exist 
between the magnitude of this rounding effect and the 
care taken to avoid mechanical strain in handling 
the specimen. With very carefully prepared single- 
crystal specimens, there is practically no difference 
between H, and H,. This effect is probably due to small 
amounts of internal strain which give rise to local 
regions within the specimen volume having a larger 
than normal critical field. (Also see the subsequent 
discussion on the quenching phenomenon.) 

It may be remarked that rounding or smearing of 
experimental transition curves similar in appearance to 
some of the effects described above can also be caused 
by inhomogeneities in the applied magnetic field. We 
believe that the field homogeneity of the solenoids 
used in these measurements is sufficiently good to make 
any distortion of the transition curves due to this cause 
negligable. 

To summarize the situation as observed in measure- 
ments below 1°K, it is found that the predictions of the 
ideal theory of the transition curve are closely fulfilled 
only to the extent that the actual specimens do exhibit 
an intrinsic broadening which is proportional to the 
critical field and that the permeability curves do 
exhibit an accurately linear rise. The theory fails to 
predict the slope of the permeability curves to within 
the precision that it can be measured, although the 
difference is small on the absolute scale. However, this 
disagreement is evidence that the theoretical basis for 
the procedure of determining H, absolutely by linear 
extrapolation of the u, curve is not entirely satisfactory. 
For example, it is possible that the agency responsible 
for the disagreement between the ideal and actual 
slopes may also cause the entire transition to be dis- 


16 T. E. Faber, Proc. Roy. Soc. (London) A231, 353 (1955). 
17 E. Maxwell, Phys. Rev. 86, 235 (1952). 
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placed to higher values of the magnetic field. It is not 
possible to know whether this is the case until the factors 
governing behavior in the intermediate state are 
better understood, although it may be expected that 
such a shift would be small—probably of the order of 
magnitude of the transition breadth. What we wish to 
emphasize is that the excellent experimental reproduci- 
bility of the criterion used here in determining H, does 
not necessarily imply that the thermodynamic H, for 
aluminum is known with the same precision with which 
this criterion can be reproduced owing to the theoretical 
uncertainty regarding conditions in the intermediate 
state. 


B. Transitions Near the Critical Temperature 


In view of the behavior shown in Fig. 6, it might be 
expected that the absolute magnitude of the transition 
width would decrease linearly with H, as the tempera- 
ture of measurement approaches the critical tempera- 
ture, 7,, while the relative width (as represented in 
Fig. 6) would remain constant. Actually our measure- 
ments show that for temperatures approaching T,, the 
absolute magnitude of the width no longer decreases 
linearly, while the relative width of the transition 
becomes larger and larger the closer T, is approached. 
This characteristic is shown by the data on the reduced 
field plot of Fig. 7, where it will be seen that the slope 
of the permeability curves decreases quite markedly 
with decreasing values of the critical field. 

The data of Fig. 7(a) were measured on the same 
specimen from which the data of Fig. 6 were obtained, 
while the data of Fig. 7(b) were obtained on two other 
single crystalline ellipsoids which were measured to 
very low values of H, (i.e., very near to T,). At low 
values of H,, the number of experimental points per 
transition becomes small owing to the fixed magnitude 
of the incremental changes in H, used in the present 
measurements. To indicate the reproducibility of the 
points taken at small values of H,, the data for two 
separate measurements are shown on each of the 
transitions of Fig. 7(a). The agreement shown in Fig. 
7(a) is considered satisfactory and is typical of all the 
measurements made in this temperature range. 

The relative scarcity of points in the transitions 
observed near T, leaves some latitude for individual 
judgment in drawing the exact shape of the perme- 
ability curve. However, we believe that these measure- 
ments clearly establish that the progressive “smearing” 
of the transition as 7, is approached is a reproducible 
property of the superconducting transition. The effect 
seems to be a characteristic of single-crystal aluminum 
specimens since similar measurements on zinc, gallium, 
and even polycrystalline aluminum specimens do not 
show this broadening effect. The fact that the broaden- 
ing is absent in all but single-crystal aluminum speci- 
mens has removed our initial suspicion that the broad- 
ening effect was in some way related to the relative 
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Fic. 7. Permeability curves for ellipsoidal single crystals of 
aluminum measured at temperatures near 7,. Curve (a) was 
obtained from the same specimen which yielded the curves of 
Fig. 6. Curve (b) shows results obtained with two different 
specimens which were measured very close to T.. 


resolution of the measuring method (which becomes 
poorer as lower values of H, are approached). 

No explanation can be offered at present for this 
temperature-dependent broadening, but more careful 
measurements are being made. Further discussion of this 
effect will be deferred until Part II. 


5. SUPERCOOLING 


The most extensive discussions of the problems of 
supercooling in the superconducting phase transition 
have been given in the recent articles of Faber,'* and 
Faber and Pippard.” Faber introduces a parameter ¢ 
called the degree of supercooling which he shows 
to be proportional to the surface free energy per unit 
area associated with the boundary between the super 
conducting and normal phases, and which is defined 


as follows: 
¢=1—(Hs/H.)’, 


where Hg is the value of H, at which the supercooled 
transition occurs. A plot of ¢ obtained in the present 
measurements against the reduced temperature t= T/T, 
18 T. E. Faber, Proc. Roy. Soc. (London) A214, 392 (1952). 
#9 T. E. Faber and A. B. Pippard, Progress in Low Temperature 


Physics (North-Holland Publishing Company, Amsterdam, 1955), 
Vol. 1, Chap. IX. 
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Fic. 8. Degree of supercooling vs reduced temperature for the 
two supercooled transitions observed with specimen 12 (see 
Fig. 5). Some data obtained in localized measurements by Faber 
are shown for comparison. Curve A shows results on aluminum 
described in reference 14. Curves B and C show results on tin 
described in reference 16. 


is shown in Fig. 8, with some of Faber’s data for tin'® 
and aluminum" for comparison. 

It should be pointed out that the measuring method 
employed by Faber makes it possible to determine the 
degree of supercooling characteristic of a small region 
within his specimen, whereas the method of the present 
work determines the degree of supercooling character- 
istic of the whole specimen. On the basis of Faber’s 
observations on tin, this difference in measuring 
method should result in low values of ¢ in the present 
case since our values of Hs are, in Faber’s nomenclature, 
characteristic of the “weakest flaw” in the entire 
specimen. Even so, the @ values observed in the 
present work are considerably larger than the greatest 
@ values observed in tin, and, near T,, they are fairly 
close to the values observed by Faber in aluminum 
using the localized measuring technique. 

The apparent uniqueness of the Hs; values observed 
in these aluminum measurements is in contrast with 
the results obtained by Faber on tin. The value of H,, 
which must be exceeded for supercooling to occur can 
be fixed as exactly as the precision of the present meas- 
uring method permits, i.e., about 0.08 gauss. If H, is 
reduced from any value less than H, the specimen 
will not supercool, and if H, is reduced from any 
value greater than H, the specimen always supercools 


to the same value, Hs:, within the precision of the 
measurement (except for the special case of the quench 
effect). In his measurements on tin, Faber found what 
amounts to a continuous range of H, values, since 
within a limited range of field values a continuous 
increase in the magnitude of the excursion of H, 
beyond H, resulted in a continuous increase in the 
degree of supercooling. This behavior is attributed to 
the existence of an assortment of potential super- 
conducting nuclei of various “strengths” which are 
successively subdued by the application of increasingly 
large fields. A plausible inference from the distinct 
character of H,, in these aluminum specimens is that 
the nucleating centers must be very uniform in character 
throughout the volume of the specimen. 

The supercooled transition consists of an apparently 
discontinuous drop in permeability and with the 0.08- 
gauss limit of resolution of the measuring technique, 
it has not been possible to detect any width in the 
supercooled transition at Hs;. An estimate of the com- 
pleteness of the Meissner effect in the supercooled 
transition can be obtained from the galvanometer 
deflections, but uncertainty regarding the integrating 
efficiency of the galvanometer makes it difficult to 
establish a precise value. The best estimate from the 
present data indicates that the frozen-in flux is less 
than 3% of the flux contained by the specimen when 
in the normal state immediately above Hs:. 


6. QUENCH EFFECT 


A brief description of what we call the quench effect 
has been given in Sec. 3. In this section, we will describe 
some subsidiary observations on this phenomenon and 
offer some conjunctures concerning their significance. 

The important parameters of the quench effect are 
H,, the quench field, and He, the additional (higher) 
supercooled field which is observed. One of the signifi- 
cant features of the effect is the excellent reproducibility 
of H, and Hs: which, as noted above, is as good as the 
reproducibility of the critical field or any of the other 
parameters of the transition. This indicates that, what- 
ever the fundamental origin of the effect may be, it is 
characteristic of a stable condition in the specimen. 
Such evidence as exists suggests that the quench 
effect is very sensitive to mechanical strain in the 
specimen. (Note the shift in the H, curves in Fig. 5.) 
The qualitative attributes of the effect can be explained 
in a consistent manner by assuming that H, corresponds 
to the applied field necessary to irreversibly transform 
(or quench) a small trace of the superconducting phase 
within the specimen. According to this picture the 
superconducting trace, if unquenched, serves as an 
abnormally large nucleating center for the initiation 
of the N-S transition and therefore cause the super- 
cooled transition to occur at the larger than normal 
field, Hs2. 

If this hypothesis regarding the significance of H, 
is correct, one question which arises is that of the 
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magnitude of the volume of the superconducting trace 
which gets quenched at H,. Attempts were made to 
ascertain this volume by careful observations to see 
whether any expulsion of flux could be detected when 
the external field was raised through the value H,. 
By working at the lowest temperatures where H, is 
relatively large, some enhancement of the sensitivity 
of the galvanometer to a Meissner effect in a micro- 
scopic volume is achieved. In these measurements the 
over-all sensitivity was such that an S-N transition in a 
spherical volume of about 10~* cm* could be detected, 
but nothing could be seen. Unfortunately this observa- 
tion is rather inconclusive since it merely puts an 
unexciting upper limit on the size of the hypothetical 
superconducting volume, but it is the best that could be 
done with the equipment. 

Experiments were made to see whether the specimen 
showing the quench effect possessed more than one 
quench field. Within the range of field which could be 
produced by the solenoids (about 100 gauss) there was 
only one H, value as was evidenced by the fact that 
only two supercooled transitions could be observed 
(one at Hse occurring when H, was reduced from any 
value between H,, and Hy, and one at Hg occurring 
when H, was reduced from any value greater than H,). 
To see whether there was any H, value above the 
maximum field that could be produced by our solenoids, 
the specimen was warmed to a temperature of about 
1.25°K, i.e., well above T,. As has been pointed out by 
Faber,'* this procedure amounts to a thermal quenching 
of the superconducting phase which is equivalent to the 
application of a larger magnetic field than could be 
generated by the solenoids. The temperature was then 
reduced to the temperature of measurement with H, 
established at a value greater than the Hy for the 
temperature of measurement, and, finally, the N-S 
transition observed as H, was reduced. The result of 
this procedure was always a supercooled transition at 
the same value, Hs, that was observed even when H, 
was reduced from a value only slightly exceeding H,. 
It will also be noted in Fig. 5 that the Hs: curve is a 
smooth, continuous locus over the whole temperature 
range. This evidence indicates that there was only one 
quench field at any given temperature. 

Because of the limitations of the measuring techniques 
employed here, it is difficult to say anything about the 
fundamental nature of the agency responsible for the 
quench effect without moving into the realm of pure 
speculation. However, from the various observations 
which have been made, there emerges a plausible 
picture of a small superconducting domain which 
collapses irreversibly under the influence of the field H,. 
That it is a single domain is suggested by the facts 
that the quench field appears to be correlated with 
some special strain configuration in the aluminum 
lattice, and that the magnitude of H, is so sharply 
defined. If there were several domains they would have 
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to be very similar to account for the sharpness of H,, 
and the chance of the random occurrence of several 
identical strain configurations in the same specimen 
seems to us decidely less probable than the occurrence 
of a single exceptional strain configuration. A super- 
ficial inspection of Fig. 5 might prompt the suggestion 
that the strain configuration produces a localized region 
having the critical field curve given by H,, but the 
substantial difference between the magnitudes of H, 
and H,, together with the irreversible nature of the 
collapse of the domain at H,, makes such an explanation 
seem untenable. It seems most reasonable to attribute 
the presence of the reluctant superconducting domain 
to the effect of an anomalous boundary free-energy 
contribution in the vicinity of a microscopic strain 
configuration. 

The suggestion has been made by Faber that the 
nucleation centers which determine the degree of super- 
cooling are associated with loops of dislocations 
within the metal lattice.' The evidence for this assertion 
rests on the observations that all supercooling phe- 
nomena seem to be very strain-dependent and that 
Faber’s detailed observations indicate that the di- 
mensions of the nuclei for the supercooled transitions 
are of the order of 10-* or 10~* cm. The present work 
adds further evidence to support the importance of 
strain but, because of the averaging character of the 
measurements, it is not possible to draw any significant 
conclusions regarding the dimensions of the nuclei. 
However, it is perhaps of interest to remark that if it 
should be true that the superconducting nucleus re- 
sponsible for the quench effect is indeed single and 
characteristic of a particular dislocation configuration, 
then the quench effect may provide a useful experi- 
mental technique for the study of dislocations. The 
quench effect can be roughly likened to the process in 
a Geiger-Miiller tube in that a single microscopic event 
serves to initiate a large macroscopic process. Perhaps 
dislocation experts will be able to make something of 
this. 
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The shift of the nuclear magnetic resonance frequency caused by the paramagnetism of the conduction 
electrons has been measured using a nuclear induction spectrometer. The values of the relative isotropic 
shift are (0.403+0.002)% for barium and (0.415+0.004)% for cadmium. The latter absorption is markedly 
anisotropic, the shifts perpendicular and parallel to the ¢ axis being (0.401+0.004)% and (0.444+0.004)%, 


respectively. 





HE recent determination! of the magnetic mo- 
ments of Ba! and Ba!’ has made possible the 
measurement of the Knight shift? in metallic barium. 
A nuclear induction spectrometer (manufactured by 
Varian Associates) and an electromagnet having a 12- 
inch pole diameter and 2.13-inch gap were used. The 
magnet provided a field having a homogeneity of better 
than 0.05 gauss over the sample volume and negligible 
drift during the measurements. The spectrometer fre- 
quency was determined using a Signal Corps BC221 
frequency meter which was checked against radio 
station WWV. The stability of the spectrometer 
oscillator was greater than one part in 250 000. 

The reference sample consisted of a saturated, 
aqueous solution of BaCl, containing no added para- 
magnetic impurity. The metallic barium’ was filed and 
immediately immersed in benzene to discourage the 
rapid oxidation of the filings. The particle size was 
small compared to the skin depth at the frequencies 
used, and the oxide layer on the particles served to 
insulate them from each other. 

The nuclear magnetic resonance absorption of the 
barium in solution was compared with the absorption 
of the same isotope in the metal. The samples were 
exchanged in the probe without moving the latter, and 
the magnetic field was changed from one resonance 
value to the other. Before and after each series of 
measurements, the magnetic field was checked and the 
field scanning mechanism calibrated. This was carried 
out using the easily observed Cl** absorption in a LiCl 
solution. The somewhat weaker Cl* signal from the 
BaCl, solution occurs at a field 11 parts per million 
lower than that in the LiCl solution. A high radio- 
frequency field strength and a modulation amplitude 
of 2.4 gauss, approximately equal to the absorption 
width, were used to observe the barium resonance. The 
value of the resonance shift reported is the result of 
seven or more measurements for each isotope. 

For Ba"*’, the more abundant isotope of the two, the 
measurements were made by using a frequency of 


1H. E. Walchli and T. J. Rowland, Phys. Rev. 102, 1334 (1956). 

2 W. D. Knight, Phys. Rev. 76, 1259 (1949) ; Townes, Herring, 
and Knight, Phys. Rev. 77, 852 (1950). 

3 Supplied by Kemet Company, Cleveland, Ohio; major im- 
purities calcium and strontium (about 1%), other impurities 
total less than 0.5%. 


3.4454 Mc/sec (field about 8260 gauss). The resonance 
in the metal occurred at a magnetic field (0.403 
+0.002)% lower than that of the same isotope in 
solution. The Ba" shift, measured using a frequency of 
5.0204 Mc/sec (about 11 880 gauss), had the same value 
within the stated experimental error. 

The Knight shift for cadmium was measured in 
much the same way, a saturated solution of CdCl, 
being used for the comparison. The metal which con- 
tained less than 0.2% total impurities was filed, and 
that portion of the filings which passed through a 200- 
mesh sieve was used for the measurements. This pro- 
cedure ensured a particle size of less than the skin 
depth at the frequencies used. The field was calibrated 
before and after the measurement using the Na”™ 
absorption in an aqueous NaCl solution. 

The absorption curves of both isotopes in the metal 
are markedly asymmetric indicating an anisotropy of 
the Knight shift‘ in this structure. When the external 
field is parallel to the hexagonal axis, the shift is 
(0.444+0.004)% but is (0.401+0.004)% when the 
external field is perpendicular to the hexagonal axis. 
The anisotropy (AH,,—AH,)/Hp is thus 0.046%. The 
relative anisotropy (AH,,—AH,)/AH;.s. is 10.4%. Since 
the line shape can be explained by assuming axial sym- 
metry of the electron density, the isotropic shift, AH;..., 
can be found as described in reference 4. The result is 
AH;.5./Ho= (0.415+0.004)%. The isotropic shift and 
the anisotropy are the same for both cadmium isotopes. 
A large part of the stated error is associated with the 
uncertainty in the exact position of the limits of the 
region over which the absorption takes place. This is 
due to the effect of superimposed broadening due to 
dipolar interaction, and other causes of symmetric 
broadening. Further work is being done on the accurate 
interpretation of experimentally obtained line shapes of 
this type. 

Data were obtained at field strengths of 3540, 7100, 
and 11 870 gauss and the asymmetric broadening was 
found to be proportional to the applied field, in agree- 
ment with the theory. No possibility of confusion with 
quadrupole effects existed since both isotopes under 
consideration have a nuclear spin of 1/2. The symmetric 


4N. Bloembergen and T. J. Rowland, Acta. Metallurgica 1, 731 
(1953). 


1670 





KNIGHT SHIFT MEASUREMENTS 


line broadening can be estimated to be about 0.6 gauss 
(half distance between observed absorption derivative 
peaks) and may be roughly compared with the square 
root of the second moment of the absorption calculated 
using the equation for dipolar broadening alone. The 
latter value is about 0.22 gauss for polycrystalline 
cadmium of natural isotopic abundance. The dis- 
crepancy of a factor 3 between the observed and calcu- 
lated symmetric line broadening could be due to an 
exchange interaction between the nuclear spins of the 
two isotopes.° 

The fact that the parallel shift is greater than the 


5M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954); 
N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 (1955). 
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perpendicular shift indicates either that the wave 
function of the conduction electrons near the Fermi 
level has a greater density in the direction of the hex- 
agonal axis or else that the electron spin-orbit coupling 
causes the g factor to be larger when the magnetic field 
is parallel to the hexagonal axis. 

The surprising magnitude of the anisotropy is no 
doubt due to the extreme deviation of the c/a ratio of 
cadmium (1.886) from that for a close-packed hexagonal 
array of spheres (1.633). 

Preliminary work on cadmium was done with H. E. 
Walchli using an enriched CdI sample provided by the 
Stable Isotope Research and Production Division of 
Oak Ridge National Laboratory. 
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Effect of Neutral Impurity on the Microwave Conductivity and Dielectric Constant 
of Germanium at Low Temperatures* 


F. A. D’Attroyt AND H. Y. Fan 
Purdue University, Lafayette, Indiana 


(Received June 8, 1956) 


Conductivity and dielectric constant of germanium at 4.2°K were measured at a frequency of 9200 
Mc/sec. The dielectric constant measured for a pure sample is 16.0+0.3. Higher dielectric constants, up to 
80, were measured on - and p-type samples doped with antimony or gallium. The conductivity and the 
change of dielectric constant are attributed to carriers in the impurity states. A positive contribution, 
AKp, to the dielectric constant is given by the polarization of neutral impurity atoms and a negative con- 
tribution, AK-, is associated with the conduction effect. Using AK» to estimate the ionization energy of the 
impurity, a value of 0.0099 ev is obtained for a sample containing 1.6 10'* cm antimony and 0.0084 ev is 
obtained for a sample containing 3.7 X 10'* cm™ gallium. Samples of higher impurity concentrations showed 
much higher conductivity and the effect of overlapping of impurity states is shown in the variation of 
impurity polarizability. The relaxation time and effective mass for the conduction in impurity states are 
estimated from the dc conductivity and its ratio to the microwave conductivity. Large effective masses, 
around 1000m, are obtained for samples of ~10!7 cm™ impurity concentration. 


I. INTRODUCTION 


SEMICONDUCTOR with small impurity content 

and very low concentration of free carriers has a 
dielectric constant characteristic of the pure crystal. 
Free carriers give rise to conductivity as well as a 
change in the dielectric constant. On account of the 
inertia of the carriers, the current in an alternating 
field has a component out of phase with the field, which 
contributes to the electric susceptibility. From the 
conductivity and the change of dielectric constant, the 
two parameters, relaxation time and effective mass of 
carriers, can be determined. In order to have an 
appreciable out-of-phase current, it is necessary to use 
a sufficiently high frequency which is not too small 
compared to the collision frequency of the carriers. 
Conductivity and dielectric constant of germanium 
have been determined from measurements of microwave 


* Work supported by a Signal Corps Contract. 
t Now at Bell Telephone Laboratories, Murray Hill, New 


Jersey. 


transmission through bulk samples by several groups 
of workers.'* The measurements of Benedict and 
Shockley and of Goldey and Brown were made at 
temperatures above 160°K, while our measurements 
covered the range 20°K to 300°K. The results obtained 
on the effective masses of electrons and holes are difficult 
to reconcile with the cyclotron resonance data.‘ No 
satisfactory explanation for this has yet been found. 
The present paper deals with microwave measure- 
ments of dielectric constant and conductivity near 
liquid helium temperature.’ It will not be concerned 
with the effect of free carriers. In the samples used, 
most of the carriers are in the impurity states at this 
temperature. The samples contain Ga or Sb as im- 
1F. A. D’Altroy and H. Y. Fan, Proc. Natl. Electronics Conf. 8, 
522 (1952) ; Phys. Rev. 94, 1415 and 1405 (1954) ; 98, 1561 (1955). 
? T. S. Benedict and W. Shockley, Phys. Rev. 89, 1152 (1953); 
T. S. Benedict, Phys. Rev. 91, 1565 (1953). 
3 J. M. Goldey and S. C. Brown, Phys. Rev. 98, 1761 (1955). 
*H. Y. Fan in Solid State Physics (Academic Press, Inc., New 


York, 1955), Vol. 1. 
5 F. A. D’Altroy and H. Y. Fan, Phys. Rev. 100, 1260 (1955). 
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purities, and these have small activation energies, of 
the order of 0.01 ev. Carriers in the impurity states 
have large orbits, and appreciable polarization is ob- 
tained under applied field. The effect is to increase the 
dielectric constant, in contrast to the effect of free 
carriers which give a negative susceptibility. Further- 
more, carriers in impurity states can give rise to 
conduction. In fact, the conductivity of the samples 
near 4°K is to be attributed to impurity band conduc- 
tion® which has to be taken into account in the inter- 
pretation of the measured conductivity and dielectric 
constant. 


Il. THEORY 


For sufficiently small impurity concentrations, we 
may consider electronic states of isolated impurity 
atoms. Considerable progress has been made in the 
study of impurities of the group III and group V ele- 
ments. Ground-state wave functions as well as transition 
probabilities to some excited states have been calcu- 
lated. However, calculations of the polarizability are 
not yet available. The simple hydrogenic model gives 
a polarizability 


9 9 Koh?\? 
com -Kea=—Kol ) ; (1) 
2 2 m*e 


where Ko is the dielectric constant of the pure crystal 
and m* is the carrier effective mass. The ionization 
energy being 


E= hvo= m*e*/2h?K°?, (2) 


we can write 


9/ é 1 97 é& 
ADH 
8 4r?m* Vor 8 2K¢? 
=6.56X10-*E;-*, (3) 


where the numerical factor is calculated for expressing 
E; in ev. The expression is for the static polarizability. 
The ionization being of the order of 0.01 ev, we deal 
essentially with the static polarizability“at microwave 
frequencies. Instead of the factor 9/8, more accurate 
model may give a different value. However, since E; 
depends on the cubic root of this value, (3) may be a 
fair approximation for the estimation of Fj. 

In the experiments, the dielectric constant is meas- 
ured. Assuming isolated impurity states, we have to 
take into account local field correction in deducing a 
from the measured effect on the dielectric constant. 
The mutual interaction of the neutral impurities is 
reduced by the dielectric constant of the pure crystal,’ 


*C. S. Hung, Phys. Rev. 79, 351, 727 (1950). 


7G. W. Castellan and F. Seitz in Semiconducting Materials 
(Butterworths Publications, London, 1951). 
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giving 
4rnNaw 


BIE site, 
1—44Nay/3Ko 


AK, 3Ko 
a=— =) (5) 
4nN \3Ko+AK, 


where JN is the concentration of neutral impurities. 

It was found that impurity concentrations over 
10** cm~ are required for an appreciable effect to be 
observed. In germanium of even smaller impurity con- 
centrations, the observed temperature dependences of 
resistivity and Hall coefficient indicate that the con- 
duction at liquid helium temperatures is to be attributed 
to the carriers in the impurity states which may be 
considered as forming a band. In this picture, the 
polarizability discussed above is determined by the 
matrix elements connecting the states of the impurity 
band with the valence or conduction band and excita- 
tion bands of the impurity. A conduction in impurity 
states indicates departure from the picture of impurity 
states of isolated atoms. Furthermore, such conduction 
should give rise to an additional contribution to the 
susceptibility, like the effect of free carriers. In the 
absence of detailed knowledge about the impurity 
band, the effect can be estimated approximately by 
the Drude-Kronig theory, according to which 


o=00/[1+(wr)*], (6) 


4ro /o0 ; 
AK.=—tror=-—~(“-1) : (7) 


® og 


Since the microwave frequency is far below the reso- 
nance frequencies for the excitation of carriers in the 
impurity band to higher bands, interband transitions 
may be expected to give negligible contribution to the 
power loss and the associated conductivity. The micro- 
wave conductivity as well as dc conductivity can be 
attributed to conduction in the impurity band. Thus, 
the effect of this conduction on the dielectric constant 
can be estimated by using (7) and the measured dc and 
microwave conductivities. 


Ill. EXPERIMENTAL METHOD 


The experiment consists of measuring the attenuation 
and phase shift in the transmission of microwaves 
through germanium specimens.’ Microwaves of 9200 
Mc/sec was supplied by a klystron modulated at 1000 
cycles/sec. Samples of suitable thicknesses, a few mm, 
were prepared to fit closely the cross section of the 
rectangular wave guide. The phase shift was measured 
by using a bridge circuit, one arm of which contains 
the sample and the other a calibrated phase shifter. 
A section of the wave guide containing the sample was 
immersed in liquid helium and was filled with helium 
gas at a slightly lower than atmospheric pressure to 
prevent condensation of helium in the guide. The 
sample dimensions were made slightly smaller than the 





MICROWAVE CONDUCTIVITY 


TABLE I. Results of dc and microwave measurements at 4.2°K. 








Sample 


S2H Sb14d 


Sb11A 


PN4I 


Gal0C1 


p type 
Gal0C4 Gal0C2 


PN3E 





Mex (10'* cm=?) 
Nmaj (10'* cm=*) 
oo (ohm cm) 
o (ohm cm)" 
K 


AKy 
a (107? cm!) 


E; (107? ev) 


r (10- sec) 
m;/m 


6x10 1.2 
<10-° 
16.0 17.1 


1.1 
0.680 


(0.695) 
0.99 


(0.99) 


1.58X 10-5 


6.3 
8.9 
0.69 
0.09. 
27.2 
35.0 
2.58 
(4.45) 
0.64 
(0.53) 
4.33 
1100 


5 


12 
90 
0.435 
0.61 
79.5 
<107 
<2.29 
(<7.40) 
>0.66 
(>0.45) 
<1.8 
<1300 


29 
3.7 
5.25 10~ 


20.4 
4.4 
1.10 

(1.20) 

84 


0. 
(0.82) 


5.1 6.3 
6.3 9.9 
0.46 0.81 
0.102 0.11 
27.8 15.1 
30.9 26.9 
2.95 
(4.85) 


2.8 
22.2 
0.095 
0.132 
32.3 
<25.8 
<4.86 
(<7.50) 
>0.52 
(>0.45) 
<1.8 
<1430 








inner cross-sectional dimensions of the guide, and the 
sample is pressed into the wave guide with a foil of 
indium in between, in order to insure an intimate 
contact and to prevent at the same time excessive 
pressure on the sample when the guide was cooled. 
The peripheral surface of the sample was prepared in 
such a way as to minimize the contact resistance be- 
tween the sample and the indium: rhodium plating was 
made on p-type samples and a thin layer of solder was 
applied to n-type samples. The contact resistance 
was less than 1 ohm. 

The dielectric constant and conductivity were de- 
duced from the observed attenuation and phase shift. 
Assuming that there is no contact resistance between 
the sample and the wave guide, the wave in the sample 
and the transmitted wave are of the same mode as the 
incident wave. The calculation is then straightforward. 
Under the assumption, there is no tangential component 
of electric field at the contact surface. In the presence 
of a contact resistance, the electric field may have a 
tangential component at the sample surface, even 
though there is no field in the wall of the wave guide. 
The values deduced for the conductivity and dielectric 
constant will be then in error. We shall estimate an 
upper limit for the effect by assuming a thin insulating 
layer at the contact. 

Let ¢ be the thickness of the layer and let the x axis 
be along the length of the guide. We have at the sample 
surface 

B,+1(08y1/dx)= (to/c) Hitt, (8) 
Eyt= &,+4q, (9) 
where &,; and H,; are the fields in the insulating layer. 
The surface charge density, g, on the sample is related 
to the current density, j, by 
— q/dt= div}, (10) 
or 
—1wg= ae! (a+ twa) b+ 10 byt. 
Thus 
Eye(1+-4araz) = 8 (1+ 4ra+-4ra/iw). (11) 
Substituting (11) into (8), we get 


8.+1 (K+410/iw)/K+](98y/dx)=t(two/c)Ha. (12) 


The samples used in the experiments had sufficient 
thicknesses to give a large attenuation and we may 
assume for the present purpose that we have a traveling 
wave in the sample, giving 


06,/dx=76,= (iw/c)H., (13) 


where ¥ is the wave propagation constant of the sample. 
With H..~H., we get 


6,= Eyty[ (Ki— K) — 4a /iw ]/ Ki. (14) 


Thus, the tangential field, &,, is small compared to the 
normal field, &,, so long as 


Assuming that the contact resistance originates in a 
surface “atial barrier in the sample, the thickness, /, 
can be “™ and is of the order of 10~ cm for the 
saney 4. ae right-hand side of (15) is more than 
an igyfl of magnitude larger in all cases, so that the 
error due to the contact resistance should be small. 


IV. RESULTS AND DISCUSSION 


The results of the experiments are summarized in 
Table I. All samples used were single crystals. The 
p-type samples were doped with Ga and the n-type 
samples were doped with Sb. The carrier concentrations, 
Mex, in the exhaustion range were determined from Hall 
coefficients measured in the temperature range 77°K 
to 300°K. The concentration, Nimaj, of majority im- 
purity were determined from »,x and the total concen- 
tration of donors and acceptors, the latter being esti- 
mated from the Hall mobility at 77°K. The accuracy 
of the Nimaj values is probably no better than 20%. 
Samples PN3E and PNA4I were from ingots doped with 
both Ga and Sb. Both showed a large difference be- 
tween mx and Nmmaj, indicating a high degree of com- 
pensation between the donor and the acceptor im- 
purities. With double doping, it is possible to obtain 
samples having high concentrations of majority im- 
purity and few free carriers at low temperatures. 

For all the samples, the conductivity at 4.2°K was 
at least 40 times smaller than that at room temperature. 
The Hall coefficient, on the other hand, had comparable 
values at the two temperatures. The behavior is in line 
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with the observations of Hung and Gliessman® and 
Fritzsche and Lark-Horovitz,® the low-temperature 
conductivity being determined by carriers in the im- 
purity states. Sample S2H was from an undoped ingot 
having a room temperature resistivity of 31 ohm cm. 
The conductivity at 4.2°K was less than 10-* (ohm 
cm)~'. The dielectric constant measured for this sample 
can be taken as that of the pure crystal, giving 


Ko= 16.0+0.3. 


At room temperature, measurements made on pure 
samples gave a dielectric constant of 16.2+0.3 ; Benedict 
and Shockley? obtained a value of 16.0+0.5, while 
Goldey and Brown’ deduced a value of 16.4+0.2 from 
measurements on m-type samples and a value of 16.6 
+0.3 from p-type samples. Thus, the dielectric constant 
of pure germanium may be somewhat lower at 4.2°K 
than at room temperature but the difference is uncertain 
in view of the experimental error. All other samples, 
excluding Gal0C2, showed higher dielectric constant 
than the pure sample, clearly indicating the effect of 
AK, due to the polarization of neutral impurity atoms. 
In the case of sample Gal0C2, the negative contribu- 
tion, AK,, associated with the conduction in impurity 
states, apparently more than compensated for AK). 

Samples Sb145 and Gal0C1 had very low dc con- 
ductivities and it was not possible to determine the 
microwave conductivity reliably. According to (7), AK. 
should be negligible and the difference between Ko and 
the measured K gives AK,. The values of a and £; 
were calculated by using (5) and (3). The value of E; 
for the n-type sample is in good agreement with the 
known ionization energy, 0.0094 ev, of Sb in germanium. 
The value obtained for the p-type sample is somewhat 
lower than the accepted value of ionization energy, 
0.0108 ev, for Ga. 

Theory indicates that the wave function of donor 
states is pancake-like because of the large anisotropy 
of the effective mass in the conduction band. In the 
plane of large extension, the ground-state wave function 
varies as exp(r/rp), where rp~60 A according to Kittel 
and Mitchell’ and rp~ (4/31) (Koh?/me?)=44 A ac- 
cording to Kohn and Luttinger.'! Thus considerable 
overlapping of states of neighboring atoms may be 
expected for impurity concentrations of the order of 
107 to 10'* cm. For acceptor states, Kohn and 
Schechter” showed that the ground-state wave func- 
tion has terms decaying as exp(r/43.3X10-*) and 
exp(r/33.8X 10-*). Thus, overlapping may be expected 
at similar impurity concentrations as in the case of 
donors. Overlapping of excited states, which also affects 
the polarizability, should take place at much smaller 
concentrations. The low value of E; given by sample 
Gal0C1 may be, therefore, the consequence of too 

8 C. S. Hung and G. R. Gliessman, Phys. Rev. 96, 1226 (1954). 

* H. Fritzsche and K. Lark-Horovitz, Physica 20, 834 (1954). 

” C. Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 (1954). 


1 W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955), 
2 W. Kohn and D. Schechter, Phys. Rev. 99, 1903 (1955), 
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high a concentration of impurities. In fact, the con- 
ductivity of this sample was much higher than that 
of sample Sb14d, which indicates more overlapping of 
the impurity states. On the other hand, part of the 
discrepancy may be the error involved in using Eq. (3) 
based on the simple hydrogenic model. 

The remaining samples showed fairly high conduc- 
tivity. It is necessary to take into account the quantity 
AK, associated with the conduction. For samples 
Sb11A, Gal0C4, and Gal0C2, the conductivity at the 
microwave frequency is many times smaller than the 
dc conductivity. Using the conductivity ratio oo/a, the 
values of AK, were calculated according to (7) and 
the values of AK, were then obtained: 


AKy= K—Ko+|AK.|. 


Equation (5), which can be used for calculating a, 
contains the local-field correction. However, it is only 
certain that the correction should be applied in the case 
of electrons tightly bound to atoms and is not needed 
for perfectly free electrons. With conductivities as high 
as in these samples, it is questionable that the correction 
should be applied. Values calculated both with and 
without the correction are given in the table; the values 
without the correction are given in brackets. In samples 
PN3E and PN41, the microwave and dc conductivities 
were about the same; in fact the high frequency value 
is somewhat higher, due probably to experimental in- 
accuracy or some inhomogeneity of the samples. Equa- 
tion (7) cannot be used to determine AK,; however, it 
gives 4ra/w as an upper limit for |AK-,|, since c~oo 
indicates that wr1. The increase of a», as compared 
to that of the purer samples Sb14b and Ga10C1, shows 
the effect of the overlapping of impurity states. The 
values of Ej, calculated by using (3), can only be 
regarded as a crude measure for the ionization energy 
of the impurity band. 

The values of relaxation time 7 for the samples 
Sb11A, Gal0C4, and Gal0C2 were estimated by 
using (6). The values are seen to be of the same order 
of magnitude as that observed for free carriers in 
cyclotron resonance experiments. An effective mass can 
be obtained from 7 and the dc conductivity: 


F 
M = Nexe?t/o0, 


which characterizes the conduction in the impurity 
band. The carrier concentration is taken to be equal to 
the concentration of free carriers in the exhaustion 
range. For these samples with about 10'” majority 
impurity atoms per cm*, m; turned out to be around 
1000m. The large effective mass is responsible for the 
small mobility as indicated by the product of Hall 
coefficient and conductivity. It is to be expected that 
m; should decrease with increasing impurity concen- 
tration. Samples PN47 and PN3E had much higher 
impurity concentrations. However, for these samples, 
we can infer only that r<1/w; hence only an upper 
limit can be obtained for m;. 
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The F-band oscillator strengths in an x-irradiated NaCl crystal and an x-irradiated and an additively 
colored KCl crystal have been determined by a new method. The density of centers is determined by meas- 
uring the intensity of the paramagnetic resonance of the centers. Expressing the results in the usual way, 
using Smakula’s equation, gives f=0.87 for NaCl and f=0.85 for KC]. Some of the assumptions involved 


in the use of Smakula’s equation are criticized. 





I. INTRODUCTION 


HE most reliable oscillator strength determination 
for the F-band optical absorption has been that 
of Kleinschrod! for KCl. In that experiment the density 
of centers was measured by a chemical determination 
of the stoichiometric excess of alkali metal in additively 
colored crystals. This method assumes that all the 
excess metal is present as F centers. The trapping of 
electrons at more complex centers, the formation of a 
colloidal band, or the precipitation of excess metal at 
grain boundaries would introduce a serious error in the 
result. Criticisms of the chemical technique used are 
given by Scott.? Although the consistency of Klein- 
schrod’s results for a range of a factor of ten in con- 
centration suggests that his result'is not in error, it 
seemed desirable to repeat the experiment by an in- 
dependent method. 

Further evidence for the value of the oscillator 
strength is given by the data of Pick* on the quantum 
efficiency of the optically induced F — F’ transforma- 
tion. This experiment, with the oscillator strength 
determined by Kleinschrod, gives the principal evi- 
dence for the accepted model of the F’ center.‘ If the 
model is considered valid, however, the data then yield 
the F-band oscillator strength. This method assumes 
that the F— F’ transformation is the only process 
induced by the absorption of light in the F band. If 
trapping of the photoelectrons at sites other than F 
centers is important, this experiment will give too low a 
value for the oscillator strength, and hence the method 
is open to some question. Further, a serious error in 
Kleinschrod’s results would throw doubt on the model 
of the F’ center and Pick’s data would have to be 
reinterpreted. 

In the present method, the density of centers is deter- 
mined from the intensity of the paramagnetic resonance 


+ Supported by a joint program of the Office of Naval Research, 
Army Signal Corps, and U. S. Air Force. 

* This paper is based on a thesis submitted in partial fulfillment 
of the requirements for the Ph.D. degree of Harvard University. 

t Present address: Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

1F. G. Kleinschrod, Ann. Physik 27, 97 (1936). 

2 A. B. Scott, Nuovo cimento 1, 104 (1955). 

3H. Pick, Ann. Physik 31, 365 (1938). 

‘F. Seitz, Revs. Modern Phys. 18, 384 (1946). 


absorption of the F centers.®:* The presence of other 
centers, as long as all of the optical or paramagnetic 
absorption bands of these centers are distinct from 
those of the F band, does not affect the results of the 
experiment. This method, then, avoids some of the 
uncertainties inherent in the earlier determinations. 
Further, it is applicable to crystals in which it is im- 
possible to avoid the formation of other bands and to 
crystals which have been colored by irradiation. 

The intensity of the paramagnetic absorption is 
measured by a comparison with a known amount of a 
paramagnetic salt (the calibration salt). The oscillator 
strength, as usually expressed, is then obtained by 
comparing these results with optical absorption data 
and by using Smakula’s equation.’ 


II. MICROWAVE EXPERIMENT—THEORETICAL 


This section gives a theoretical justification of the 
procedure used in the microwave experiment. The 
details of the argument are presented more fully 
elsewhere.’ 

The microwave spectrometer gives a measure of the 
magnetic absorption, x’’, of a sample as a function of 
an applied magnetic field at a fixed microwave fre- 
quency. The problem is to determine the number of 
spins per unit volume, J, contributing to the observed 
x”. The starting point for the argument is the Kramers- 


Kronig relation,” 
rae. ® 
f ——dv=-Xo, (1) 
0 v 2 


and the usual expression for the static susceptibility 
of a system of spins," 


xo= NgiBS(S+1)/3kT. (2) 


Here, g;’ is the diagonal element of the g* tensor in the 


5 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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J. H. Van Vleck, Massachusetts Institute of Technology 
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Fic. 1. Block diagram of microwave spectrometer. 


direction of the oscillating field used in determining the 
x” of Eq. (1). The justification of Eq. (2), based both 
on the work of reference 11 and on arguments given by 
Pryce” concerning the use of the spin Hamiltonian 
formalism, will depend on the details of the energy 
level structure of the ion in question and on the mag- 
nitude of the interactions among the spins. Its validity 
must be considered for individual cases, especially at 
low temperatures. 

These two equations will give N if x”’ is known for all 
frequencies. Since x”’ is measured as a function of 
applied magnetic field at a fixed frequency, Eq. (1) is 
not immediately applicable. It can be shown, however 
(see Appendix), that in many cases it is a good approxi- 
mation to restrict the integration of Eq. (1) to a 
narrow region of the spectrum. In these cases the in- 
tegral may be replaced by an integral over the magnetic 
field, giving 


gr /rhvBS(S+1) 
f x" Hittin). (3) 
resonance £0 6kT 


Here go is the diagonal element of the g* tensor in the 
direction of the steady field, Ho. 

Equation (3) gives the desired relation between x” 
and the spin density, NV, and the discussion in the 
Appendix suggests some of the requirements for the 
validity of this extension of the Kramers-Kronig rela- 
tion (1). There are two other practical considerations 
which limit the choice of the calibration salt. First, 
exchange narrowing or relaxation broadening of the 
line must not be important since the excessive con- 
tributions from the tails of a Lorentzian line make 
accurate integrations impossible. Secondly, since the 
resonance of the sample and the calibration salt are 
displayed on the same chart the g value and line width 
of the calibration salt must be chosen to allow satis- 


12M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950). 
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factory resolution of the observed signal into the con- 
tributions from the two paramagnetic species. 

The salt chosen for this experiment was CuCs2(SO,)2 
-6H,0. Exchange narrowing is not important and the 
contribution of the relaxation width to the total width 
is only about 10%." The principal source of the width 
is the hyperfine structure, the dipolar contribution 
being about 100 gauss for the orientation used in this 
experiment. The g factor shows a 15% anisotropy" and 
the crystal was oriented to give a go with a large de- 
parture from 2. The F-center resonance is Gaussian in 
shape,® the width is due almost entirely to hyperfine 
interaction, and the g factor is isotropic. Curie’s law 
[Eq. (2)] is well obeyed for both the copper salt and 
the F-center paramagnetism. Considering the assump- 
tions outlined in the appendix, Eq. (3) should be 
accurate to within a few tenths of a percent for the 
copper salt, and to higher accuracy for the F centers. 
Since S=4 for both, Eq. (3) gives 


Nr 1 £1 
(4) (8), fra / furan 0 
Nou \£o g07 ou 


Ill, DETAILS OF MICROWAVE EXPERIMENT 


A high-sensitivity microwave spectrometer,!® illus- 
trated in Fig. 1, was used to measure the relative 
values of x’. The spectrometer, operating at 9000 
Mc/sec, used a magic-tee bridge with a reflection cavity 
and superheterodyne detection. The field modulation 
and lock-in detection were at 5 cps. It was estimated 
that a room temperature measurement would give a 
signal-to-noise ratio of about 1 for a sample containing 
2X10" spins under the following conditions: resonance 
line width=1 gauss, microwave power level=10 mw, 
cavity Q=5000, and lock-in band width=0.1 cps. 

Automatic frequency control is obtained by fre- 
quency modulation of the signal klystron. The micro- 
wave bridge circuit converts this to an amplitude 
modulation, the magnitude and phase of which depend 
on the balance condition of the bridge. A lock-in de- 
tector then gives the necessary correction voltage to 
the klystron reflector and keeps the frequency stabilized 
near the resonance frequency of the cavity. A par- 
ticular advantage of this automatic frequency-control 
system is that it balances the bridge to give a pure 
absorption signal over a wide range of manual tuning. 
The dispersion signal may be obtained from the feed- 
back circuit at the klystron reflector. 

The output of the lock-in amplifier is approximately 
proportional to the derivative, (dx’’/dH), of the sus- 
ceptibility with respect to the magnetic field, and the 


8D, M. S. Bagguley and J. H. E. Griffiths, Proc. Phys. Soc. 
(London) A65, 594 (1952). 

u roy Penrose and Plumpton, Proc. Roy. Soc. (London) 
198, 406 (194! 

WR. Silsbee [Cruft Laboratory Technical Report No. 221, 
Harvard University, 1956 (unpublished) ] gives a detailed de- 
scription of the spectrometer. 





F-BAND OSCILLATOR STRENGTH DETERMINATION 


integrated line intensity is given by 


f x" (Hd = — f (H—H;)(dx"/dH)dH. (5) 


It can be shown" that the distortion of the line shape 
produced by using a large sweep amplitude does not 
affect the integrated line area. Distortions due to the 
lock-in response to harmonics of the lock-in frequency, 
or produced by the output time constant of the lock-in, 
again do not alter the integrated area. 

Now, except for the filling factors of the calibration 
salt and the F centers, the sensitivity of the spec- 
trometer to both samples will be the same. The cavity 
was a shorted piece of X-band wave guide coupled 
through an inductive iris and excited in a TE, mode. 
The colored alkali halide crystal was placed at the end- 
plate of the cavity and filled the cavity to a depth of 
#A,(salt). The next }$A,(salt) was filled with an un- 
colored crystal and the final }\,(air) was air. Small 
holes were cut in the alkali halide crystals to accom- 
modate the calibration crystals. A calibration crystal 
was placed either at the center of the end plate of the 
cavity or at a quarter-wavelength from the end of the 
cavity in the center of the narrow wall of the cavity. 

The relative filling factor for the two salts is easily 
computed, if one assumes the excitation of a pure 
TE ,o; mode. Estimates of the coupling to higher modes 
by the iris and by perturbations of the ideal cavity 
geometry suggest that the distortion of the field should 
be less than a few tenths of a percent. These estimates 
are not very reliable, however, and runs were made with 
the calibration crystal in both of the positions de- 
scribed above. These two positions have very different 
symmetry properties with respect to the cavity ge- 
ometry, and different distortions of the field should be 
expected for the two types of runs. No systematic 
discrepancies were noted between these runs. 


IV. OPTICAL EXPERIMENT 


The optical experiment was conventional. A Perkin- 
Elmer Model 12C infrared spectrometer was used with 
quartz optics. The sample was placed in the exit beam 
of the instrument and the light detected with a 1P22 
photomultiplier. Because of the large optical density of 
the crystals, a band-pass glass filter was used at the 
entrance slit of the instrument to avoid an excessive 
background from scattered light. The sample holder 
was designed so that an image of the spectrometer exit 
slit could be focused on the sample and the sample 
swept across this image. In this way an estimate of the 
homogeneity of the coloring could be obtained and an 
appropriate correction applied to the filling factor for 
the microwave experiment. 


16 FE. R. Andrew, Phys. Rev. 91, 425 (1953). 
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V. CRYSTALS 


The x-irradiated NaCl and KCI crystals!” were ex- 
posed for two and four hours respectively to a 150- 
peak-kev x-ray source operated at 5 ma. The distance 
to the anode was about 5 cm. To prevent excessive 
coloring at the surface by the soft component of the 
source and by secondaries, the crystals were sandwiched 
between plates of NaCl during the exposure. To im- 
prove the uniformity, the crystals were inverted after 
the first half of the exposure. The additively colored 
crystal'* was prepared by a double oven technique. 
A rapid quench prevented the formation of R centers 
but there was evidence of a small concentration of 
M centers. 

The crystals were worked to size on a damp cloth 
stretched over a glass plate. The grinding techniques 
originally used were found to produce serious distortion 
of the surface layer and bleaching to depths as great as 
0.010 in. in both x-irradiated and additively colored 
crystals. The crystals were always handled in subdued 
red light, and optical measurements were made both 
before and after the microwave runs to be sure there 
had been no bleaching of the centers. The bleaching 
due to all causes during a run was always less than 2%. 

The purity of the CuCs2(SO,4)2-6H,O used for the 
calibration salt was estimated by the manufacturer” 
to be better than 99.5%. The crystals used in the 
experiment were grown from an aqueous solution of the 
salt. A chemical analysis” of several sets of crystals 
which came out of solution both near the beginning and 
the end of the evaporation gave the proper stoichi- 
ometry to within the 1% accuracy of the analysis. 


VI. RESULTS 


The final results are based on both microwave and 
optical data taken on the same crystals. Because of the 
danger of saturating the F-center resonance,® a series of 
four or five curves was taken in each microwave run, 
varying the power level near the onset of saturation. 
Two such curves are reproduced in Fig. 2. From these 
curves, the ratio of the areas of the F-center and calibra- 
tion salt resonances can be determined to within a few 
percent, in the limit of no saturation. Additional curves 
were taken to determine the background signal due to 
impurities in the crystals. 

The reproducibility between different runs was much 
poorer than the internal consistency of individual 
runs, the maximum discrepancy between runs on the 
same crystal being 10%. This is much larger than the 
estimated accuracy of the method and may be the 
result of imperfect reproducibility of the cavity 
geometry. 

17 Obtained from Harshaw Chemical Company 

18 This was a Harshaw crystal colored by Dr. / J. Markham 
and Dr. G. Noble of Zenith Radio Corporation. 

1” A. D. McKay Chemical Company. 

»” Performed by Dr. S. M. Nagy of the Massachusetts Institute 
of Technology. 
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(b) 


Fic. 2. Paramagnetic resonance data. (a) 30-db microwave 
attenuator; 20% F-center saturation. (b) 45-db microwave 
attenuator; no F-center saturation. The heavy solid line is the 
signal from 1.11 mg of CuCs:(SO,)2-6H.O. The original recorder 
trace has been inked over. The dashed line is the F-center signal 
for crystal KC] No. 25M with a concentration of 1.3X10" F- 
centers cm~*. The original trace was removed during reproduction. 
The light trace at either end of the curve was taken at ten times 
the gain of the central portion to allow observation of the detail 
in the tails of the Cu** resonance. The noise level at the high 
gain gives an indication of the signal-to-noise ratio. 


The optical data, taken on the same crystals, were 
analyzed in two ways. First, the F-band absorption 
(after subtracting a correction for reflection and scatter- 
ing from the surfaces) was fitted to a Lorentzian line- 
shape of the same height and width at half-maximum, 
and the oscillator strength determined from Smakula’s 
equation. This has been the customary procedure in the 
past and the oscillator strengths so derived are directly 
comparable with those of other workers. Further, these 
oscillator strengths, together with Smakula’s equa- 
tions will give the correct F-center density in other 
crystals. There are serious objections to the use of 
Smakula’s equation in comparison with theory, how- 
ever, and these will be discussed in Sec. VII. 

The results are also presented in a manner which does 
not involve Smakula’s assumptions, namely, in terms 
of the integrated absorption cross section. In evaluating 
this cross section the area of the optical absorption was 
obtained in two ways. First the line was integrated 
numerically. A rather arbitrary subtraction is required 
on the short-wavelength side of the band to remove the 
contribution of the K-band absorption. The integrated 
area was also obtained by fitting the curves to a 
Gaussian form. The fit could be improved by using a 
skew Gaussian (see Figs. 3 and 4), but the area ob- 
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tained did not differ significantly from that obtained 
from a simple Gaussian. Theoretical considerations of 
Lax* suggest that the spectral distribution function for 
the dipole matrix element should be nearly Gaussian. 
Since the observed absorption is proportional to the 
frequency times this dipole matrix element, a linear 
term (the term xo/vo in Fig. 4) should be included. 
This term will have some effect on the center frequency 
of the absorption, but will not affect the integrated 
absorption significantly. The results for the line area 
determined numerically and by fitting to a Gaussian 
agreed to within several percent. 

The inhomogeneity of the coloration in the long 
direction of the crystal, as determined by scanning the 
crystal in the optical experiment, was of the order of 
15% in the worst crystal. A correction based on this 
scanning could be applied, and the error introduced in 
the f value by this inhomogeneity was estimated at 
less than a few percent. Inhomogeneities across the 
short dimension are averaged linearly in the microwave 
experiment and nearly so in the optical experiment, and 
no correction was applied. A 10% variation in homo- 
geneity in this direction should give less than half a 
percent correction to the f value. Finally, microwave 
measurements using a geometry sensitive to variations 
in center density through the thickness of the crystals 
indicated that such inhomogeneities should introduce 
less than a 1% error. 

The line shape of the paramagnetic resonance ab- 
sorption for the F center, after the subtraction of a 
much broader background signal, was Gaussian to 
within the experimental error. The resonance absorp- 
tion of other centers, if significant, would be expected 
to give an observable distortion of the line shape. The 
absence of such distortions suggests that the observed 
resonance was due to F centers alone. Further, the 
reasonable agreement between the results on an x- 
irradiated and an additively colored crystal for KCl in- 
dicates that the effects of hole centers are not important. 
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Fic. 3. Optical absorption of NaCl No. 8A at liquid 
nitrogen temperature. 
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F-BAND OSCILLATOR STRENGTH DETERMINATION 


The f values for NaCl are based on two microwave 
runs and two optical runs (one at liquid-air tempera- 
ture) on a single x-irradiated crystal. For the KCl, data 
were taken on one additively colored and one x-irradi- 
ated crystal. A total of five microwave and three optical 
runs was analyzed for these crystals. In all three 
crystals, the F-center concentration was about 10!” 
cm~*, Several different calibration crystals were used 
in the microwave experiment and about the same 
number of runs were made, with the salt, in each of the 
calibration positions. The estimated standard error for 
the values given for the oscillator strengths is 5%. 

The final results are given in Table I together with 
the values obtained by Kleinschrod' and Pick.* The 
integrated cross section for F-band absorption is given 
as well as the oscillator strength derived on the basis 
of Smakula’s equation. 

The three results are in good agreement for KCl, and 
some confidence may be placed in using this oscillator 
strength in determining F-center concentrations from 
Smakula’s equation. The agreement for NaCl is not 
satisfactory. Since it is difficult to prepare additively 
colored NaCl without the formation of complex centers 
or colloid, it is possible that Pick’s results are in error. 
Trapping of photoelectrons at sites other than F centers 
in Pick’s experiment would lead to a low value of f, and 
such a process in his experiment may be the cause of 
the discrepancy. 


VII. SMAKULA’S EQUATION 


The use of Smakula’s equation has been questioned 
by several authors.”:% The first criticism is that the 
shape of the F-center absorption is more nearly Gaussian 
than Lorentzian, and the use of the Lorentzian fit in 
Smakula’s equation overestimates the oscillator strength 
by a factor of about 1.5. Though an important correc- 
tion, this presents no real problem in the interpretation 
of such an experiment. 
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Fic. 4. Optical absorption of KC] No. 25M at room temperature. 


222—). L. Dexter, Phys. Rev. 101, 48 (1956). 

3 C. Herring, in Proceedings of the Atlantic City Conference 
on Photoconductivity, Atlantic City, November, 1954 (to be 
published). 
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TABLE I. Integrated absorption cross section and oscillator 
strengths for F band in KCl and NaCl. 








Crystal (1/N) fk(») dv f 1K leinsohrod 





KCl 
NaCl 


0.85 107" cm? ev 
0.91X 107 "* cm? ev 


0.81 


0.85 
0.87 








Secondly, Smakula’s use of the Lorentz local field for 
absorption by an impurity center is not justified and 
leads too large a value for the local field. The use of the 
Lorentz local field is valid only if the polarizability of 
the impurity is very nearly equal to that of a host 
atom. But this is clearly not the case near an impurity 
absorption band, and the nonuniform polarization of 
the host crystal produced by the impurity is important 
in considering the magnitude of the optical absorption. 

A classical calculation of the absorption by a classical 
damped oscillator placed in a spherical cavity in a di- 
electric is straightforward,® using Onsager’s™ treatment 
of the local field problem. Such a calculation gives for 
the absorption constant 


rNe On y/2m 
ee 
mc \(1+2n?)? (vo —v)?-+ (y/2)* 


In this equation, is the index of refraction of the host, 
f and vo the oscillator strength and resonant frequency 
of the oscillator in vacuo, and y is the damping constant. 
The maximum of the absorption is shifted from that of 
the free oscillator by the interaction with the host 
crystal and the new frequency is given by 


2n?—1 ef 
ni=n-( \(. ), (7) 
2n?+1 82? ma? vo 


where a is the radius of the spherical cavity containing 
the oscillator. Equation (6) is essentially of the same 
form as Smakula’s, but with a local field given by 


E.o=([3mn?/(2n?+1) JE, (8) 








instead of the Lorentz field, 
Evc=3(w+2)E. (9) 


The ratio of the squares of these local field values is 
about 0.75 for NaCl, and the difference between the 
two values is clearly significant. The model is of course 
too idealized to have quantitative significance, but it 
does illustrate the inadequacy of the usual approach, 
and should give a better approximation than Smakula’s 
equation. 

If the crystal is considered as a lattice of classical 
oscillators, with only dipolar interaction, a detailed 
calculation of the absorption by an impurity (an 
oscillator of frequency different from that of the host) 


“J. Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 
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gives results qualitatively the same as above. Herring”® 
has also given a very simple argument which leads to 
essentially the same conclusions. 

These considerations may have some significance in 
the case of a well-localized impurity. For the case of the 
F center, however, the large extension of the F-center 
wave function over the nearest-neighbor shells makes 
the use of any local field picture extremely questionable. 
If a local-field concept is used, the average local field 
will be even less than that given by Eq. (8) and hence 
the error involved in the use of the Lorentz value for 
the local field is even worse. Secondly, the use of the 
dipole approximation in evaluating the transition proba- 
bility for optical absorption is not valid because of the 
significant variation in the electric field over the center. 

The most rigorous approach is that outlined by 
Dexter” in which the crystal as a whole is treated 
quantum-mechanically, and there is no need to intro- 
duce the local-field concept. To obtain any useful re- 
sults the calculation had to be restricted to a localized 
impurity and a host lattice of low polarizability. Neither 
assumption is valid for F centers in the alkali halides. 
The calculation is carried only to first order in (?—1) 
and, to this order, is in agreement with both Smakula’s 
equation and Eq. (6). 

A possible approach to the problem would be to 
consider the F center and one or two nearest-neighbor 
shells as a quantum-mechanical system. If the energy 
levels and transition probabilities of such a system 
in vacuo could be calculated, then Eq. (6) might give a 
satisfactory means of correcting for the effects of the 
F-center interaction with the rest of the crystal. 


VIII. CONCLUSIONS 


A measurement, by an independent method, of the 
F-band oscillator strength in both an x-irradiated and 
an additively colored KCl crystal confirms the earlier 
values for this oscillator strength. The results of this 
work suggest a higher value for the oscillator strength 
of NaCl than that obtained by Pick. The method de- 
scribed should be applicable to many problems where 
chemical determinations of paramagnetic concentra- 
tions are not feasible, in particular to irradiated crystals. 
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25 See reference 23, Eqs. (14), (15), and (16). The assumption 
lac |K |aw | made by Herring in deriving Eq. (16) is not justified, 
and, as a result, the factor (1—faz) of Eq. (16) should be squared. 


This result is then equivalent to Eq. (11) of the present paper if ¢ 
is chosen appropriate to the classical model. 
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APPENDIX 


The purpose of this appendix is to indicate under 
what conditions Eq. (3) may be expected to be valid.?* 
The entire contribution to the integral of Eq. (1) will 
be from values of v near the resonance condition, 


hv= gBHo, (A.1) 


if the spin selection rule Am= +1 is rigorously obeyed. 
This selection rule may be relaxed, however, by any 
interaction which does not commute with the Zeeman 
term in the Hamiltonian. This would include hyperfine 
and dipolar interactions, and, where S>3, crystalline 
field interactions. These same interactions also produce 
a broadening or splitting of the main resonance line, 
and the extent of the relaxation of the Am=-+1 selec- 
tion rule may be estimated, since it may be shown to 
be proportional to the square of the ratio of the broaden- 
ing to the magnetic field at resonance. 

For the particular case of dipolar broadening, the 
work of Van Vleck”’ shows that the relaxation of the 
selection rule reduces the contribution of the main line 
to the integral of Eq. (1) by an amount ~2(H.4/A))’, 
where H, is the contribution of the dipolar interaction 
to the line width. Further, if the hyperfine interaction 
is given by AI-S, then the relative contribution of the 
forbidden transitions, for S=4}, is }(A/g8Ho)*I(I+1). 
The effect of crystalline field splittings for S>4 requires 
detailed consideration in individual cases. 

Finally, in the case of an isotropic g value, the oscil- 
lating and steady magnetic fields must be mutually 
perpendicular to prevent absorption near zero fre- 
quency.”* This requirement is changed if the g factor is 
anisotropic, and in this case the oscillating field must 
be perpendicular to the static magnetization of the spins 
rather than to the applied field. If this condition can 
not be satisfied—and it may prove impossible to do so 
with two nonequivalent ions in the unit cell—the 
observed x” is reduced by a factor 


(Ho: ¢'- Ho) 
(: a cos). 
grgcHe 


Here £ is the angle between the magnetization vector 
and the oscillating field. This correction could be 
neglected in the present experiment, but might become 
important for ions with highly anisotropic g values. 
Under these conditions, then, the integral in Eq. (1) 
may be restricted to the region near the resonance 
absorption. The integral in Eq. (1) must now be ex- 
pressed in terms of an integral over magnetic field. The 
integral may be written as?’ 

x" (v) 

——dv=C DO | (| Mi|n)|?, 


resonance v in 


(A.2) 


(A.3) 


26 See also the related discussion b 

Slichter [Phys. Rev. 101, 58 (1956) ]. 
27 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
% L. J. F. Broer, Physica 10, 801 (1943). 
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where the summation is restricted to those pairs of 
states 1, for which |E;—E,|~g8Ho. M; is the mag- 
netic-moment operator of the spin system in the direc- 
tion of the oscillating field and C is a constant. 

Now the matrix elements will be nonvanishing only 
for |E,—E,| near the Zeeman energy and perhaps for 
satellite, partially forbidden lines. If the line is suffi- 
ciently narrow, there is no ambiguity about which 
pairs of states must be included in the summation, 
even if the values of the matrix elements are deter- 
mined (from the measurement of x’’) by varying the 
magnetic field rather than the frequency. Then, if the 
moment matrix elements are independent of Ho, the 
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summation may be expressed as an integral over H 
instead of one over frequency. Hence, for a narrow 
resonance, and if the moment matrix elements are 
independent of Ho, the introduction of suitable con- 
stants gives Eq. (3) of Sec. II. Now, the interactions 
already discussed, which relax the selection rule Am 
= +1, will also result in a field dependence of the value 
of the moment matrix elements. The correction to 
Eq. (3), however, is only of the order of the fourth 
power of the line width to the resonant field and may 
be neglected if the effect of the relaxation of the selec- 
tion rule is itself unimportant. 


NUMBER 6 SEPTEMBER 15, 1956 


Fast-Neutron Damaging in Nuclear Reactors: Its Kinetics and 
the Carbon Atom Displacement Rate*} 


WILLIAM PRIMAK 
Argonne National Laboratory, Lemont, Illinois 


(Received March 20, 1956) 


It is shown that the radiation damage produced in graphite at near room temperature is labile. A theory 
describing this lability is developed. Then using this theory and an identification and determination of the 
portion of the neutron flux spectrum responsible for the damage as obtained in another paper, the displace- 
ment rates for the condition that no annealing had intervened are calculated from the number of dis- 
placements which had been determined in graphite samples which had been irradiated near room tempera- 
ture. From several different methods there is obtained, within a factor of 2, the following result: 10-# 
displacements atom per damaging neutron/cm? for the number of displacements which remain after a 
scattering event involving a fast neutron near the beginning of the irradiation under conditions in which 


thermal annealing is not occurring. 


I. INTRODUCTION 


FTER the discovery of large property changes 

in graphite subjected to fast-neutron bombard- 
ment,'~* attempts to determine the relationship be- 
tween the neutron flux and the rate of displacement of 
carbon atoms (assumed to be the initiating cause of the 
property changes) were made by both theoretical calcu- 
lations and experimental determinations. Among the 
former were the unpublished estimates of a rudimentary 
nature made by Wigner and others‘ and of a more 
detailed character made by Seitz and James. The theo- 
retical problems are difficult because it is necessary to 
calculate the amount of energy dissipated in one of a 
number of possible ways in an energy range in which 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

+ This paper together with several others (references 35, 9, 10, 
and 20) a a set on the subject of fast-neutron damaging in 
nuclear reactors. 

1M. Burton, J. Phys. & Colloid Chem. 51, 618 (1947). 

2M. Burton and T. J. Neubert, J. Appl. Phys. 27, 557 (1956). 

3T. J. Neubert ef al., Argonne National Laboratory Report, 
ANL-5472, 1956 (available from the Office of Technical Services, 
Department of Commerce, Washington 25, D. C.). 

4 F. Seitz, Physics Today 5, No. 6, 6 (1952). 


the dissipation is not amenable to exact theoretical 
calculation. Thus even the recent estimates by Seitz® 
and Snyder and Neufeld® differ by orders of magnitude, 
and the recent estimate by Harrison and Seitz’ alter 
Seitz’s estimate by a factor of 3. It is therefore desirable 
to establish an experimental value. Two such attempts 
(unpublished) were made in the early work, one by 
I. Estermann from stored energy data, and one by 
W. H. Zachariasen. Aside from the difficulties of relating 
the property changes which are observed to the number 
of displacements, these attempts to estimate the dis- 
placement rate suffered from lack of knowledge of the 
flux of neutrons which traversed the samples and from 
lack of knowledge of the fraction of originally displaced 
atoms no longer present in the samples. A similar 
criticism can be directed against more recent determi- 
nations by G. R. Hennig and J. D. McClelland (unpub- 
lished) and by Antal, Weiss, and Dienes.® In addition 
it may be mentioned that there has been a variability 
in property changes which were observed under various 


5 F. Seitz, Discussions Faraday Soc. 5, 271 (1949). 

6 W. S. Snyder and J. Neufeld, Phys. Rev. 97, 1636 (1955). 
7W. A. Harrison and F. Seitz, Phys. Rev. 98, 1530(A) (1955). 
§ Antal, Weiss, and Dienes, Phys. Rev. 99, 1081 (1955). 
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conditions of irradiation. While these constitute an 
uncertainty of a smaller magnitude than the above 
difficulties, its resolution would yield a greater con- 
fidence in the results. The establishment of the experi- 
mental displacement rate thus involves several steps: 
(a) the identification and measurement of the portion 
of the neutron flux spectrum which is the agent re- 
sponsible for the damage, (b) the establishment of the 
quantity of property change (from the various ones 
that have been observed) which is to be associated 
with the neutron flux, (c) the establishment of the 
fraction of the originally displaced atoms still present 
in the sample, and (d) the establishment of the property 
changes to be associated with a displacement. The solu- 
tion to the problem (a) is taken from two papers by 
Primak.*: The problems (b) and (c) prove to have the 
same solution and constitute a class of problems which 
have been indiscriminately termed “annealing” in the 
literature of the subject'! and are here discussed as the 
kinetics of radiation damaging. They are treated here 
in terms of a thermal classification of the radiation 
damage by means of an activation-energy spectrum, 
a method which was first employed by Neubert.’ 
A complete treatment of the problem (d) involves a 
treatment of the particular properties in terms of the 
structure of the solid and is beyond the scope of this 
paper. Instead the results will be presented in terms of 
a self-consistent set of irradiation data extrapolated to 
the condition that no annealing had occurred, and the 
reliability of the estimates will be evaluated. 


Il. DAMAGING FLUX 


The radiation-damage effects were studied by 
Primak*®” under such a variety of conditions that it 
became possible to compare the damage with that 
produced in a calibrated neutron flux. It was shown 
that the fast-neutron radiation damage produced in a 
nuclear reactor was to be related to the uppermost two 
decades of energy below the energy at which the pile 
neutron spectrum began to fall greatly from a k/E 
distribution (& is a constant and E is the neutron 
energy). The neutron flux which, distributed over two 
decades of energy as k/E, produces an amount of 
radiation damage equivalent to that which is observed 
was defined as the damaging flux; and it approximates 
the actual flux responsible for the damage. Since it has 
been common to quote the integrated slow-neutron flux 
associated with an irradiation or the energy expended 
by fission associated with an irradiation and to refer to 
them as the exposure, another term is used in referring 


® W. Primak, Nuclear Sci. Engr. (to be published). 

1 W. Primak, Nuclear Sci. Engr. (to be published). 

4 For example, an examination of the papers in the Proceedings 
of the International Conference on the Peaceful Uses of Atomic 
Energy (United Nations, New York, 1956), Vol. 7, shows that the 
term annealing is applied to alterations in radiation-induced 
property changes, sometimes without regard to the direction of 
change, and even sometimes when the alterations were caused by 
further irradiation. 
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to the integrated damaging flux : the dosage. The results 
quoted in this paper are expressed in terms of the dosage 
so defined. 


Ill. ANNEALING EFFECTS: KINETICS OF 
RADIATION DAMAGING 


A. Simple Isothermal Damaging 


Post-irradiation studies of the annealing of irradiated 
graphite were started shortly after the radiation damage 
was discovered. Annealing of the damage produced by , 
irradiation at cool-test-hole temperatures!? (CT) could 
be found even at room temperatures. However, since 
pronounced annealing was not observed until 100 to 
200°C, and since the damage increased in a fairly 
regular manner on irradiation, the implications of this 
observation appear to have been overlooked.!* Nearly a 
decade later, the writer examined damage rates and 
annealing data reported for samples irradiated at differ- 
ent temperatures in the CT range and concluded that a 
pronounced annealing effect was evident (unpublished). 
Shortly thereafter, a facility for low-temperature irradi- 
ations'* became available, and it was found that the 
damage in graphite irradiated there was greater and 
annealed over a range of temperatures contiguous with 
and below as well as in the one co-extensive with that 
for CT irradiated graphite.'®.'® These observations do 
not themselves establish the existence of an annealing 
effect in CT irradiations because it is conceivable!’ 
that the damage produced at low temperatures is 
different from that found in CT irradiations. 

When the irradiated graphite samples were raised to 
successively higher temperatures, Neubert and his co- 
workers found that at each temperature the annealing 
rates became high and then fell to values so low as to 
be beyond the limit of observation, and concluded that 
a distribution of activation energies would be needed to 
describe the results of these experiments. Using Vand’s 
method!* (which assumes first-order kinetics), Neubert 
analyzed the kinetic data assuming a frequency factor 
10'* sec—!. Recently it was shown by the author that 
work by Ballinger’ indicates a low order of reaction 


12 These test holes in nuclear reactors are usually at tempera- 
tures above room temperature and well below 100°C. Unless 
otherwise stated, the nominal range of CT will be considered to 
be 35 to 60°C. 

13 See, however, G. H. Kinchin, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy (United Nations, 
New York, 1956), Vol. 7, Paper 442. 

14 The Brookhaven National Laboratory low-temperature irradi- 
ation facility is cooled with liquid nitrogen. According to the late 
J. Fleeman (private communication), excursions above liquid 
nitrogen temperature are certainly less than 40°C in routine 
operation. 

15D. Keating, Phys. Rev. 98, 1859 (1955). 

16 G. R. Hennig and J. E. Hove, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy (United Nations, 
New York, 1956), Vol. 7, Paper 751. 

17 It will be seen that this effect is not important here but does 
occur at higher temperatures. 5 

18 V. Vand, Proc. Phys. Soc. (London) 55, 222 (1943). 

19 J. C. Ballinger (unpublished); R. E. Nightingale, presented 
at the American Chemical Society Meeting, September, 1955 
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(near unity) and a frequency factor between 10” and 
104, Work by Nightingale” provides some confirmation 
of this. It will be convenient here, for purposes of 
mathematical simplicity, to treat the case of first-order 
kinetics. From the work by Primak” it may be inferred 
that this will show the major features of the annealing 
effects and that deviations from first-order kinetics can 
only be found by detailed kinetic experiments of a 
kind which have not been reported as yet. 

It seems reasonable to assume that at the beginning 
of the irradiation the damage consists of independent 
(noninteracting) accumulating events. The case in 
which these events result in the formation of processes 
which are subject to isothermal annealing is defined as 
simple-isothermal damaging. The isothermal annealing 
is assumed to proceed by the equations derived by 
Vand.'* The nomenclature which is used here is that 
used by Primak.” His Eq. (4a) is 


p= po exp(— Ate"), (1) 


where p refers to any property and fo is the 
original population of processes. The function O(e) 
=exp(— Ate~/") is termed the characteristic-isothermal- 
annealing function. For a broad distribution of processes 
in activation energy ¢, the annealing behavior is 
dominated by the exponential dependence in © whose 
properties are therefore reviewed here. The function 0 
is sigmoid-shaped as shown in Fig. 1 and varies from 
exp(— Aj) to one. It possesses a point of inflection at 
an activation energy 


€9=7 In(Ad), (2) 


which is termed the characteristic-activation energy. Thus 
€9 is displaced along the activation-energy axis as the 
annealing proceeds, the more rapidly the higher the 
temperature of isothermal annealing. The value of © at 
which the point of inflection occurs is invariant, O(¢o) 
= 1/e0.368 ; and the slope is 0’ (€9)=1/re. Since 


O(6)=expl—AleW"e9"]=exp[—e Or], (3) 


it is seen that the shape of 9 is also invariant during 
isothermal annealing; the whole curve is displaced, as 
described above for its point of inflection, without 
changing its shape. 

If a sample is being subjected to simple-isothermal 
damaging at a rate which produces an original popula- 
tion of property changes po per second (this original 
population of property changes is termed the nascent- 
activation-energy spectrum) which can anneal isother- 
mally, the property change which is observed at the 


(unpublished). The work by Ballinger involved the tempering of 
a previously isothermally-annealed sample; the conclusion follows 
from the analysis given by Primak,” paragraph 3.1. Nightingale 
gives results for the isothermal annealing of a previously iso- 
thermally-annealed sample, and the results can be analyzed in a 
similar manner. 


2 W, Primak, Phys. Rev. 100, 1677 (1955). 
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end of an irradiation of time duration ¢p is 


p(e,to) -f po(e)O(s,A)dt, (4) 


L.e., 
1—exp(—Ale-*!”) 





P(e) Pal = puee, (S) 


Aloe!" 


where W(e,fo) is termed the characteristic-isothermal- 
damaging function. It dominates the kinetics of the 
damaging when the nascent-activation-energy spectrum 
is broad and undergoing thermal annealing in the same 
way that © dominates the post-irradiation annealing. 
The properties of Y are investigated here. It is sigmoid- 
shaped, and it varies from about (Afo)“ to 1. It is a 
function of 


s= Ale!" 
=A log 60! Te (e—€0) Ir 


— g—(e—e0)/7 


and may be written 
W=(1-—e*)/z. 


Thus the shape of W is invariant in time. Further, 
WY moves along the activation-energy axis in an in- 
variant relation to @. The relationship is shown in 
Fig. 1, where © and W for r=0.02857 (about 58°C) are 
carefully plotted about ¢. Some of the properties of ¥ 
are the following: at the characteristic-activation energy 
it has the value V (eo) = 1—e—'&0.632, and at this point 
its slope is W’(€9) = 77! (1—2e")=0.264/r; its point of 
inflection (when plotted as a function of €) occurs at 
exp(z1)=1+-2:-+2;’ or at 2;£1.793 and hence 


€;€9— 0.5847, (6) 


where the value of the function is V(e,)=0.465, and 
the slope is ¥’ (e;) = 7—1z; exp(—21)=0.298/r. 

There are many observations of the curious behavior 
of the radiation damage that can be explained by 
applying Eqs. (1) and (5) or step function approxima- 
tions to them of the sort employed by Vand. Many of 
the observations are unpublished as yet, at least in 
detail, and the absence of a specific reference is to be so 
understood, 
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1. Extent of the activation-energy spectrum.—The usual 
irradiation times for experiments in which the early 
stages of the damage have been investigated have 
covered periods from hours to months. Hence ¢ was in 
the range 10‘ to 10’ seconds. The effects will be given 
here for InA =30 (i.e., A&10"* sec—!); the results can 
easily be modified for other values of the frequency 
factor. Then the range of interest of Afo is 10'” to 10”. 
Thus for CT irradiations (r=1/35 ev), it is seen from 
Eq. (2) that the characteristic-activation energy is 1.1 
to 1.3 ev. This would be the region of the lowest activa- 
tion energies at which the activation-energy spectrum 
which is observed after irradiation rises prominently. 
This prominent rise in the activation-energy spectrum 
will be referred to frequently and will be designated SR. 
It is clearly shown in the results obtained by Neubert 
et al? 

The extension of the activation-energy spectrum 
beyond SR is largely determined by the nature of the 
nascent-activation-energy spectrum. When the tem- 
perature of irradiation is such that there is a sharp 
decline (this will be designated SD) in the nascent- 
activation-energy spectrum shortly beyond SR (less 
than 0.5 ev), differences in the irradiation conditions or 
storage conditions will produce a spectacular variability 
in the total property changes. Since this has been the 
case for some properties of graphite and diamond in 
CT irradiations and for other substances at other tem- 
peratures, it will be treated in some detail. If the SD is 
far removed from the SR, equally great (though not 
proportionately equal) changes will be produced by 
altering irradiation and storage conditions, but they 
will not be noticed as readily in the total property 
changes; they will be easily observed, however, when 
the activation-energy spectra are determined. 

2. Variability of the radiation damage.—Since the 
activation-energy spectrum which is present at the end 
of the irradiation depends on é, the nature of the 
damage depends on the rate of irradiation: i.e., the 
damaging flux. Thus the damage produced by a given 
integrated flux is not the same as that produced by a 
flux 5 as great for a 10-fold greater length of time. In 
the latter case, the total damage will be less; and in a 
tempering experiment, annealing will be displaced to a 
higher temperature; i.e., SR is displaced to greater 
activation energies. Further, the damage is sensitive to 
the temperature of irradiation. It is to be noted that in 
simple-isothermal damaging, the shape of the activa- 
tion-energy spectrum (for a given nascent-activation- 
energy spectrum) is not dependent on the amount of 
damage, but on the time (/) and the temperature of 
irradiation. In the sense that this fact has not been 
considered, there are no truly quantitative radiation 
damage studies that have been performed in nuclear 
reactors; they must all be classed as semiquantitative. 

3. Lability of the radiation damage.—The radiation 
damage once produced is subject to isothermal anneal- 
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ing at the temperature at which it is stored. Thus, much 
of the long tail extending to low-activation energies 
which is associated with the low-activation-energy tail 
of the isothermal-damaging function (see Fig. 1) is 
rapidly annealed at any reasonable storage temperature 
by the advance of © in activation energy. Major 
annealing may be followed for the present purposes by 
considering the relative position of the characteristic- 
activation energy €o. 

As a first illustration, consider a 10-day room tem- 
perature irradiation of a sample for which a damaged 
property possesses SD at 1.6 ev. After the irradiation 
InAto=43.5; and since r=0.0257, € is 1.1 ev. After 200 
days storage at room temperature, In(At)=46.8; hence 
€o9 is about 1.2 ev. Thus, 20% of the damage has 
annealed in 200 days as was found by Neubert et al.* 
from whose paper these data were taken. 

The second illustration is imaginary : the same sample 
irradiated at about 58°C (r=0.0286 ev) for several 
days (about 10° sec); then e-=1.18 ev. After storage 
for a year at room temperature (r=0.0257 ev), e9-=1.21 
ev; major annealing has occurred even though the 
storage temperature has been much lower than the 
irradiation temperature. The effects increase when the 
irradiation time is shorter compared to the storage time. 

4. Saturation of a second kind.—Simple saturation of 
property change occurs when the irradiation is extended 
until undamaged material is exhausted. However, if 
there is an SD, then presumably irradiations can be 
conducted at such a temperature that the SR is suffi- 
ciently close to the SD to produce another saturation 
effect. As an illustration, consider a constant-nascent- 
activation-energy spectrum for which SD is at an 
activation energy 7 In(Aa). Then the damage is 


rt In(Aa) 
p= f polo (€,7)de. 
0 


The variable of integration is changed to z and the new 
limit Af is taken as infinite for all practical purposes; 
then 

P= poral 1—E2(to/a) J, 


where £; is one of the exponential integrals defined by 


Placzek,?! 


Bu(e)m art f we “dw. 
This result is a monotonically saturating curve. When 
to becomes very large, E2(to/a) becomes very small; 
hence saturation ensues at 


P(t=©)= porta. 


It is the fact that the isothermal-damaging function 
reclines with increasing temperature that results in the 


1G. Placzek, National Research Council of Canada Report 
MT-1i (NRC-1547). Available from the National Research Council 
of Canada. 
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effect found here: that the saturation values of the 
damage is greater at higher temperatures. It is seen 
below (paragraph 5) that observation of this effect is 
difficult unless the measurements are performed during 
the irradiation. 

Measurements of the electrical conductivity of graph- 
ite during irradiation at various temperatures were 
made by Neubert and co-workers (unpublished), and 
their results can be at least partly accounted for by 
the methods of this paragraph. 

5. Sharpening of the activation-energy spectrum.— 
When the SR is close to the SD, there is the appearance 
of a peak in the activation-energy spectrum. This 
apparent peak grows sharper at first as the irradiation 
proceeds. The maximum sharpening occurs when the 
point of inflection of W (designated ¢,) reaches the 
point of sharp decline €2. From Eq. (6) this occurs at 


t= exp[ (€2/r7)+0.584—InA ]. 


As an example consider a SD at 1.4 ev. Maximum 
sharpening would require ~3000 years at 25°C, ~10 
years at 58°C, ~2} weeks at 100°C, and ~2 minutes 
at 200°C. After this the sharpness would decline some- 
what, and eventually the form approached on the low- 
activation-energy side would be 


p(O<e< es, t= ©) = poet!"/A. 


Since @ is more erect than W, even greater sharpening 
occurs on storage; and its nature is easily perceived. 

Sharpening of this kind is readily apparent in the 
stored-energy data obtained by Lees and Neubert.” 
Extreme sharpening seems to have been observed by 
R. W. Attree, L. G. Cook, and R. L. Cushing. 

6. A kind of irradiation annealing —Phenomena in- 
volving a decrease in property change with continued 
irradiation have been termed irradiation annealing or 
radiation annealing. The latter term should be limited 
to a back-reaction caused by the radiation involved. 
The present phenomenon is entirely an effect of thermal 
annealing. The mechanism postulated in paragraph (4) 
leads to saturation only in the case of constant-con- 
tinuous-isothermal irradiation. If ¥ is replaced with a 
step-function rising at the characteristic-activation 
energy, the following result is obtained : 


P= Potor In (a/to), 


which possesses a maximum at P=0.367poar and 
ty=a/e. The saturation which was found in paragraph 
(4) arose from the support of the low-activation-energy 
tail of the activation-energy spectrum by the continuing 
irradiation. Since much of this tail is rapidly annealed 
by isothermal annealing during most conditions of 
storage, the saturation formulated in the preceding 
paragraph will not take place. Instead, the property 
changes which are observed may reach a somewhat 
lower maximum or even decline, and this will depend 


- 


= R. B. Lees and T. J. Neubert (to be published). 
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on the irradiation program, the discharge schedule, and 
the schedule of making measurements. 

7. Spurious irradiation annealing—The rate of 
growth of the activation-energy spectrum at a par- 
ticular activation energy from Eq. (5) is 


Op(€,to)/Ato= Po exp(—A toe~*!7). 


Thus the portion of the nascent-activation-energy 
spectrum which is undergoing annealing is very sensitive 
to the temperature of irradiation. A very prominent 
alteration in the storage of energy in graphite under- 
going irradiation was observed by Lees and Neubert.” 
It was associated with a rise in the test hole temperature 
and can be explained in this manner. 

Since irradiation annealing is crucial in the subse- 
quent discussion, it is noted that if good thermal con- 
tact between the sample and the point at which tem- 
perature is determined is not maintained during 
irradiation, then as a result of the local temperature 
rise caused by the absorption of radiation and by 
nuclear transformations,” the observed damage rate 
will be associated with an incorrect temperature and 
may wrongly be interpreted as irradiation annealing. 

In addition to the quantitative observations given 
above, there are several qualitative observations that 
are readily explained on the basis of simple-isothermal 
damaging. These are the lesser sensitivity of some 
properties to differences in irradiation temperature and 
result from a large portion of the integral of the activa- 
tion-energy spectrum lying beyond the sharp rise. 
Examples are: the irradiation-induced dilatation of 
silicon carbide is less sensitive to the temperature of 
irradiation than the corresponding property in diamond ; 
the irradiation-induced changes in the elastic modulus 
of graphite are less sensitive to the temperature of 
irradiation than the irradiation-induced change in the 
electrical conductivity of graphite. 

The many observations which can be explained by 
the theory of simple-isothermal damaging is some of 
the most convincing evidence that the damage is to be 
considered as distributed in activation energy and is 
conclusive proof that a pronounced annealing of graph- 
ite occurs during its irradiation in CT facilities. If the 
annealing during irradiation could be completely de- 
scribed by simple-isothermal damaging, then what 
remained of the damage after the simultaneous irradi- 
ation and annealing would be completely indicative of 
what had formed originally. However, in their stored- 
energy experiments Lees and Neubert”? found that the 
rate of growth on irradiation of graphite of the stored- 
energy activation-energy spectrum in the neighborhood 
of 2.5 ev was less by about a factor of 2 when the 
temperature (nominal) of irradiation was 135 degrees C 
than when it was 65 degrees C. Since thermal annealing 
for the periods of time of these irradiations would only 
have affected the activation-energy spectrum in the 


23 W. Primak, J. Appl. Phys. 27, 54 (1956). 
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neighborhood of 1.1 to 1.3 ev, it must be concluded 
that on irradiation at least in this range of temperature 
and at least after considerable irradiation, portions of 
the activation-energy spectrum at activation energies 
too great to be affected by thermal annealing are de- 
pendent on the temperature of irradiation. It is thus 
evident that at least at these irradiation dosages and 
temperatures, the damage in this part of the activation- 
energy spectrum is not simply accumulating. Formally 
this case could be placed into the framework of the 
theory of isothermal damaging as developed here by 
considering the nascent-activation-energy spectrum to 
be dependent on the irradiation conditions (e.g., dosage, 
temperature). While this might be useful in developing 
a phenomenological description of the irradiation, it 
would not further the present purpose, that of account- 
ing for the displaced carbon atoms. In order to do this 
and in order to explain the serious deviation from 
simple-isothermal damaging noted here, it is necessary 
to examine some of the physical details of the dis- 
ordering. 


B. Localization of the Damage 


For the present considerations the neutron flux dis- 
tribution may be taken to be 
o= k/E,, 


(10°< E,< 108), (7) 


where ¢ is the neutron flux as a function of energy E, 
and k is a constant. The actual distributions found in 
most reactor facilities which are used for radiation 
damage studies and which are not in immediate 
proximity to fuel do not differ by a factor of 2 from 
Eq. (7), although the upper end of the range may vary 
somewhat. These deviations are of little importance for 
the present purposes. In immediate proximity to fuel 
there is a large contribution of damage from un- 
moderated neutrons, but in this case the conclusions 
which are reached here apply in even greater force. 
For the present purposes it will be sufficient to con- 
sider that the total number of displacements produced 
by an energetic atom of energy E, increases linearly 
from some low energy, taken here as 25 ev, to an 
energy Er (order of magnitude 10‘ ev) and is then 
fairly constant at a value Vo (order of magnitude 10°). 
If isotropic scattering in the center-of-mass system is 
assumed for the neutron-atom collisions, there is implied 
a uniform distribution of atoms of energies over the 
range 0 to a£, (where a is the maximum fraction of its 
energy which a neutron can transmit to an atom in 
such a collision) for every scattering event. The number 
of carbon atom recoils per cm* sec having a given energy 


E,=ak, 


is then 


106 
N= f [oNak/(aE,”) \dE,, 
aEyn 
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where o is the scattering cross section and N, is the 
number of atoms per cm*. Hence 


N,=0N,k(E.7'!—10-*)/a 


and the number of displacements produced per cm* sec 
by recoils of energy less than Er is therefore 


 bNo(E —25) 
NalEg<Er)= [oa nity 
a okie we 


which is nearly 
Na (Ea < Er) = NokoN,/a. 


The number of displacements produced per cm* sec by 
recoils whose energy is greater than Er is 


10% a 
Na(Ea>Er)= : Na(k/a)N o(E.~'!—10-)dE,, 


which is nearly 
Na(Ea> Er) = (Noko N/a) n(10°%/Er). (8) 


Since 10%/E,r is of the order of magnitude 10', the 
number of displacements produced by atoms of energy 
greater than Er is several times greater than the 
number of displacements produced by atoms of energy 
less than Er. 

The damage which occurs to the physical properties 
seems to depend on the number of displacements, and 
hence it is evident that the damage which is found in 
reactor-irradiated substances is produced predominantly 
by recoils which produce a large number of displace- 
ments. In this way it differs from the damage which is 
produced by accelerated protons, deuterons, etc., which 
produce damage due to low-energy recoils. This has 
been pointed out by Seitz and Koehler™ among others. 
Carter*® has mentioned specific differences in the ratio 
of the damage to several of the properties of (a) graph- 
ite irradiated by cyclotron-accelerated deuterons to 
(b) graphite irradiated in nuclear reactors. These differ- 
ences may possibly be due to this effect, for as will be 
seen, there results a grossly different subsequent 
sequence of effects. 

It has been estimated by James” from the formulas 
given by Seitz® that by the time a primary knock-on in 
graphite has been slowed to 7X 10* ev, it is displacing 
an atom at the rate of one for a distance of an inter- 
atomic spacing. A direct determination of the stopping 
power or the range at these energies is beyond present 
experimental techniques, and the calculations are ap- 
proximations which are extended beyond the range of 
their validity. Recently, proceeding by several other 
lines of reasoning, Seitz and Koehler™ concluded that 


4 F, Seitz and J. S. Koehler in Advances in Research and A ppli- 
cations, Solid State Physics, F. Seitz and D. Turnbull, editors, 
(Academic Press, Inc., New York, 1956), Vol. 2, p. 307. 

25R. L. Carter (private communications). 

26H. M. James (unpublished document). 
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the cross section for displacing atoms does not increase 
quite as rapidly along the range as given by extrapo- 
lating the formulas valid at higher energies. As well as 
can be estimated at present, the energy loss by the 
primary knock-ons losing energy below Er seems to be 
~10" ev/cm. The secondaries which are produced are 
predominantly of energies 10? to 10* ev. Accordingly, 
it must be concluded that the damage in graphite 
irradiated in a reactor is initially predominantly con- 
centrated in small cylindrical regions ~10? atomic 
spacings in length and ~10 atomic spacings in diameter. 
Such details as whether the volume is somewhat pear- 
shaped, as considered by Kinchin," is beyond present 
knowledge and is not very important in the present 
case. From considerations given elsewhere," this volume 
contains ~10? displaced atoms. It is thus continuously 
damaged although, as will be seen below, not com- 
pletely disordered. It will be termed a severely-damaged 
region. The interstitial atom content of the severely- 
damaged region is several percent; and the average 
spacing is several atomic spacings, probably repre- 
senting the stability radius for individual interstitial 
atoms. The volume of a severely-damaged region is 
~10-* cm’, 

The formation of the severely-damaged region is a 
transitory phenomenon. Hennig and Smaller?’ have 
given evidence from paramagnetic resonance measure- 
ments that at least some of the high concentration of 
damage in the severely-damaged regions is dispersed 
through the crystal at relatively low temperatures 
(— 100°C) in the early stages of irradiation (at least up 
to an integrated damaging flux 2 10'* neutrons/cm?’). 
The fraction of the damage which is thus mobile is not 
yet established.** At longer irradiations the mobility 
seems to be lost.** This mobility does not seem to be 
present in diamond, for under similar conditions the 
width of the paramagnetic resonance does not alter.” 


C. Ordinary Saturation and Over Saturation 


Evidence of a saturation of property change should 
be observed when the severely-damaged regions en- 
compass the whole solid. For a cm* of solid in which 
regions r are disordered in stages, the amount of dis- 
order present after the mth stage is 


Yuri =(r+yn)(1— yn) +n’, 
which gives the differential equation 
dy/dx=r(1—yn), 


where x is the number of stages (i.e., proportional to 
the flux) and the solution is 


y=1-e™. 


27G. R. Hennig and B. Smaller (unpublished); some of the 
results are summarized by Hennig and Hove.!* 

28 G. R. Hennig (private communication). 

29 W. Primak and B. Smaller (unpublished). 
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The saturation period y= 1—e™ occurs at x=1/r. From 
Na/No as obtained from Eq. (8) it was calculated to 
occur at several times 10 mn/cm*. This occurs at 
several hundred Mwd/aT (megawatt days per adjacent 
ton) in a Hanford cooled test hole. It may be noted that 
at about this point in the irradiation: (a) changes in 
the nature of the damage or damage rates of the 
various properties of graphite appear, particularly 
those changes which anneal at higher temperatures; 
(b) the greatly increased dilatation rate in quartz 
appears; and (c) the saturation of density increase 
occurs in vitreous silica. 

In graphite and quartz the saturation period does 
not mark the approach to a steady state; instead some 
of the properties show an accelerated rate of change. 
This continued alteration in properties after several 
saturation periods is named the over-saturation phe- 
nomenon. 

It is self-evident that after the severely-damaged 
regions have overlapped appreciably, the incremental 
changes represented by simple-isothermal damaging 
can no longer describe the events. It is necessary now 
that new damaging effects arise. This conclusion also 
follows from the view that in the severely-damaged 
regions the interstitial atom content is spaced as closely 
as stability permits. Then the continuation of damaging 
beyond several saturation periods would seem to re- 
quire that the physical conditions within the severely- 
damaged regions be different than they were when a 
severely-damaged region had previously been formed 
in that portion of the material. The effect in graphite 
and quartz is attributed mainly to the great decrease 
in thermal conductivity and to a much lesser extent to 
dynamic annealing (see later). 


D. Thermal Spikes 


The time required for the energetic carbon atom of 
energy ~10* ev losing energy at the rate ~10” ev/cm 
to lose most of its energy is easily calculated and found 
to be between 10 and 10~™ sec, less than the atomic- 
vibration period. Thus the severely-damaged region in 
graphite can be considered to be instantaneously heated 
to a temperature which (from its volume 10~” cm‘, 
energy 10‘ ev) is seen to be several thousand degrees. 
The subsequent fall in temperature is then characteristic 
of the thermal properties of the surrounding graphite. 
Because of its small diameter, and because it will soon 
be seen that only its early life is of interest, this thermal 
spike can be considered to behave like Lord Kelvin’s 
instantaneous line source,” 


AT=[3X 10-*q/cax?t] exp(—r?/4at) 


(where the symbols are those used by Primak*'), and 
may be well characterized by its radius at the points of 


*H. S. Carslaw, Mathematical Theory of the Conduction of 
Heat in Solids (Dover Publications, New York, 1945), p. 152. 
31 W. Primak, Phys. Rev. 98, 1854 (1955). 
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inflection of AT, r,=2xt! and by its temperature at the 
same point, AT;=3X10~*¢/cx*t_ which is approxi- 
mately % of AT at the center. The thermal effects 
might cause changes in the physical properties and the 
annealing of changes in the physical properties. 

Annealing according to the laws which apply under 
ordinary conditions may be treated by considering 
the maximum advance of the characteristic-activation 
energy €9= 7 In(A?) given by equating its first temporal 
derivative to zero. The temperature may be considered 
to vary approximately inversely with time. Thus the 
maximum advance of ¢€ is at about In(A/)=1 which 
occurs at several times greater than ‘=1/A. The fre- 
quency factors for annealing seem to be about an order 
of magnitude smaller than the atomic-frequency factor 
(cause or effect?), and hence the temperature of the 
thermal spike would now be somewhat lower than 
calculated for the severely-damaged region at formation. 
However, even if it were not lower, the maximum 
advance of €9 would be but several tenths ev (corre- 
sponding to ordinary annealing at about 100°K), and 
the slope of the characteristic-annealing function would 
be about 3 (corresponding to ordinary annealing over 
a region about 3 the temperature of ordinary annealing, 
ie., about 30°C in the present case). The results of 
irradiations of graphite at liquid nitrogen temperature 
are difficult to interpret from the present view because 
of complications in the nascent-activation-energy spec- 
tra in this annealing region. However the broad anneal- 
ing region for the stored energy is suggestive of the 
kind of effect described here. It is obvious that annealing 
in thermal spikes by the kinetics which apply under 
ordinary conditions does not affect the damage found 
in graphite irradiated in CT facilities and therefore 
cannot be invoked to explain the deviations from simple- 
isothermal damaging noted previously. Indeed it would 
hardly be expected that such a small difference in 
ambient temperature as going from 65 degrees C to 
135 degrees C would affect the very severe conditions 
within the thermal spikes. It should be noted that the 
advances of the characteristic-activation energy are 
not cumulative except where thermal spikes overlap, 
a very infrequent occurrence. 

At the beginning of over saturation in graphite, the 
thermal conductivity has decreased some 50-fold to 
100-fold. High temperatures in thermal spikes now 
persist for times an order of magnitude greater than 
the period of atomic vibrations (though hardly greater 
than the inverse frequency factor for ordinary anneal- 
ing), and hence may be responsible for some of the 
disordering which is produced. A similar effect has been 
suggested for quartz,*!** but here it is not found until 
the thermal conductivity has fallen to values perhaps 
several tenths that of graphite at this stage of damage, 
perhaps related partly to a longer atomic vibration 
period in quartz. 


® W. Primak and H. Szymanski, Phys. Rev. 101, 1268 (1956). 
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E. Dynamic Annealing 


The energy required to permanently displace an 
atom in the lattice is usually taken to be about 25 ev. 
However, the energy which must be supplied to dis- 
placed atoms to cause them to anneal is much less and 
is given by the activation-energy spectrum. If the 
growth of the activation-energy spectrum p(e) is taken 
to be proportional to the displacement rate, then 


p(e)=U (6) de R(E) X0.561E/ Eu, 


where R(£) is the rate of formation of primary knock- 
ons of energy E, U(e) is a distribution function{ for the 
resultant damage over activation energy ¢, Eg is 25 ev, 
0.561E/Ez is the secondary-atom function given by 
Seitz and Koehler,* and £ is taken as 10 for all values 
above 10‘. The dynamic-annealing rate v(e) is 


v(e)=q(e)f (e)deR(E) X0.561E/e, 


where {(e) is the fraction of the body which can be 
annealed at the activation energy ¢, and g(e) is the 
reciprocal number of times activation statistically 
occurs before annealing can take place. The result of 
the events postulated here is a neutron-irradiation- 
induced back-reaction counter to radiation damaging. 
It leads to a steady state when the damage is 


5(e)=(U(€)/q(€) ILe/Ea], 


which coincides approximately to the case of graphite 
with the values of the quantities: U(e)~10- per ev, 
g(e)~10- (i.e., the frequency factor for annealing is 
about 10~! times the atomic frequency factor), and a 
final disordered state with the whole body distributed 
in increasing extent over activation energies up to 
about 7 ev, the heat of sublimation. 

A phenomenon is referred to by Woods, Bupp, and 
Fletcher which they term nuclear annealing. The 
phenomenon is the following: an irradiation is per- 
formed until considerable damage is produced. The 
irradiated sample is then irradiated at a higher tem- 
perature, and it is found that annealing has progressed 
to a greater extent than can be accounted for by thermal 
annealing for the period of time of irradiation at the 
higher temperature despite the fact that according to 
the theory of simple-isothermal damaging it should 
have been somewhat less. It has already been shown 
that the effect cannot be explained by thermal spikes 
as suggested by Woods, Bupp, and Fletcher. Indeed 
this is obvious without detailed consideration, for the 

t Note added in proof—Some difficulties arise in a precise de- 
scription of this function because the subsequent discussion indi- 
cates the function is different for different irradiation conditions, 
and it alters as the irradiation progresses. However the argu- 
ments given here require only a precision of several fold, and to 
this precision the function is quite satisfactory. 

3% F, Seitz and J. S. Koehler, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy (United Nations, 
New York, 1956), Vol. 7, Paper 749. 

* Woods, Bupp, and Fletcher, Proceedings of the International 


Conference on the Peaceful Uses of Atomic Energy (United Nations, 
New York, 1956), Vol. 7, Paper 746. 
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small alteration in the irradiation temperature they 
refer to could hardly affect the extreme conditions in a 
thermal spike appreciably. Therefore, proceeding along 
another direction, from the above equations, if ¢(e) 
had some appreciable value at the end of the lower 
temperature of irradiation: then at the higher tem- 
perature, for an activation energy 


e=£(€)q(¢)Ea/U(¢), (9) 


the population will be in a steady state; while for 
activation energies below this, it will fall; and for 
activation energies above this, it will rise. Effects of 
the kind described here have been observed in irradia- 
tions above room temperature time {(e) is 2X10 
per ev. They cannot be explained by Eq. (9) if the 
functions are independent of temperature, for then « 
is only about 0.4 ev. However, U(e) is in fact quite 
sensitive to temperature in certain ranges of tempera- 
ture, decreasing greatly as the temperature is increased 
(see Woods, Bupp, and Fletcher,** Fig. 31 and the 
previously noted findings of Lees and Neubert), and 
this accounts for the marked annealing effects which 
are observed. 

The sensitivity to temperature of U(e) for graphite 
is accounted for in the following way. Much of the 
damage which anneals at low-activation energies has 
been attributed to processes involving single interstitial 
carbon atoms, and the damage which anneals at higher 
activation energies has been attributed to processes 
involving carbon atoms which are partially bound to 
each other as interstitial clusters. It is reasonable to 
suppose that the rate of clustering is suppressed when 
the single interstitial carbon atoms are annealing 
rapidly or when their concentration is low. 

In January, 1954, the writer in collaboration with 
the late Jerome Fleeman irradiated graphite dosage 
rods in the low-temperature facility in the graphite 
reactor at the Brookhaven National Laboratory and 
found an initial change of 85% for an irradiation for 
which the following data were quoted: thermal mvt, 
7.85X 10" neutrons/cm’; fission energy expended in the 
whole reactor, 1550 Mw-hr; nominal temperature 
40°C.*5 These results have been stated in terms of the 
damaging flux." 

The writer does not possess any data on graphite 
which is suitable for comparing the low-temperature 
damage rate with the ambient-temperature damage 
rate given above. However, Keating!® has published 
data which may be used for this purpose. He found 
that when graphite was irradiated at low temperature, 
the increase in ¢ spacing was about 0.06A for an 
irradiation quoted at 2X 10’ neutrons/cm’. (It is shown 
below that the increase in ¢ spacing rather than the 
percent increase is the more significant.) This corre- 
sponds to about 0.60X10-* angstrom per damaging 


% The use of the graphite dosage rod and the electrical con- 
ductivity to give the dosage in initial change units is described by 
W. Primak and L. H. Fuchs, Nuclear Sci. Engr. (to be published). 
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neutron/cm? according to the dosage determination 
given above. When the samples were warmed to a 
little above room temperature, Keating states that 41% 
of the damage annealed. The remaining damage (see 
below) was what would have been expected had the 
irradiation been conducted at a little above room tem- 
perature. This is in accord with Keating’s observation 
that the low-temperature damage rate he observed was 
about twice as great as had been observed previously 
in other locations of the Brookhaven reactor (but for 
which the damaging flux is not known). 

It is thus evident that there is no marked dynamic 
annealing effect in passing from irradiations at liquid 
nitrogen temperatures (LT) to CT irradiations; i.e., the 
function U(e) cannot be greatly different for LT than 
for CT, contrary to what is found at somewhat higher 
temperatures. The accuracy of this result depends on 
the accuracy of the dosage determination above. It is 
quite possible, because of the heating effects resulting 
from the absorption of radiation,” that the dosage rods 
were irradiated at a somewhat higher temperature than 
the temperature at which they were calibrated. The 
writer has irradiated vitreous silica at liquid nitrogen 
temperature in the Brookhaven LT facility and found 
that the density change after warming to room tem- 
perature was such as would have required a 20% greater 
dosage in CT than the one calculated from the dosage 
determination given above. The effect of temperature 
on the damage rate of vitreous silica is not determined, 
but from the probable explanation of the effect,*! it is 
expected to be small. Hence the result for vitreous 
silica may be taken to confirm the result obtained with 
the dosage rods to within the precision required here. 

Accordingly, the radiation damage which is found in 
CT irradiations is indicative of the radiation damage 
which would have been obtained had no annealing 
occurred. From the number of displacements which 
was determined for CT irradiations, the number which 
would have resulted had no annealing occurred can be 
obtained by multiplying the former number by the 
inverse ratio of the damage under the respective condi- 
tions. Thus the experimental displacement rate can be 
obtained from the determinations which were made 
before low-temperature facilities were available. Since 
the range of values for these determinations is of the 
magnitude of the values, the factor which is used to 
convert the CT results to those which would have been 
obtained in the absence of annealing is sufficiently well 
known so that it does not introduce any appreciable 
uncertainty. 


IV. DISPLACEMENT RATE 
A. Energy Content 


The phenomenon.—In CT irradiations, the energy 
content** increases initially at about 0.56 10-"* cal/g 
3 Original work by F. D. Rossini and E. J. Prosen (National 


Bureau of Standards) in collaboration with T. J. Neubert (Metal- 
lurgical Laboratory, University of Chicago) (unpublished). 
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per damaging neutron. This increase in energy content 
is easily annealed, the stored-energy-activation-energy 
spectrum*’ showing an abrupt decline at 1.4 ev. The 
rate of increase in energy content declines markedly 
from the beginning. It is also quite sensitive to the 
temperature of irradiation as would be expected, since 
the width of the prominent part of the stored-energy- 
activation-energy spectrum present after CT irradia- 
tions is only about half an electron volt in width. 
During LT irradiation the increase of energy content is 
2 to 3 times as great as in CT irradiations,'* annealing 
of the additional energy content increase occurring at 
activation energies below and contiguous to those found 
in CT irradiations. 

Inter pretation.—The increase in energy content is of 
the order of magnitude of the heat of sublimation of 
the estimated number of displaced atoms. This is too 
great to be associated with a lattice strain. It is therefore 
associated with the breaking of carbon-carbon bonds in 
graphite. Since the rate of increase of the energy content 
declines markedly from the beginning while the changes 
in the x-ray diffraction patterns continue unabated for 
much longer periods of irradiation, Austin and Harri- 
son’s** association of a major part of the increase in 
energy content with the strain energy is probably un- 
justified and their comparisons are misleading. 

Displacement rate—The heat of sublimation of a 
carbon atom of graphite is about 7 ev/atom. Thus an 
unbound interstitial carbon atom has associated with 
it 7 ev; and at the time of formation, 7 ev are associated 
with the vacancy which is generated simultaneously. 
Estermann® attempted to estimate the relaxation about 
the vacancy from the first,experimental annealing data 
for the energy content, but subsequent experimental 
work showed that the assumptions which were made 
were incorrect. The reasoning used here proceeds by 
the argument given by Hennig and Hove.'® It is 
supposed that vacancies do not diffuse until about 
1500°C ; and hence the relaxation about the vacancy 
must be at least 6 ev, leaving a 1 ev contribution to 
the energy content. At least some of the interstitial 
carbon atoms seem to be ionized and these would then 
contribute about an ev to the energy content. If C, 
groups are formed interstitially, their binding energy is 
about 7 ev per C2 molecule or 3.5 ev per C atom*®-4!; and 
the increase in energy content is in this case about 
4.5 ev per displaced carbon atom. Thus if the initial 
rates of energy storage noted in CT irradiations corre- 


37 Original work by R. J. Maurer and R. C. Ruder,? B. Leaf 
and A. A. Novick (Metallurgical Laboratory, University of 
Chicago) (unpublished), and J. A. Wheeler and J. J. O’Connor 
(Hanford Engineering Works) (unpublished). 
ak E. Austin and R. J. Harrison, Phys. Rev. 100, 1225 

1955). 

#1. Estermann (unpublished report, May, 1945). 

A. G. Gaydon, Dissociation Energies and Spectra of Diatomic 
Molecules (John Wiley and Sons, Inc., New York, 1947), p. 190. 

“ F. R. Bichowsky and F. D. Rossini, The Thermochemistry of 
Chemical Substances (Reinhold Publishing Corporation, New 
York, 1936). 
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spond to the formation of uncombined or loosely 
trapped interstitia] carbon atoms, the displacement rate 
is about 3.8X10-* displacements per atom per damag- 
ing neutron/cm’. If some aggregation has already 
occurred, the displacement rate is greater yet. In LT 
irradiations the displacement rate would seem to be 
more than twice as great as in CT irradiations. 
Comments.—The displacement rate as determined 
from the increase in energy content is in doubt from 
lack of knowledge of the state of the displacements, the 
contribution of lattice strain, the electrostatic con- 
tribution, and the effect of the altered Fermi level.§ 


B. X-Ray Diffraction Effects 


The phenomenon.—In CT irradiations the c-spacing 
increases linearly with dosage to large dosages (> 10” 
damaging neutrons/cm?) and seems to be insensitive to 
the kind of graphite.“ The rate depends on the tem- 
perature of irradiation, but for CT a representative 
value seems to be 0.34X 10-*° angstrom per damaging 
neutron/cm? and for LT irradiations'® about twice as 
great as this. There also occur a much smaller decrease 
in a spacing and intensity changes. Several samples 
which had been irradiated for a dosage about 6X15” 
damaging neutrons/cm?, apparently in the upper range 
of temperatures represented by CT so that the rate of 
damage had been somewhat less than indicated above, 
were investigated in detai] by Zachariasen.* He found 
that as well as could be determined, the changes in 
c spacing, @ spacing, and intensities changed simul- 
taneously as the damage was annealed. 

Inter pretation.—Zachariasen® interpreted the inten- 
sity changes to indicate a random distortion in the 
graphite plane. Assuming the distortion to be the result 
of interstitial blisters which distorted the planes but 
did not alter the in-plane C—C bond distances appre- 
ciably, he estimated the ratio of blisters to carbon 
atoms. In another attempt he assumed that the crystal 
volume pre-empted by a displaced carbon atom would 
average that of carbon in the most poorly organized 
carbon blacks, about 10 A’, and that the vacancy 
would pre-empt the crystal volume of a carbon atom 
in normal graphite, 8.7 A®. 

Displacement rate.—If one may extend Zachariasen’s®* 
finding that the increase in ¢ spacing, the decrease in 
a spacing, and the root-mean-square deviation from 
planeness anneal simultaneously and speculate that 
they form simultaneously, then the rate of blister 
formation in typical CT irradiations can be obtained 
by multiplying his results by the ratio of the c-spacing 


§ Note added in proof.—If the imperfections studied by M. A. 
Kanter and G. R. Hennig [Bull. Am. Phys. Soc. Ser. 2, 1, 119 
(1956) ] are the vacancies considered here, the relaxation energy 
is at least 2 ev less than given here, and the displacement,rate as 
estimated here must be reduced about 20%. 

J. R. Townsend (private communication). 

4 W. H. Zachariasen (unpublished report, May, 1945); W. H. 
Zachariasen and H. A. Plettinger (unpublished report, January, 
1950). 
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rate of increase for typica] CT irradiations compared to 
the rate of increase for his samples. This gives the 
result 15X10" to 3X10 blisters per atom per 
damaging neutron/cm? for CT irradiations. The number 
of carbon atoms per blister is uncertain but would seem 
to be several on the average. From the dilatation, the 
displacement rate is easily calculated to be 4.5X10-" 
displacements per atom-damaging neutron/cm? for CT 
and would be about twice as great for LT. 
Comments.—Zachariasen did not give the details of 
his calculation of the number of blisters, but he noted 
that his estimate might be incorrect by an appreciable 
factor. It should be noted too, that the samples which 
were examined had been irradiated for about the 
saturation period. In view of the extensive annealing 
which, it has been shown, the samples must have 
undergone and in view of the complexity of the events 
attendant upon the slowing down of the knock-ons, 
the correspondence of lattice spacing and intensity 
changes should be studied experimentally at different 
dosages. The estimate from the volume expansion is 
based on ad hoc assumptions which are certainly in- 
correct quantitatively. However, the result it yields is 
probably as accurate as any of the estimates given here. 


C. Electron Traps 


The phenomenon.—The Hall effect in graphite is 
negative. On irradiation it becomes increasingly posi- 
tive, reaches a maximum at a positive value, about 
5.5X10-" damaging neutrons/cm?, and then declines 
slowly. 

Interpretation —The change in the Hall effect is due 
to the change in the Fermi level near the edge of a 
Brillouin zone. It is assumed that electron traps are 
formed and as a consequence the Fermi level in the 
conductor is lowered. Evidence is adduced by Hennig 
and Hove'* to indicate that at least part of the traps 
are associated with interstitial displaced atoms. 

Trapping rate——Hennig and McClelland introduced 
electron traps into graphite chemically“ and compared 
the change in Hall effect with that produced by CT 
irradiations.*® It was estimated that the rate of intro- 
duction of traps into graphite in CT irradiations was 
such as would correspond to 5X10- traps per atom 
per damaging neutron/cm’. If on the average one dis- 
placed carbon atom is to be associated with each 
electron trap, the displacement rate is 5X10~-** dis- 
placements per atom-damaging neutron/cm? in CT 
irradiations. 

Comments.—The nature of the electron trapping in 
reactor-irradiated graphite is uncertain. The traps do 
not seem to be identical; e.g., only some of them seem 
to be paramagnetic.'® The extreme disorder which is 
produced must also alter the zone structure of the solid. 


( 985) R. Hennig and J. D. McClelland, J. Chem. Phys. 23, 1431 
1955). 
“6G. R. Hennig and J. D. McClelland (unpublished). 
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The extent to which a change in zone structure is 
involved in shifting the Fermi level with respect to 
the zone edge is unknown, but is probably small, at 
least in the early stages of irradiation. 


D. Other Determinations 


Antal, Weiss, and Dienes® determined the effect of 
irradiation on the long-wavelength neutron scattering 
cross section of graphite. From the localized manner of 
production of the damage, it is evident that their 
assumption of dispersed vacancies and interstitial atoms 
is quite unjustified. This assumption probably affects 
their results more than it does the other results pre- 
sented here. More serious, however, is the fact that the 
dosage of their samples is not given. Their fast flux is 
not defined; and since no other properties of their 
irradiated sample are given, it is not possible to estimate 
the dosage by a comparison with property changes in 
irradiation locations which have been calibrated. They 
take their results to indicate a displacement rate 1.5 
X10-* displacements per atom per fast neutron/cm?. 
It is seen that this result is too low for their fast flux 
to be identified with the damaging flux. Further, the 
large property change noted and the small amount 
of it annealing at 250°C suggest that the sample had 
been irradiated for several saturation periods, and this 
may account in part for their low value. It may be 
noted in passing that the annealing of their effect 
(attributed in part to vacancies) below 900°C, when 
other investigators'® have assumed that vacancies are 
not mobile below about 1500°C, is worthy of further 
consideration. The result by Antal, Weiss, and Dienes 
will be disregarded in this summary. 

The increase in the energy content (cal/g) of dia- 
mond* in CT irradiations is about that found for 
graphite and would lead to about the same displacement 
rate on the assumptions given above. The effect of the 
irradiation temperature is unknown. 

The dilatation of diamond on irradiation has been 
treated by Zachariasen® in the manner he employed 
for graphite. Using this method with the data given 
elsewhere,” the result is 3.3X10-** to 4.1K10-”* dis- 
placements per atom per damaging neutron/cm? in CT 
irradiations. 


V. DISCUSSION 


The effects which result from the events initiated by 
the passage of an energetic neutron through a solid are 
not well understood and are yet in part the subject of 
unconfirmed speculation. The effects depend on the 
structure of the solid, and a classification which illus- 
trates the general effects of the passage of energetic 
atomic particles through solids is given by Seitz and 
Koehler.* The effects which were discussed here were 
those which involved the displacement of atoms in 
solids which are usually thought of as not undergoing 


46 Primak, Fuchs, and Day, Phys. Rev. 103, 1184 (1956). 
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chemical decomposition. Even in this limited group, 
the effects are quite varied. The effects depend greatly 
on the physical properties of the solid (or alternatively, 
the composition and structure) for these determine the 
energy loss per unit distance, the number of displace- 
ments per unit distance, the temperature rise (and 
associated phenomena) along the path, and the ultimate 
fate of displaced atoms. The region of energy loss which 
is of interest is that in which the energy loss by ioniza- 
tion has become small. Details of energy loss in this 
region are uncertain because it is difficult to perform 
experiments of stopping power and because the strag- 
gling range is a considerable portion of this region. 
When the research upon which the present paper is 
based was started, it was hoped that in several solids 
which do not recrystallize readily and in which the 
crystal structure is based on localized bonds which are 
not readily re-formed, the sequence of effects would be 
preserved. It was seen that this has not been realized 
and that the radiation damage is labile at ordinary 
temperatures even in what seems to be one of the most 
stable substances in this sense: graphite. Although not 
enough is yet known about diamond and silicon carbide, 
it is likely that this will be true of them too, but 
possibly a little less so. However, enough of the sequence 
of original effects seem to remain in these solids that a 
reconstruction seems to have been achieved. Parts of 
this reconstruction are quite general and presumably 
would be equally valid for other substances, e.g., the 
theory of isothermal damaging presumably is equally 
valid for copper and aluminum at low temperatures. 
Other portions of this reconstruction, like the localiza- 
tion of the damage discussed here, is probably peculiar 
to only a few substances involving elements in the 
lower part of the periodic table like quartz, diamond, 
silicon carbide, and graphite. 


WILLIAM PRIMAK 


The extreme interest in graphite arises from the 
relative stability of the damage produced in it and from 
the large amount of data available for this damage. It 
thus possesses a unique significance in the study of 
radiation damage entirely apart from its historical 
contribution and practical value. Hence it is important 
to establish a reliable value for the displacement rate 
as a guide in developing the subject. No unequivocal 
method has yet been proposed for this and they are all 
based on ad hoc assumptions. It is therefore comforting 
that the methods which have been used all seem to 
give the same value within a factor of two: 10-*! dis- 
placement per atom-damaging neutron/cm? for the 
number of displacements which remain after a scattering 
event involving a fast neutron near the beginning of 
the irradiation under conditions in which thermal 
annealing of the damage has not occurred. However, it 
must be cautioned that in none of the estimates has the 
complexity of the damage been considered. The extreme 
concentration in which much of the damage caused by 
fast neutrons scattered in graphite and diamond is 
originally produced may seriously affect the estimates 
and the number of displacements produced as well. It 
would therefore seem that the value established here is 
to be considered a lower limit for the number which is 
sought: one to be compared with the theoretically 
deduced displacement rate. 
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Three general theorems of statistical mechanics are used to calculate the differences, between the normal 
and superconducting states of a metal in (i) the mean kinetic energy of the electrons, (ii) the mean kinetic 
energy of the lattice, and (iii) the mean potential energy of the entire system. The word “mean” implies 
thermal average at a given temperature and pressure. The formal properties of these differences are estab- 
lished and a numerical calculation is carried out in the case of tin. The most important results of this inves- 
tigation are that (a) all three differences are of the same order of magnitude (~10™* cal/mole for a typical 
superconductor) at all temperatures, (b) they all vanish at the transition temperature, (c) the mean kinetic 
energy of the electrons is greater in the superconducting state than in the normal state and depends strongly 
on the isotopic mass, (d) the mean kinetic energy of the lattice is less in the superconducting state than 
in the normal state and depends equally strongly on the electron mass, and (e) the mean potential energy 
of the entire system is also less in the superconducting state than in the normal state. In the final section 
these results are discussed from a physical point of view. 





1, INTRODUCTION 


N this paper we shall use some general theorems of 
statistical mechanics to study the difference between 
the normal and superconducting states of a metal. 
We believe that the results we shall obtain are quite 
rigorous and general. However, in order to apply them 
to any given superconductor, we must know the de- 
pendence of the critical field H, on the isotopic mass M. 
At present this dependence is known with any certainty 
only for a small number of superconductors. 
Let us consider the well-known thermodynamic 
relationship, ' 


(1.1) 


here G, and G, are the Gibbs free energies in the 
normal and superconducting states, respectively, V is 
the volume of the specimen, and H, is the magnetic 
field required to destroy the superconducting state. 
We shall always calculate all extensive quantities for 
one mole, so in Eq. (1.1) Ga, G,, and V refer to one 
mole. It will be convenient to denote by AX the 
difference in X between the normal and supercon- 
ducting states. We shall refer to AX simply as the 
difference in X. Equation (1.1) can be used to calculate 
the difference in quantities such as G, S, and V (S is the 
entropy per mole and V the molar volume) from a 
knowledge of H, as a function of temperature and 
pressure. The results of these calculations have always 
agreed with the direct experimental determinations of 
the quantities involved,” thereby confirming the validity 
of the thermodynamic arguments which led to Eq. 
(1.1). 

Recently, however, a very important new item of 
experimental data has become available. This new 
piece of information is the dependence of H, on the 


G.—G.=VH2/8e; 


*Present address: Department of Mathematical Physics, 
Birmingham University, England. 

1D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1938), Chap. 3, p. 57. 

? Reference 1, page 62. 


isotopic mass of the superconductor. It is available 
for the four superconductors tin,’ mercury,‘ thallium® 
and lead.* Now if we know the dependence of H, on M, 
we can immediately calculate, with the help of Eq. 
(1.1), the dependence of AG on M. We shall show that 
this additional information enables us to calculate the 
differences, between the normal and superconducting 
states, in the mean kinetic energy of the electrons, 
the mean kinetic energy of the ions in the lattice, and 
the mean potential energy of the entire system. The 
word “‘mean” in the last sentence is to be interpreted 
as “thermal average at a given temperature and 
pressure.” We shall denote these differences by AK n, 
AKy, and A®, respectively. It will become clear that 
the accuracy with which we can calculate any of 
these quantities is limited only by the accuracy of the 
experiments that determine the dependence of H, on 
T, P, and M. 

In the next section we shall use three theorems in 
statistical mechanics to calculate these three differences. 
Section 3 is devoted to a discussion of the formal 
properties of the results of Sec. 2. At the end of this 
section we calculate, for tin, the temperature depend- 
ence of AK,,, AK y and A®. ‘The results of these calcu- 
lations are shown in Fig. 1. In Sec. 4 we shall use 
the formal properties we derived in Sec. 3 to gain 
some insight into the probable nature of the super- 
conducting transition. 

Finally we should like to emphasize two features 
of the calculations presented in this paper. Firstly, 
the results we obtain are completely independent of 
any theoretical picture or “‘model” of the superconduct- 
ing state. They are based entirely on the general 
principles of statistical mechanics, although to apply 
them to any given superconductor we require a knowl- 


*Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc. 
47, 811 (1951 ). 

4 Reynolds, Serin, and Nesbitt, Phys. Rev. 84, 691 (1951). 

5E. A. Maxwell, ‘National Bureau of Standards, Circular 519, 
1952 (unpublished), p p. 

6 M. Olsen-Bar, 3 aia 168, 245 (1951). 
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edge of the dependence of H, on T, P, and M. This 
information is to be found from experiment. Secondly, 
we wish to point out that in this type of approach, 
which is by no means unknown in dealing with other 
physical phenomena, we reverse the usual order of 
procedure. Here we start from the experimental data, 
apply the general principles of statistical mechanics, 
and deduce some general results about the microscopic 
nature of the phenomenon. This is the reverse of the 
more usual procedure in which we start with some 
specific assumptions about the microscopic state, 
usually chosen so as to make the problem tractable, 
and then deduce with the aid of statistical mechanics 
some statements about the macroscopic behavior of 
the system. 


2. CALCULATION OF THE DIFFERENCES 
AK,, AKy AND A® 


Consider the Hamiltonian, H, for one mole of a pure 
isotope of any superconducting element. This can be 
written as 
where 

ZN p? 


K,n=> egy | 
i=1 2m 


(2.2) 


n P? 
Ku=d soa? 
M 


t=] 


(2.3) 
and 
as Le nN zn Zé 
= Vo) rea aie TIS 
‘<i [R;—R;| 1 = |R;—1;| 


ZN e 
+> o— 


(2.4) 
‘<i |t—TF; 

In these equations, M and Z are the mass and atomic 

number of the isotope of the element concerned; m 

and e are the mass and charge of the electron. The 


momentum and coordinate of the ith nucleus are 
denoted by P; and R,, while those of the ith electron 
are denoted by p; and r;. The operators Ky, K», and 
® are the kinetic energy of electrons, kinetic energy 
of the nuclei and potential energy of the entire system. 
In writing down this Hamiltonian, we have assumed 
that the metal can be thought of as being composed of 
N nuclei of charge Ze and ZN electrons of charge e. 
This assumption seems to us to be perfectly sound. 

Next we state the three general theorems of statistical 
mechanics that we require. First the internal energy, 
U, of the system is given by, 


U=H=Ky4+K,,4+4, (2.5) 
where 7 is the thermal average of the Hamiltonian 
H. The second theorem we shall need is the virial 


theorem.’:* This states that the product of the pressure, 
p, and volume, V, is given by 


pV =3(Ku+K.)+}2, (2.6) 


where & is the average of the virial of the interparticle 
forces and is given by 


ee N 

E=—> Y(R,;- VRyZe/| Ri—R;|) 0 
i<i 
N ZN 


+E L((Ri—14) -Vei-rpZe/| Ri—1;| ) wv 


i=1 j=l 


ZN 
—D Lis Vaye’/|ti—15| mw. (2.7) 
i<j 
Now since the only interparticle forces present are 
Coulomb forces, it is easily seen that =. When this 
result is substituted into Eq. (2.6), we find that 


$pV=Ku+K,,4+}9. (2.8) 


Equations (2.5) and (2.8) are well-known results in 

statistical mechanics. Finally we shall use the following 

equation, ” 
—M(0G/0M)p,r=Ky. (2.9) 


This equation, which is quite general, appears to be 
new and is derived in the appendix. A similar equation 
holds for the mean kinetic energy of the electrons, but 
we shall not require it. If we now express U and V in 
terms of the derivatives of G, we find that Eqs. (2.5), 
(2.8), and (2.9) can be written in the form 


aG a(G/T) gg rut ania 
-7|—| -r| =RytKpt%, (2.10) 
OP Jru OT Ip. 


0G r vi: #€ 
|] —Ru+Ret}®, (211) 
T,M 


0G 


7E. A. Milne, Phil. Mag. 50, 409 (1925). 
8 J. de Boer, Repts. Progr. Phys. 12, 305 (1948-1949). 
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Now we do not know the dependence of either G, or G, 
on P and M, so the above equations are of no use as 
they stand. However, we do know the dependence of 
AG on P and M. We therefore apply the operator A, 
where AX=X,—X,, to both sides of the above equa- 
tions and, noting that A can be interchanged with the 
operator of differentiation, we find that 


aAG aAG/T 
t-te 
OP Jr,m OT Ip 
=AKyt+AKn+A®, (2.13) 


AG tee 
-|—] =ARy+ARnt+4A8, (2.14) 
OP Ir 


dAG it 
-u|—| =AKy. (2.15) 
aM Sn p 


The left-hand sides of these equations can be expressed 
in terms of the derivatives of H, with respect to 7, P, 
and M, and we regard these derivatives as known 
quantities. We therefore have three linear equations 
for three unknown quantities AK,, AKy, and A®. 
Solving for these quantities, we find 


r aAG aAG/T 
aRw= | —| +7[—— 
it 


OM oT 


P,M 


OM 


aAG/T aAG 
r ——| -5|—| 
OT Ip OP Jr.m 


To calculate AK,,, AKy, and A® in terms of the 
derivatives of H., we merely have to substitute AG 
= VH?/8r. It is convenient at this stage to make some 
simplifications. First, all the terms that arise from the 
derivatives of V with respect to T, P, and M are 
extremely small (~10~* cal/mole at most) compared 
with the other terms (~10~ cal/mole). Consequently 
we can neglect these terms. For similar reasons we ¢an 
also neglect the terms that arise from the derivatives 
0H./dP. When we make these simplifications, we 
find that 


VH. oH. oH. H, 
AK,.= [( ) +1( ) -=| (2.19) 
4 OM/ 7p OF 7 ase: 2 


VH. OH, 
oo 
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0AG 
aky=—m|—| 
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(2.18) 


(2.20) 
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VHA OH. 

Ad= — |27( ) ~H (2.21) 
4 OT / pm 

Finally we express AK», AKy, and A® in terms of 


the distribution functions? in momentum and con- 
figuration space. We have that 


P 
Ku= f —oy(P)aP, (2.23) 
2M 


and 


® = sf V eo(¥ 1,82) pe(¥1,82)dridre 


re f f Vyw(Ri,R:)ow(R:,R:)dR aR; 
+ ff VoelRs)pr.(R,t2)dRvdr (2.24) 


Here o,(p) and oy(P) are the momentum distribution 
functions for the electrons and nuclei, respectively. 
The functions p,, py, and py, are the pair correlation 
functions for two electrons, two nuclei, and one electron 
and one nucleus, respectively. From these equations, 
we have at once that 


2 
4K .= f — ne.(o)dp, (2.25) 
2m 


2 


affien f — Ao (P)dP, (2.26) 
2M 


and 


a= f [Vadoaindrst ff VexovdRiRs 
+f [Vaden Rie, (2.27) 


where, for example, Ao,=(¢-)y—(oe)s, and is the 
difference between the momentum distributions for 
the electrons in the normal and superconducting states. 
Similar definitions hold for the other functions appear- 
ing in the above equations. We shall make use of these 
formal equations in Sec. 4. 


3. PROPERTIES OF AK,, AKy, AND A® 


To make use of Eqs. (2.19)—(2.21), we must calculate 
M(0H./0M)p,r from the experimental data. The most 
convenient way to do this is as follows. The dependence 
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of H, on T and M has been found experimentally* to be 
given by the equation 


where Hy, is the critical field at absolute zero, ‘=7/T., 
T, is the transition temperature, h(t) is a function that 
depends only on ¢ and h(0)=1. The function h(#) is 
moreover identical for all the isotopes of any one super- 
conductor.*" The exact form of this function does not 
concern us at the moment. (In fact it can be rather 
accurately represented by the simple expression 1—?.) 
Equation (3.1) expresses the well-known law of simi- 
larity for the isotopes of any one superconductor. The 
different isotopes have, of course, different values of 
Hy and T, and the equation states that H./Ho is a 
universal function of T/T. This law was first discovered 
by Lock, Pippard, and Shoenberg® who worked with 
the isotopes of tin. It is also likely that it is obeyed by 
the isotopes of mercury‘ and thallium.® In addition it is 
well established that for these three substance, 7, 
and H» both vary as M~*, where a=}, within a few 
percent. In the case of lead, M. Olsen-Bar® found that 
Hy and T, varied as M-?, approximately. This result 
has, however, never been confirmed. It is worth re- 
marking at this point that it would be of great theo- 
retical interest to have considerably more data on the 
dependence of Ho and 7, on M, particularly for the 
lighter superconductors. In our theoretical calculations 
we shall assume that the critical fields of the isotopes 
of a given superconductor can be expressed in the 
form given by Eq. (3.1); but we shall assume, for the 
sake of generality, that Hyp « M~* and T, « M-*. 

With this assumption we can easily calculate AK m, 
AKy and A® in terms of the function h(t). We have 
that 


AK n= —AU h{ (14+2a)h—2(1+8)th’], 
AKy=2AU oh[ah—Bth'], 


(3.2) 


(3.3) 
and 


AB=2AU oh h—2th']. (3.4) 


Here h’ = dh/dt, and AUo( = HV /8n) is the difference in 
energy between the normal and superconducting states 
at absolute zero. 

From these equations we can draw the following 
conclusions : 

(i) Since 0H./A8T <0 (which of course implies that 
AS20O) at all temperatures below 7, it follows that 
h’(t)<0 for t¢1. When this inequality is combined 


* Recent experiments" on tin, vanadium, and aluminum indi- 
cate that h(#) may in fact be a universal function for all super- 
conductors. 

 Corak, Goodman, Satterthwaite and Wexler, Report on 
International Conference on Low Temperature Physics (National 
Center of Scientific Research and UNESCO, Paris, 1956), p. 503. 

1B. B. Goodman, Report on International Conference on Low 
Temperature Physics (National Center of Scientific Research, and 
UNESCO, Paris, 1956), p. 506. 
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with Eqs. (3.2)-(3.4), we find that 
4K,, 20 

AKy<0 

Ad<0 


for all temperatures. (3.5) 


We can therefore conclude that (a) the mean kinetic 
energy of the electrons is greater in the superconducting 
state than in the normal state, (b) the mean kinetic 
energy of the ions or nuclei is less in the superconducting 
state in the normal state, and (c) the mean potential 
energy of the entire system is also less in the super- 
conducting state than in the normal state. We shall 
attempt to interpret these conclusions in more detail 
in the next section. 

(ii) Next we notice that because the superconducting 
transition is a second-order transition at T,., h(t) must 
tend to zero and h’(t) must remain finite, as 1. This 
implies that AK,,, AKy, and A® all tend to zero as 
T—T,. In particular the mean kinetic energy of the 
electrons is the same in both states at the transition 
temperature. 

(iii) As 7-0, AS->0. This follows from the third law 
of thermodynamics. Consequently h’-0 and h—-1, as 
t—0. This enables us to write the three differences in 
a very simple form at T=0. Namely, 


AK,,= —(1+2a)AUo, 
AKy=2aAU,, 
A®d=2AU >. 


(3.6) 


Since a is approximately equal to }, these equations tell 
us that all three differences are of the same order of 
magnitude at absolute zero. We can easily generalize 
this conclusion as follows. 

(iv) It is known from experiment! that h(t) varies 
smoothly between 1 and 0 as / varies 0 to 1; as we 
have remarked, it can be accurately represented by 
the expression (1—#). If we bear in mind the fact that 
Eqs. (3.2)-(3.4) involve only the first derivative of h, 
we can easily see that the three differences must be of 
the same order of magnitude at all temperatures, 
except perhaps for temperatures very close to T,. 

(v) We also notice that the derivatives of all three 
quantities with respect to temperature tend to zero 
as (0, and tend to finite limits as 1. 

(vi) Finally we have used Eqs. (3.2)—-(3.4) to com- 
pute AK,,, AKy, and A@ as functions of ¢ in the case of 
tin. It is known that the law of similarity is extremely 
accurately obeyed by this substance* and also that 
a=8=4, within a few percent. To simplify the calcula- 
tion we have assumed that h(¢) can be sufficiently 
well represented by the parabola 1—f. This is known 
to be inaccurate” but the inaccuracy is slight and will 
have little effect on the results. 

The results of the calculations are shown in Fig. 1, 
where we have plotted AK,,, AK and A@, in units of 
AUs, as functions of the reduced temperature ¢. For 
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purposes of comparison we have also plotted AU (in 
units of AUo), where AU is the difference in internal 
energy between the normal and superconducting states. 
We see from the figure that while AK,, and A® behave 
is a very similar fashion—apart from sign—AKy 
behaves slightly differently. The main differences are 
that AKy does not rise to a maximum value at an 
intermediate temperature and that it approaches T, 
with a very much smaller slope. The fact that AK, 
and A® show maxima, at 7./2 and T./v3, respectively, 
follows directly from the fact that the superconducting 
transition is a second order transition at 7,. For this 
implies that AS vanishes at both T=0 and T=T7,, 
since it is a continuous function of T it must rise to a 
maximum value at some intermediate temperature 
and this maximum is reflected in the behavior of AK, 
and A®. It may be significant that AK does not show 
this type of behavior. It is also worth noting that both 
AK,, and A® have very large gradients at T=T7,; in 
the reduced units of Fig. 1 these slopes are ~15. The 
slope of AKy on the other hand is only 4 in the same 
reduced units. 

In this section we have calculated what seems to us 
to be the most important properties of the three 
functions AK,,, AKy and A®. In the next section we 
shall attempt to interpret these properties physically 
and thus gain some insight into the nature of the 
superconducting transition. 


4. PHYSICAL INTERPRETATION 


In the last section we derived the formal properties 
of AK,,, AKy, and A®. We shall now attempt to in- 
terpret these results physically. First however, we 
must make some remarks about the definitions of 
Kn, Ku, and &. These three quantities are essentially 
defined by Eqs. (2.2), (2.3), and (2.4). From these 
definitions we see that both K,, and & contain parts 
which cannot possibly be involved in the supercon- 
ducting transition. These parts are as follows: for 
K,, the kinetic energy of the electrons which form the 
cores of the ions in the metallic lattice, and for the 
potential energy of these electrons and the static 
potential energy of the nuclei themselves. We say that 
these contributions to K,, and ® cannot be involved in 
the superconducting transition simply because we have 
every reason to believe that the motions of the electrons 
in the ion cores and the static interaction energy of 
the nuclei are not influenced significantly by the super- 
conducting transition. Consequently we need only 
consider the contribution to K,, and @ from those elec- 
trons that cannot be considered as being tightly bound 
to the nuclei. In addition to this contribution, there 
will of course be contributions to @ (and Ky) from the 
vibrations of the ions in the lattice. We can therefore 
divide the electrons into two classes: (a) those which 
are so tightly bound to the nuclei that they cannot 
possibly be influenced by the small energy change! 
(~10- cal/mole) involved in the supeconducting 
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transition and (b) the remainder, some or all of which 
may be influenced by the transition. We believe this 
division to be well justified. 

Next we give a simple qualitative analysis of the 
normal state of a superconductor. In this state the 
specific heat, C,, can be written in the form 


= T+a(T/6)*, 


where y, a, and 6 are constants, independent of the 
temperature. The first term yZ has the form one 
would expect” if there are electrons in the lattice which 
are very nearly free from the influence of any potential 
fields. Furthermore y is known,’ from measurements of 
the dependence of H, on M, to be independent of M. 
Consequently we can interpret this term as arising 
from the motions of nearly free electrons moving in a 
static lattice. It should be pointed out, however, that 
for most superconductors y departs fairly markedly 
from its “free electron’ value and hence we cannot 
suppose that the electrons are completely free. The 
remaining term a(7/6)* also has a very natural inter- 
pretation for it is of the well-known Debye 7* form and 
can at once be interpreted as arising from the low- 
frequency vibrations of the ions in the lattice. This 
interpretation is confirmed by the fact that provided 
T < 6/50, @ is a true constant; as would be predicted 
from the theory of lattice vibrations. On the basis of 
this analysis, we conclude that the thermal properties 
of a superconductor in its normal state can be accurately 
accounted for on the assumption that there are two 
independent assemblies contributing—an assembly of 
nearly free electrons moving in a static lattice and an 
assembly of low-frequency lattice vibrations. We 
should perhaps emphasize that from the experimental 
data on the specific heat in the normal state there is no 
evidence for any coupling between these assemblies. 

Let us now use this qualitative description to esti- 
mate the order of magnitude of | = Ru, and @ in the 
normal state. It will become clear that quite rough 
estimates will suffice for our purpose. Firstly K,,; this 
quantity is clearly of the same order of magnitude as 
the Fermi energy of the metal in the normal state. 
(It is not of course equal to it because the Fermi energy 
contains contributions from the potential energy of 
interaction with the static lattice.) It will therefore 
be of the order of 10 cal/mole.” Next Ky; this will 
simply be one-half the zero point energy of the lattice 
vibrations and will be of the order }R0; that is, about 
10? cal/mole.* Finally ; this quantity is the sum of 
three different contributions, as shown by Eq. (2.4). 
It will, however, be of the order of Eo, the energy at 
the bottom of the conduction band, that is, it will be 
of the order of —10* cal/mole," or rather less. 

We are now ready to examine the magnitudes of 


(4.1) 


2 R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, Cambridge 1950), second edition, Chap. XI. = 


%F, Seitz, Modern Theory of Solids (McGraw-Hill _ Book 
Company, Inc., New York, 1940), Chap. III and Chap. X. 
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AK,,, ARy, and A®, and for simplicity we shall confine 
ourselves to the absolute zero. This involves no loss 
of generality because we have seen that these quantities 
vary quite slowly with temperature. From Eq. (3.6), 
we see that they are all roughly equal to AUo, and a 
typical value for this quantity is 10~* cal/mole. We 
therefore see that all these differences are extremely 
small compared to the values of the quantities in the 
normal state. In other words, K., Ky, and © only 
change by very small amounts in the superconducting 
transition. There is an obvious and natural explanation 
of this fact in the case of the kinetic energy of the 
electrons, namely that only a small number of electrons 
in the immediate neighborhood of the Fermi surface 
are influenced by the transition. It is tempting to try 
to make the conclusion more quantitative, but any 
attempt of this nature must overcome the fundamental 
difficulty that we have a given quantity of kinetic 
energy (~AU»~10~ cal/mole) to share among an un- 
known number of electrons each of which changes 
its energy by an uncertain amount in the course of the 
transition. Clearly it is impossible to resolve this 
difficulty without further information. In view of this 
the best one can do is to try to guess what natural 
quantities of energy might be involved in the transition. 
The most obvious natural quantity would appear to 
be kT, and we do in fact find that if we suppose that 
the electrons in a layer at the top of the Fermi surface 
of depth kT, increase their kinetic energy by an 
amount kT, then the total change in the kinetic energy 
of the system is just of the order AU». However, even if 
we cannot resolve this question in a rigourous manner, 
we can at least assert that if we assume the existence 
in the normal state of a Fermi-like distribution in 
momentum space, then we have a natural mechanism 
present to reduce AK,, to roughly the right order of 
magnitude. 

It is clear that since the energy of the electrons in 
the Fermi distribution is partly kinetic and partly 
potential energy, the general argument we have just 
presented will also suffice to explain the very small 
value of A® as compared with ®. 

We next turn to AKy. Here no such simple and 
natural explanation of the magnitude of AKy appears 
to be possible. One might suppose, for instance, that 
only a comparatively narrow band of vibration fre- 
quencies are involved or that all the vibration fre- 
quencies are altered slightly in some simple fashion. 
Neither of these arguments is, however, at all con- 
vincing at the moment. It is worth noting that the 
temperature dependence of AK y is significantly different 
from that of AK,, and A@ and that the ratio AKu/Ku 
is many times larger than either AK,,/K,, or A®/®. 
This latter fact clearly indicates that at least part of the 
lattice assembly is relatively strongly influenced by 
the transition. 

It is interesting to look a little more closely at the 
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ratios AKn/Km, AKu/Ky, and Ab/®. These ratios 
have magnitudes of about 10-*, 10-*, and 10-8, whereas 
AK», AKy, and A@ are all of the same order of magni- 
tude. In other words, the change in any one of these 
quantities seems to be unrelated to the magnitude of 
the quantity in the normal state. The inequality of 
K,,, Ky, and @ in the normal state is of course, easily 
understood because K,, and © are quantities relating 
to the electron assembly whereas Ky is related to the 
lattice assembly, and these two assemblies are supposed 
to be essentially independent. On the other hand, the 
equality in magnitude of AK,,, AKy, and A® strongly 
suggests that those parts of the two assemblies that 
are involved in the transition must be very intimately 
linked together. This suggestion receives support from 
the fact that AK,, depends very strongly, through a 
factor M-, on the mass of the ions in the lattice, while 
AKy depends equally strongly, through y on the mass 
of the electrons. This dependence is completely different 
from the dependence of K,, and K y in the normal state. 

We can summarize our conclusions by saying that 
we believe that only very small parts of the electron 
and lattice assemblies are involved in the supercon- 
ducting transition but that the parts which are involved 
are linked together in a very intimate fashion. This last 
statement is in agreement with the theoretical ideas put 
forward by Frohlich and Bardeen." Indeed our calcu- 
lation of the magnitude, and dependence on m, of 
AKy shows that the lattice vibrations are appreciably 
influenced by the superconducting transition. The fact 
that we have shown that AK,,>0 at all temperatures 
lends considerable support to the energy gap “‘models”’ 
that have been put forward" as a basis for understand- 
ing the superconducting state. However, we should 
point out that it would be equally consistent with our 
calculations to suppose that the available momentum 
states just above the Fermi surface are merely more 
widely separated in the superconducting state. 

Finally we examine the formal equations (2.25), 
(2.26), and (2.27). The immediate interpretation of 
these equations is that the distribution functions o,, 
TN, Pe, pn, and py, are all distorted by the supercon- 
ducting transition. We think it is important to make 
this rather formal, but rather general statement, be- 
cause it may be possible to design experiments to try 
to study this distortion. From the discussion given 
above, the average distortion of any one of these func- 
tions will be extremely small. However, some or all of 
them may be very markedly distorted, for particular 
values of their arguments. For instance, we might 
suspect that o, will be quite different in the neighbor- 
hood of the Fermi surface in the superconducting state. 
Indeed we would suspect that it may be nonzero, at 
absolute zero, even for values of p which correspond to 


“4H. Frohlich, Phys. Rev. 79, 845 (1950). 
15 J. Bardeen, ’Phys. Rev. 80, "567 (1950). 
16 J, Bardeen, Phys. Rev. 97, 1724 (1955). 
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energy states above the Fermi surface in the normal 
metal. If this type of behavior is typical of the distortion 
to be expected in the other distribution functions, then 
it may be possible to examine their behavior experi- 
mentally. 

5. CONCLUSIONS 

In conclusion, we would like to make two remarks 
about the methods used in this paper. 

First it should be noticed that we have used, in Eqs. 
(2.10) to (2.12), all the available information on the 
dependence of AG on 7, P, and M. Moreover it is very 
hard to see how the dependence of AG on any other 
microscopic variables can be found experimentally. 
Consequently we do not see any direct or obvious 
extensions of the techniques we have used. 

Secondly we wish to discuss the difference A®. This 
difference is the sum of three terms; namely the differ- 
ence in the potential energy of the nuclei, the potential 
energy of the electrons, and the interaction potential 
energy between the electron and nuclei. It is therefore 
tempting to try to split it up into these three constituent 
parts in order to study them separately. Unfortunately 
the present techniques do not enable us to do this. 
These techniques rest, essentially, on differentiating AG 
with respect to various variables (e.g., T, P, and M). 
Consequently we can split up A® only if we can find 
three variables that are characteristic of each of the 
three parts. This is clearly impossible because the only 
characteristic variable these potential energies depend 
on is (Ze)*, and they all depend on this variable in 
essentially the same way. It may, however, be possible 
to find some other method to split up A®. 
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APPENDIX 


In this appendix we derive Eq. (2.9) of the text. We 
start from the well-known equations,"” 


Q=2 u explL—BLE.(V)+PV]], (A.1) 


G(T,P)=—kT logQ. (A.2) 
Here E£;(V) is the /th energy level of the system for a 
volume V, P is the pressure, 8=1/kT, and is Boltz- 
mann’s constant. The summations in Eq. (A.1) are 
over all accessible energy states and over all volumes V. 
The energy levels, E,(V), are the eigenvalues of the 
Hamiltonian given by Eq. (2.1); if ¥:(R,r) are the 
eigenfunctions of this Hamiltonian, then 


Ayi=EWi; 


If we differentiate Eq. (A.3) with respect to the mass 
M, multiply both sides of the resulting equation by 
yi*, and integrate, we get 


¥:=0 onthe surface of V. (A.3) 


aE,/aM= f vit (dH/aM WV. (A.4) 
& 


Consequently, 


—MdE/dM=(Ky) un, (A.5) 


where Ky is the kinetic energy operator defined by 
Eq. (2.3). Combining Eqs. (A.5), (A.2), and (A.1), we 
have at once that 


(Ku)u 


XexpL—6(£i+- PV) //Q, 
=Ky, (A.6) 
and this is the desired result. 


17R,. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, Cambridge, 1939), 
Chap. VI. 
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On the basis of theoretical results from the Debye-Waller theory of the thermal dependence of x-ray 
reflection intensity, relatively accurate values of the Lindemann constant are determined for ten metals 
by use of rigidity moduli at fusion with previously determined bulk moduli. Agreement of the derived 
value p of the critical ratio of root-mean-square amplitude of thermal vibration to nearest-neighbor distance 
at fusion, with the corresponding value from x-ray intensity data, is improved for the one case (Al) favorable 
for comparison. The average p over the body-centered cubic, face-centered cubic, and hexagonal lattice 
types is 0.111, in excellent agreement with the value 0.10; given by Griineisen. Relatively accurate values 
of the Lindemann constant for Pb and Al imply that this quantity cannot be a strict constant over a 
lattice type; however, the assumption of an average over the lattice type yields an excellent approximation 


for the face-centered cubic elements. 





I. INTRODUCTION 


N a previous paper' by the author, it was shown that 
the Lindemann law of melting can be derived under 
certain assumptions from the Debye-Waller theory? of 
the thermal dependence of the intensity of x-ray 
reflection by a solid. In a paper submitted for publica- 
tion at about the same time, Cartz* likewise pointed out 
this fact. He deduced values of Lindemann constants 
and of the amplitude of thermal vibration at fusion, 
consonant,’ in general, with those of I. The thermal 
amplitudes of I were determined from extrapolated 
bulk moduli under the assumption, which is unessential 
to the theory and was made in default of easily available 
data, that the Poisson ratio of a solid is approximately 
constant from the normal to the melting temperature. 
The purpose of this paper is to obtain improved values 
of the amplitudes by use of rigidity moduli at fusion 
with bulk moduli from I, and to examine the implica- 
tions on the validity of Lindemann’s law. 

In view of this refinement, corresponding ones can 
be made in the theoretical results of I. Zener and 
Bilinsky* have shown that the Debye method of 
obtaining an average wave velocity from the reciprocal] 
cubes thereof should be modified for the Debye fre- 
quency appearing in the Debye-Waller formula to 
correspond to reciprocal squares. In conformity with 
this result, the coefficient s,, of the Debye frequency in 
I will be replaced by S,,, defined by 


Sm= 3(3/4r)§L(1+0¢m)/(1—om) 
+4(1+¢m)/(1—2o0m)T, (1) 


* Now at Research Laboratories, Allis-Chalmers Manufacturing 
Company, Milwaukee, Wisconsin. 

- J. Gilvarry, Phys. Rev. 102, 308 (1956), referred to hereafter 
as I. 
? P. Debye, Ann. Physik 42, 49 (1914); I. Waller, Z. Physik 51, 
213 (1923). 

3L. Cartz, Proc. Phys. Soc. (London) B68, 951, 957 (1955). 
Direct comparison of Cartz’s amplitudes with those of I is not 
easily possible, since he uses a mean-square amplitude three times 
that of I (i.e., the square of the body diagonal of three mutually 
perpendicular amplitudes) and does not insist rigorously that 
all thermodynamic variables be evaluated at the fusion point. 

*C. Zener and S. Bilinsky, Phys. Rev. 50, 101 (1936). 


in terms of the fusion value ¢,, of Poisson’s ratio. The 
value of S,, differs from s,, at most by the factor 1.07 
(in the limit ¢,,—}). The volume v,, per atom in terms 
of the nearest-neighbor distance r,, in the lattice at 
fusion will be taken as 

Um=A mn, (2) 


where \ has the value 4/3v3 and 1/v2 for body-centered 
cubic and ideally close-packed lattices, respectively 
(it appeared only numerically as the latter value in 
I). The corresponding Lindemann constant c becomes 


c= (v3/2n)A4/p, (3) 


where p=[(u?)w |!/rm is the critical ratio of root- 
mean-square amplitude [(u?) }! of thermal vibration to 
nearest-neighbor distance at fusion. The theory of I 
yields 

C=S 2K mV m/RT m, (4) 


where K,, and V,, are the bulk modulus and atomic 
volume at fusion, respectively, and R is the gas constant, 
to determine the Lindemann constant c for an element. 
The value of the ratio p follows from Eq. (3), and 
thus the fusion value of the amplitude itself can be 
obtained by use of Eq. (2); for simplicity, results will 
be exhibited in terms of ¢ and p only. Note that the 
theoretical results above yield values of the amplitude 
of thermal vibration at fusion unambiguously on the 
basis of the Debye-Waller theory, independently of any 
presumptions on the validity of the Lindemann law. 


Il. TREATMENT OF THE DATA 


Since extrapolated values of the bulk modulus K,, 
at fusion are available from I, the corresponding Poisson 
ratio o» can be found if one additional elastic parameter 
is known for the polycrystalline material at fusion. 
For all the elements (except Na) discussed, Késter® 
has determined Young’s moduli by the method of 
transverse oscillations of a rod; he presents numerical 
values at normal temperature in tabular form, and 
shows the temperature variation graphically up to 


~ 6 W. Koster, Z. Metallkunde 39, 1 (1948). 
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either the melting temperature or 1000°C. If Y,, is 
the fusion value of the modulus (determined by 
graphical extrapolation, if necessary), the corresponding 
value of ¢» follows as 


om=3L1—43(V n/Km) ]- (5) 


Further, Bordoni® has presented in graphical form, for 
a number of elements at temperatures up to about 
600°K, the velocities of extensional waves in rods as 
measured by an ultrasonic pulse technique. Hence, 
linear extrapolation of Bordoni’s data to the melting 
point permits an alternative determination of Y,,, and 
thus of o, from Eq. (5). In general, the results of 
Késter, supplemented by those of Bordoni, represent 
the main source of the data employed. 

For the alkali metals, the only data available to 
determine the Poisson ratio correspond to measurements 
on single crystals; hence the question of determining 
a proper average o,, to fix the Debye temperature at 
fusion arises. Analytic methods’ are available to deter- 
mine the Debye temperature from an average over a 
sphere of the reciprocal cubes of the three propagation 
velocities for a cubic crystal, but these methods entail 
an amount of labor hardly commensurate with the 
accuracy of extrapolated data, in general. In this 
circumstance, use of a simpler averaging procedure is 
indicated. That used in I is reliable only when the 
anisotropy is small, which is not the case for the 
alkali metals (the Poisson ratios oetr,; and oerr,¢ used in 
I to obtain an average o,, are actually the ratios oi 
and 100) .8 

The basis of the method used here is the fact that the 
melting temperature is not structure-sensitive for a 
pure element, since it is apparently the same for a 
single crystal and for a polycrystalline aggregate.’ To 
obtain the elastic constants of an aggregate from those 
of the single crystal, Voight!’ has suggested the averag- 
ing over all lattice orientations of the relations express- 
ing the stress in a single crystal in terms of the given 
strain; alternatively, Reuss" has proposed averaging 
the relations expressing the strain in terms of the given 
stress. The Voight and Reuss methods correspond to 
the assumption of uniform strain and stress, respectively, 
in an aggregate. Measured moduli for polycrystalline 
samples lie between the values computed on the two 
methods, of which the Voight value is higher; these 
facts have been explained theoretically by Hill.” 
Further, Hill noted that the polycrystalline value lies 


§ P. G. Bordoni, Ricerca sci. 25, 847 (1955). 

7P. M. Sutton, Phys. Rev. 99, 1826 (1955). This author cites 
prior references. 

8 C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948), pp. 18, 156. 

9P. G. Bordoni and M. Nuovo, Nuovo cimento (supplement) 
1, 155 (1955). 

W. Voight, Lehrbuch der Kristallphysik (B. G. Teubner, 
Leipzig, 1928), p. 962. 

1 A, Reuss, Z. angew. Math. Meck. 9, 55 (1929). 

12R. Hill, Proc. Phys. Soc. (London) 65, 349 (1952). 
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closely midway between the Reuss and Voight values, 
empirically, which led him to suggest use of the corre- 
sponding mean in practical computation. 

On the basis of Hill’s work, the rigidity G of a 
polycrystalline aggregate of cubic crystals can be 
written as the arithmetical mean, 


G= 3 (C11— C12 +3044) /5+5/[4 (C1i— 12) 1+ 34g J}, (6) 


of the Voight and Reuss values, in terms of the elastic 
stiffness constants c;;. The arithmetical mean of the 
Voight and Reuss values of the bulk modulus K is 
simply the usual value, 


K=}3(¢11+2c12), (7) 


for a cubic crystal. The corresponding value o of 
Poisson’s ratio at fusion is given in terms of K,, and 
the fusion value G,, of G by 


Om=3L1—3Gm/(3Km+Gm) ], (8) 


which will be used as an appropriate average. As a 
check on the method, the Debye temperature © at 
80°K was computed for Na from the elastic constants 
of Quimby and Siegel.” The result is @=158°K; 
this value can be compared with @=159°K obtained 
from heat capacity data, and ©=164°K obtained by 
Quimby and Siegel from an average of wave velocities 
(not reciprocal cubes thereof) over 360 points on a 
sphere. 

A salient peculiarity in the evaluation of c from Eq. 
(4) can be noted. Since V,, and T,, are generally known 
with reasonable accuracy, the major uncertainty in c 
arises from error in the value of K,, and the value of 
Y, or G», used to determine o,». If Y» is used, the 
error dc in ¢ is given by 


6c (—)( —\ 
- 25m don} Ym 


1 1—2¢m\ dS m 6K m 

a. eres 

2 255 Quant ks 
in terms of errors in the data. The coefficient of 5K m/K m 
is a function only of o, showing a zero at ¢,=0.42 
and a minimum value —0.16 at o,=0; since the 
coefficient of 6Y»/Ym is } less that of 6Km/Km, the 
latter coefficient is always small relative to that of 
5Y »/Vm. If Gm is used as a datum, the corresponding 
coefficients in the analog of Eq. (9) show a similar 
behavior, but the zero of the coefficient of 6Km/Km 
occurs at ¢,=0.5. Thus, although Eq. (4) expresses c 
as a function of all the independent elastic parameters, 
the value is most sensitive to those determining the 
rigidity at fusion. As a general statement, the extrapola- 
tion necessary to obtain Y,, or G,, is considerably less 
than, and the accuracy correspondingly greater, than 


43S. L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938). 
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is the case for K,, (extrapolations from 75-100°C to 
the melting point were necessary in I when only 
Bridgman’s data were available). On the other hand, 
the error do in the Poisson ratio at fusion is 


50 m= —$(1— 20m) (6V m/Y¥ m—5K m/K am), (10) 


if Y,, is used as a datum, with a corresponding equation 
if Gm» is used. Thus, the value of o,, does not show 
insensitivity to 6K. Hence, the values of Lindemann 
constants and vibration amplitudes obtained are 
considerably more reliable, in general, than the corre- 
sponding Poisson ratios. 

For a cubic metal, the foregoing results mean that the 
Lindemann constant depends most strongly on the 
shear moduli, cy, and the difference ¢1:—¢12. In this 
restricted sense, a point of contact is made between 
the present theory and those identifying fusion with 
the vanishing of cq, (Born"™) or of ¢1:—¢12 (Durand"). 


Ill. LINDEMANN CONSTANTS 


The discussion will be confined to elements with 
cubic or hexagonal lattices, since only for these lattice 
types can the theory of I be applied with a degree of 
strictness. In Table I, computed values of the Poisson 
ratio o» at the fusion temperature /,, are shown with 
corresponding values oo at normal temperature for 
comparison, where the latter quantity is obtained from 


TABLE I. Values of Lindemann constants. 
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* Quimby and Siegel (reference 13); first line, Km from I; second line, 
K~» from ultrasonic single-crystal data. 

> Késter (reference 5). 

© Bordoni (reference 6). 

4 Siegel and Cummerow (reference 19). 

® Bordoni and Nuovo (reference 9); first and second lines, extensional 
and torsional velocities, respectively, used with Km from I; last line, 
extensional and torsional velocities from ultrasonic data used for Km. 

{ Birch and Bancroft (reference 21). 

«Sutton (reference 22); first line, Km from I; second line, Km from 
ultrasonic single-crystal data. 


4M. Born, J. Chem. Phys. 7, 591 (1939). 
18M. A. Durand, Phys. Rev. 50, 449 (1936). 
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the same sources of data and by the same method as is 
Om. The third column from the right gives the ratio 
Sm?K mV m/RTm obtained by use of values of V» and 
K,, from I, unless otherwise noted. The penultimate 
and last columns show values of the Lindemann 
constant c from Eq. (4) and of the average value cy for 
an element, respectively. All computed values shown 
were rounded after computation from unrounded 
quantities. 

For sodium, the elastic constants c,; at fusion and at 
normal temperature were determined by graphical 
extrapolation of those measured by Quimby and 
Siegel’ over the temperature range — 193°C to —63°C 
by an ultrasonic pulse technique. The results obtained 
are shown in the first line of Table I when values of G 
from Eq. (6) are combined with bulk moduli from I, 
and in the second line when these values of G are taken 
with bulk moduli computed from the elastic constants 
themselves by Eq. (7). Both sets of data imply only a 
small change in Poisson ratio from the normal to the 
fusion temperature. In spite of inconsistencies in the 
Poisson ratios,'® the two sets of data yield approximately 
the same value of the Lindemann constant; this 
behavior is consistent with the discussion of Sec. II, 
since the value of G,, is common to the two sets. The 
value of ca differs significantly from the result (3.8) of 
I, because of difference in the Poisson ratios. 

The temperature variation of Young’s modulus for 
a iron is given by Késter up to the transition tempera- 
ture (906°C) to the y phase. In the neighborhood of 
the a—y transition, the rate of decrease of the modulus 
for a iron increases sharply relative to the value at 
lower temperature; this qualitative behavior has been 
noted independently.” As a consequence, extrapolation 
of the Young’s modulus for this phase yields an essen- 
tially vanishing value at the melting point. Since the 
5-phase stable near fusion is merely a reappearance of 
the normal a phase, this result is in disagreement with 
the general behavior that accurate experiments near 
the melting point have led one to expect.*:'® However, 
Késter’s values of Young’s modulus for the y phase 
show a closely linear variation with temperature from 
the a—7y transition point to the limit 1000°C appearing. 
Hence, the modulus of the y phase was extrapolated 
linearly to the melting temperature 1532°C, on the 
presumption that this value would not differ greatly 
from that for the 6 phase, stable over the relatively 
narrow range 1400°C to fusion. The results of Table I 
for iron show a relatively large change in Poisson 
ratio from the normal to the fusion temperature, and 
the result for c differs correspondingly from the value 
(3.2) of I. 

In the case of lead, the first two lines of Table I 


16 The lower values shown are close to that (0.315) for —183°C 
obtained by O. Bender [Ann. Physik 34, 359 (1939)] by an 
averaging procedure from single-crystal constants. ~ 

17J. R. Frederick, J. Acoust. Soc. Am. 20, 586 (1948). 

18 L. Hunter and S. Siegel, Phys. Rev. 61, 85 (1942). 





AMPLITUDES OF THERMAL VIBRATION AT FUSION 


correspond to the data of Késter (no extrapolation) 
and Bordoni (small extrapolation); the results differ 
somewhat as regards Poisson ratios and values of c. 
The values of the third line correspond to a ¢,, obtained 
from an ultrasonic determination by Siegel and Cum- 
merow’® of the temperature variation of Young’s 
modulus up to 2° below the melting point. The results 
are in close agreement with those derived by means of 
Késter’s data. The last three lines show results obtained 
with only slight extrapolation (from about 30° below 
melting) from ultrasonic determinations by Bordoni 
and Nuovo? of the relative variation with temperature 
of the velocities of extensional and torsional waves in 
rods. Of the three lines, the first and second correspond 
to K, from I, and a Y,, from the extensional velocity 
and a G,» from the torsional velocity, respectively; 
the last line corresponds to an independent K,, and a 
om derived by joint use of the extensional and torsional 
velocities.” Again, the results agree well with those from 
Késter’s data. 

For aluminum, results of three computations similar 
to the first three for Pb are presented, but a check is 
possible from single-crystal constants. The first two 
lines of Table I for this metal give consonant results 
obtained from the data of Késter (no extrapolation) 
and Bordoni (moderate extrapolation). The values in 
the third line were computed from data on the variation 
of rigidity with temperature up to 13° below fusion, 
determined dynamically from the resonant frequency 
of a cylinder by Birch and Bancroft." The three values 
of c agree very well. The fourth line shows results from 
bulk moduli of I and rigidities obtained by Eq. (6) 
from elastic constants measured ultrasonically by 
Sutton”; the fifth line shows corresponding results when 
Eq. (7) is used to obtain bulk moduli from the elastic 
constants themselves. Determination of fusion values 
of the constants required extrapolation from 500°C. 
The two values of c agree well with the preceding three, 
in spite of some discrepancies in Poisson ratios (and an 
abnormal!" slight decrease with temperature when only 
single-crystal data are used). 

For the remaining face-centered elements of Table I, 
relatively large extrapolations were necessary in I 
to obtain K,,, but considerably smaller extrapolations 
(from about 1000°C to melting) are needed to obtain 
Y ,, from Késter’s results. Moderate increases in Poisson 
ratio up to fusion are shown (the decrease for Cu 
derived from Bordoni’s data is anomalous!’). For the 
hexagonal elements, increases of Poisson ratio to fusion 


19S. Siegel and R. Cummerow, J. Chem Phys. 8, 847 (1940). 
The value of the modulus for normal temperature was taken from 
Késter.§ 

In all three cases, normal values were fixed by the average 
value of oo shown, and a bulk modulus from I. 

21F, Birch and R. Bancroft, J. Chem. Phys. 8, 641 (1940). 
The last tabular entry on the rigidity variation was used, and the 
value at normal temperature was taken as an average from 
Forsythe.*4 

2 P, M. Sutton, Phys. Rev. 91, 816 (1953). 
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TABLE IT. Comparison of critical ratios p of vibration amplitude to 
nearest-neighbor distance at melting, from x-ray and fusion data. 








p(fusion), 
Table I 


0.076; 
0.085 


p(x-ray), 
from I 
0.082 
0.07, 


p(fusion), 
from I 


0.066 
0.075 











appear which are somewhat larger than average. In 
general, all values of oo shown in Table I agree reason- 
ably well* with values of I and with independent data.4 

For the two cases (Na and Al) where bulk moduli 
derived by extrapolation of statically determined 
values can be compared with extrapolated values from 
elastic constants of single crystals determined ultra- 
sonically, the latter are significantly less (by some 
25% or more). The difference appears also when only 
ultrasonic data for a polycrystalline sample (Pb) are 
used, and may represent an effect associated with grain 
boundaries when low-frequency or static measurements 
are made on polycrystalline specimens.’ The behavior 
appears as a greater curvature in the graph of K vs 
temperature, exhibited by the ultrasonic data,*!® in 
general, and tends to justify the method of extrapolation 
of Bridgman’s data employed in I. Further, the increase 
of Poisson ratio from normal to melting temperature 
seems generally smaller when derived with use (or 
partial use) of ultrasonic as against other measurements. 
Hunter and Siegel'* found sudden kinks in plotted 
elastic constants within a few degrees of the melting 
temperature, and Bordoni and Nuovo’ refer to similar 
behavior. The possibility of any such kinks has been 
neglected in extrapolation to the melting point, on 
the presumption that they are caused by secondary 
processes (possibly hole formation®*) not covered by 
the present theory. 


IV. DISCUSSION 


In Table II, x-ray values from I for Al and Cu, 
determined by the Debye-Waller formula, of the 
critical ratio p of vibration amplitude to nearest- 
neighbor distance at fusion are shown for comparison 
with values obtained by Eq. (3) from ca, of Table I, 
and with the corresponding values from I. Agreement 
with p(x-ray) is improved by the present value for 
Al, but not for Cu. However, p(x-ray) for Al was 
determined by quadratic extrapolation of x-ray 
intensity data to the melting point, whereas sufficient 
data were available in the case of Cu (where the range of 
extrapolation is greater) for only a linear extrapolation. 

Average values cy of the Lindemann constant c 


*8 That for Mg is in poor agreement with the value 0.35 given in 
I. No comparison value for Zn could be found, but the rather low 
value shown checks with independent data of Forsythe (reference 
24) on rigidity and Young’s modulus. 

*W. E. Forsythe, Smithsonian Physical Tables (Smithsonian 
Institution, Washington, D. C., 1954). 

**L. G. Carpenter, J. Chem. Phys. 21, 2245 (1953); K. F. 
Stripp and J. G. Kirkwood, J. Chem. Phys. 22, 1579 (1954). 
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TABLE III. Average values of Lindemann constants 
and critical ratios. 








10-"2Cpy 
(erg/°K)? 

mole-/é Pay 
0.13 
0.11; 
0.09, 


Lattice 


b.c.c. , 1.9 
£2x. . 2.20 
h.c.p. : 2.7 











over the three lattice types*® of Table I are shown in 
Table III. Corresponding average values of the molar 
Lindemann constant C=N!R!c (N is Avogadro’s 
number) and of p from Eq. (3) are shown likewise. 
The difference of pa for the body-centered elements 
from that for the face-centered elements is probably 
significant, in view of the consistency of the data in 
Table I, but the corresponding difference for the 
hexagonal elements probably is not significant on the 
basis of the data. The average value 0.11; of p over all 
three lattice types agrees excellently with the value of 
0.10; (or somewhat less) estimated by Griineisen,?’ 
in contrast to the considerably lower value 0.072 
obtained in I from extrapolated bulk moduli on the 
assumption that the Poisson ratio of a solid is constant 
up to fission. 

The most significant aspect of the data shown in 
Table I is the disparity in ca, for Pb and Al, where the 
accuracy is high. Including probable errors, one 
obtains c= 2.6,+0.1; and c=3.22+0.1; for Pb and Al, 
respectively, and hence the difference of the two values 
seems definitely outside the range corresponding to 
probable error. On the basis of this counter-example, 
one can state that the Lindemann constant cannot 
be a strict constant over a lattice type. That the use 
of an average c over a lattice type represents a very 
good approximation, in general, can be shown from 
the corresponding correlation coefficient for the Linde- 
mann relation over the face-centered cubic elements. 
For the line of regression®® of SK m? on (RT m/V m)}, 


*6 Each entry under an element in Table I was included sep- 
arately; this procedure gives greater weight to the more reliable 
values. 

37 FE. Griineisen in Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1926), Vol. 10, p. 51. In a previous publication [Ann. 
Physik 39, 258 (1912) ], Griineisen gave the value 0.085. 
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the correlation coefficient is r=0.92, and for that of 
Sn2K m On RT m/V m, the value is r=0.89. These results 
mean that for the first and the second case, a fraction 
r’=0.85 and r?=0.79, respectively, of the variance from 
a straight average of the dependent variable is removed 
by the presumed linear relation with an average ¢ 
(unity implies perfect correlation). 

It has been emphasized that the values of the 
Poisson ratio at fusion are far less reliable than the 
Lindemann constants. When K,, is obtained entirely 
from ultrasonic data (three cases, Na, Pb, Al), the 
average value of o,—g is 0.01 within the accuracy 
of the data. When K,, is obtained by extrapolation from 
static measurement, the average value of ¢m—oo Over 
the cubic metals is 0.02 when Fe is excluded (because of 
the presence of phase transitions). In both cases, 
consonant values of ¢ are found, because of the lower 
K,, implied by the purely ultrasonic data, as already 
alluded to. 


V. CONCLUSION 


The fact implied by these results, that the Lindemann 
constant cannot be a true constant over a lattice type, 
is in agreement with the order of the approximations 
necessary to derive the Lindemann law from the 
order-disorder fusion theory of Lennard-Jones and 
Devonshire.”* The evaluation of the Griineisen constant 
in terms of fusion parameters, as given in I, shows 
excellent agreement with values obtained from Griinei- 
sen’s law, and the result yields the Simon fusion 
equation very directly.** The relation in question 
requires only that the critical ratio p be constant along 
a fusion curve (if ¢, is at most slowly varying), and it 
may well be that this approximate constancy along 
the melting curve for a particular element represents 
the true content of the Lindemann relation. An applica- 
tion of the relation to determine temperatures in the 
earth’s interior (to be presented elsewhere) yields results 
concordant with this view. 

Thanks are due Dr. F. R. Gilmore of the RAND 
Corporation for a critical reading of the manuscript, and 
Miss E. Force for the computational work. 

#8 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 


(London) A170, 464 (1939). 
%® J. J. Gilvarry, Phys. Rev. 102, 325 (1956). 
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The effect of an electric field on the transition between the orthorhombic and tetragonal states in single 
crystals of BaTiO; has been investigated. With zero bias the tetragonal to orthorhombic transition occurs 
near 5°C and the inverse transition at 11°C, exhibiting a temperature hysteresis of about 6°C. As expected, 
an external field in the direction of the polarization in the tetragonal state lowers both transition tempera- 
tures. Measurements show that the temperature depression varies linearly with the field. A strong field 
(>20 kv/cm) can lower both transition temperatures below the 5°C transition at zero field. Thus at a 
constant temperature, in a smal] temperature range below 5°C, the crystal can be switched reversibly be 
tween the two states by means of an electric field. Since the spontaneous polarization is smaller in the 
orthorhombic state, this phenomenon can be displayed as a “triple loop” in the familiar polarization vs 
electric field hysteresis plot. The dielectric constant has been measured as a function of temperature, and as 
a function of field at fixed temperatures. Transitions between states are sharp whether the transition is 
produced by varying the temperature or the electric field, provided the faces are completely electroded. 

Numerical coefficients for various terms in the free-energy expansion for BaTiO;, have been determined 
from certain of the experimental measurements. Calculations for various physical properties based upon 


the free-energy expansion agree reasonably well with these properties determined experimentally. 





INTRODUCTION 


HE general properties of barium titanate are 

quite well known. Transitions between different 
states occur near the three temperatures 120°C, 5°C, 
and — 80°C. Above 120°C, the material is a paraelectric 
solid possessing cubic symmetry. In the temperature 
range 5°C to 120°C, barium titanate is spontaneously 
polarized along a 100 direction and the structure is 
strained into tetragonal symmetry, having the c 
parameter approximately 1% greater than the a. The 
polarization direction is parallel to the longer axis. At 
5°C a transition to orthombic crystal structure ac- 
companied with a change in direction of the spontaneous 
polarization to the pseudo-cubic 110 direction takes 
place. At — 80°C, a further transition finds the polariza- 
tion directed along the body diagonal (111 direction), 
with rhombohedral symmetry. Each of the three 
transitions exhibits a temperature hysteresis.’ A series 
of investigations has been made of the effect of an 
electric field on the dielectric constant, and hysteresis 
loops at the 5°C transition (tetragonal to ortho- 
rhombic), and a report of the experimental procedures 
and results is presented. To save repeated writing, the 
symbols (TO) and (OT) will be used to designate 
transitions from the tetragonal state to the ortho- 
rhombic state, and vice versa, respectively. 


EXPERIMENTS 


The BaTiO; crystals used in these investigations were 
carefully chosen flat plates, grown in our laboratory, 
which were single domain “‘c plates,” characterized by 
a low dielectric constant (~ 170) at room temperature. 
Thin platinum electrodes were evaporated on the large 
area surfaces after the crystals had been etched and 


1A. von Hippel, Revs. Modern Phys. 22, 221 (1950). 
2 W. Kinzig and N. Maikoff, Helv. Phys. Acta 24, 343 (1951). 


cleaned. A typical crystal was about 0.1 mm thick, and 
had an area of 3 to 5 square mm. The flat faces of the 
crystal were wholly electroded. Results on partially 
electroded samples are unsatisfactory, because the non- 
electroded portion of the crystal is not subjected to 
the applied electric field, and consequently, transitions 
which are field-dependent do not occur uniformly over 
the crystal plate. This means that the two regions will, 
at times, be in two different crystal states, and the 
mechanical strains at the boundary are severe. The 
nonelectroded portion of the crystal amounts to an 
effective mechanical clamp, prohibiting the crystal to 
behave as a free crystal. 

The measurements which were of primary interest to 
us were the variations of (1) the dielectric constant, and 
(2) the P, vs E, (polarization-field) hysteresis loop, as 
functions of temperature and electric field. A voltage 
proportional to the dielectric constant was applied to 
the Y axis of an X-Y recorder and the desired inde- 
pendent variable (temperature or electric field strength) 
was fed to the X terminals. The essential features of 
the automatic dielectric constant plotter have been 
described by Drougard and Young.’ The hysteresis 
loops were observed on an oscilloscope using the 
conventional circuitry. 

The prepared sample was placed in the copper 
furnace of a cryostat. The furnace was filled with an 
atmosphere of dried Nz gas at 40 psi which insured 
better heat contact between the crystal and a massive 
copper block which held the recording thermocouple. 
Using a temperature control circuit similar to that 
described by Drougard et al.‘ a temperature regulation 
of better than +0.1°C was attained in the range — 30°C 


3M. E. Drougard and D. R. Young, Phys. Rev. 94, 1561-1564 


(1954). 
4 Drougard, Landauer, and Young, Phys. Rev. 98, 1010 (1955). 
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to room temperature. The furnace of the cryostat was 
placed above a free surface of liquid N2 in a Dewar 
flask, and the desired temperature resulted from the 
proper current through the heater windings. Copper- 
constantan thermocouples were used for the regulation 
and measurement of temperature. 


RESULTS 
(a) Dielectric Constant versus Temperature 


The typical behavior of the dielectric constant in the 
transition region plotted against temperature is shown 
in Fig. 1 for two values of biasing fields. The sample, 
completely electroded, having a dielectric constant at 
room temperature near 170 shows a discontinuity in 
dielectric constant, upon cooling, at 6°C, to a value 
approximately seven times larger (curve a). Below 
6°C the dielectric constant decreases rapidly with 
decreasing temperature. As the crystal is warmed the 
reverse transition (O-+7) occurs near 12°C exhibiting 
a temperature hysteresis of about 6 degrees. A similar 
run with a dc bias (curve 6) shows clearly that both 
transition temperatures are lowered by a field and that 
the temperature hysteresis has decreased. The lower- 
ing of the transition temperatures is to be expected 
since the applied field is in the direction which favors 
the tetragonal state. In case b, where the dc bias is 
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Tetragonal Orthorhombic 


Fic. 2. Photographs of 60-cps hysteresis loops in the tetragonal 
state and orthorhombic state in BaTiO. (P, vs E,.) 
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> 

250 volts (E=2.6X10* volt/cm) the (O->T) transi- 
tion occurs at a lower temperature than does the 
(T—+0) for zero field. This result suggests the possibility 
that at an appropriate temperature below 6°C it is 
possible to “switch” reversibly between the two states 
by changing the field applied to the crystal. This 
phenomenon is displayed in two experiments to be 
described. 


(b) Hysteresis Loops 


Photographs of 60-cps hysteresis loops are shown 
in Fig. 2 for a crystal in both the tetragonal and ortho- 
rhombic states. A comparison of the loops shows that 
the coercive field of the tetragonal state is 1.6 times 
larger than that of the orthorhombic, and the spon- 
taneous polarization in the tetragonal is ~1.25 times 
larger than in the orthorhombic state. These observa- 
tions agree with the results of Wieder’ who has made 
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Fic. 3. Triple hysteresis Joops in BaTiO . (a) Ideal triple loop; 
(b) an actual photograph of a triple loop; (c) orientation of axis 
pertaining to the discussion section. 


similar measurements. Both pictures were taken with 
the crystal within 2° of the transition temperature. 
Since the z component of the polarization in the two 
states differs, the transition between states by varying 
the field at a constant temperature can be displayed on 
a triple hysteresis loop, (P, vs E,). The repeated 
transitions (7SsO) produce severe mechanical shocks 
on the crystal, and all crystals shattered when attempts 
were made to observe such transitions at 60 cps. By 
using a 5-cps “looper,” with a maximum peak-to-peak 
amplitude of 1000 volts, hysteresis loops were obtained 
without damage to the crystal. A photograph of the 
hysteresis loop is shown in Fig. 3. Accompanying the 
photograph is a drawing of a typical triple loop. The 
crystal, at a temperature near, but below, the (7-0) 
transition at zero bias, is in the orthorhombic state at 
zero and low fields exhibiting orthorhombic coercivity 


5H. H. Wieder, Phys. Rev. 99, 1161 (1955). 
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and polarization (region near M in Fig. 3). At a larger 
field (point 1), the crystal “switches” to the tetragonal 
state with a larger polarization. As the field diminishes 
from the maximum, the transition hysteresis (in field) is 
exhibited so that the (7-0) transition occurs at a lower 
field (point R) than the (O-7) transition. Thus, this 
cycle of events gives rise to a “‘triple-loop” which is 
analagous to the “double-loop” exhibited at the 
tetragonal-cubic (120°C) transition.® 

Photographs of triple loops of a crystal as a function 
of temperature are as shown in Fig. 4. It is clear that 
as the temperature decreases, the field required to drive 
the crystal into a triple-loop increases, so that the 
tetragonal portions of the loop move out toward higher 
fields. The (O—7) transition occurs at a very rapid 
rate, since it appears only as a discontinuity in the 
oscilloscope trace. This observation will be discussed 


2°Cc 
Fic. 4. Triple loops in BaTiO; vs temperature, showing that the 


tetragonal portions of the loop move out to higher fields as the 
temperature decreases. 


when the loop is compared with theoretical considera- 
tions. 


(c) Clamping Experiment 


Drougard and Young*® have described a domain- 
clamping effect, which they observed on BaTiO; 
crystals in the tetragonal state as the direction of 
polarization was slowly reversed. The experiments were 
repeated on a crystal in the orthorhombic state with 
similar results. Figure 5 shows the dielectric constant 
¢,, in the orthorhombic state plotted against electric 
field. The field was varied by means of a slowly driven 
helipot which took 20 minutes for a full voltage excur- 
sion. The dielectric constant decreases to less than 7 
of its initial value during the polarization reversal 
showing the dielectric constant of a mechanically 


6 W. J. Merz, Phys. Rev. 91, 513 (1953). 
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Fic. 5. Dielectric constant (¢,) of the orthorhombic state as a 
function of small fields. 


clamped crystal. Using the expression relating the 
dielectric constant for the free, e;, and clamped crystal, 
€c, €c=€s(1—k?) the value of the electromechanical 
coupling coefficient, k, for this state is 0.56. For the 
tetragonal state at room temperature, Drougard and 
Young’ report k=0.48: The coercive voltage measured 
in this dc manner on a particular sample is 675 volts/cm 
for the tetragonal state, and 435 volts/cm in the ortho- 
rhombic. The ratio of coercivities, measured in this 
manner, is 1.55, and agrees well with the 1.6 value ob- 
tained from the comparison of the hysteresis loops. 


(d) Dielectric Constant vs Field 


The reversible transition (T=2O) produced by a field 
at a constant temperature can be demonstrated more 
vividly by plotting the dielectric constant rather than 
the spontaneous polarization (triple loop) against the 
electric field. This is true because the dielectric con- 
stants in the two states differ by a larger factor than 
do the respective polarizations. The equipment used 
in the clamping experiment was adapted to produce 
fields up to 60 000 volts/cm, and using this equipment, 
a plot of the dielectric constant versus field shown in 
Fig. 6 is obtained. With a completely electroded 
crystal near 4°C (slightly below the transition tempera- 
ture) and with zero field, the crystal is in the ortho- 
rhombic state at A. As the field increases, the dielectric 
constant decreases toward B, goes through a minimum, 
and increases. At C, the field Er is sufficient to drive 
the crystal from the orthorhombic state to the tetrago- 
nal state (and into a single-domain because of the large 
field) with the corresponding large decrease in dielectric 
constant C to D. In the tetragonal state, the dielectric 
constant decreases slowly with additional field D to E. 
Upon decreasing the field from point FE, the dielectric 
constant behaves as shown, E to F. The field E.o is 
insufficient to hold the crystal in the tetragonal state, 
therefore, the crystal spontaneously reverts to the 
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orthorhombic state at point B. The dielectric constant 
repeats through A, and at a small negative value of the 
field the polarization changes sign, the crystal switches, 
and the clamping effect is exhibited by the sharp 
decrease at G. Then, increasing the field in the negative 
direction produces the same effects described for the 
positive field as shown with the dielectric constant 
following the pattern given by the successive letters H 
through L. Good crystals give very symmetrical pat- 
terns as displayed in Fig. 6. 

The critical fields E.9 and E,r are functions of tem- 
perature as shown in Fig. 7, which is a composite of such 
runs (Fig. 6) at various temperatures. It is readily 
noted that both E.o and E,r increase with decreasing 
temperature; an obvious result since the crystal be- 
comes more strongly orthorhombic with decreasing 
temperature. The critical field values, E.7 and E,o, are 
plotted against temperature in Fig. 8. The dependences 
of each are seen to be linear with temperature and to 
have approximately the same slope. Similar plots made 
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Fic. 7. The temperature dependence of plots such 
as those shown in Fig. 6. 
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for other crystals yielded parallel lines within experi- 
mental accuracy. This condition implies that the tem- 
perature hysteresis is independent of the field, a fact 
which does not agree with the results of the constant- 
field variable-temperature experiment associated with 
Fig. 1. This discrepancy between the two experiments is 
most likely explained by a space-charge buildup, which 
can be quite different in the two cases due to the rates 
at which the experiments were done. On the average, 
two hours elapsed between the two transitions shown 
in Fig. 1, but for the experiment shown in Fig. 6 less 
than three minutes elapsed between transitions. Since 
other experiments, involving dc fields on barium 
titanate, done in our laboratory have been affected by 
space charge buildup, necessitating the use of ac fields 
to obtain reliable results, it is certain that the varying- 
field data are better than those taken with steady dc 
fields. 
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Fic. 8. The two critical fields, Z.o and E.7, as functions 
of temperature. 


DISCUSSION 


We will attempt to correlate the experimental results 
with a mathematical expansion proposed by Devonshire’ 
on the theory of barium titanate. Devonshire has ex- 
pressed the Helmholtz free energy per unit volume of the 
stress-free crystal, F, in terms of even powers of polar- 
ization, P, The expansion applicable to both the tetrag- 
onal and orthorhombic states, as usually written, is 


F=Fy+A(P2+P2)+ B(PSA+PA)+C(PS+P,*) 
+D(P?P?). (1) 


Fy is the free energy of the crystal for zero polarization. 
In Eq. (1) it is assumed that the polarization has no 
component in the y direction (Py=0). To obtain a 
satisfactory explanation of the observations on the 


7 A. F. Devonshire, Phil. Mag. 40, 1941 (1949), and Advances in 
Phys. 3, 85 (1954). 
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tetragonal-orthorhombic transition, it has been found 
necessary to add to (1) a cross term of the sixth order 
of the form G(P?P+ PP). 

The orientation of the axes is shown in Fig. 3(c). 
The axis parallel to the direction of the applied field is 
chosen as the z axis. Hence, E, must be zero. The 
tetragonal polarization lies in the z direction [vectors 
labeled 1 and 4 in Fig. 3(c)]. We assume that the 
polarization in the orthorhombic state lies entirely in 
the «-z plane (i.e., there are no domains having the 
polarization in the x-y or y-z planes). The vectors 
labeled 2, 3, and 3’ in Fig. 3(c) represent possible 
orthorhombic directions. 

Numerical values for the five coefficients A, B, C, D, 
and G are needed to make quantitative use of Eq. (1). 
In his calculations Devonshire assumed that all, but 
A, were temperature-independent, but as will be shown 
shortly, this is hardly justified. We begin with the fact 
that at some temperature within the temperature 
hysteresis region the free energy for the two states must 
have equal minima. The midpoint, 8°C, is arbitrarily 
chosen; hence the coefficients will first be determined 
for 8°C. Later, small adjustments will be made to the 
coefficients for other temperatures. 

The coefficient A is obtained from an extrapolation 
of the Curie-Weiss law from measurements taken in 
the cubic state. Merz® showed that A=3.7X10-° 
X(T—T ), where To is the Curie-Weiss temperature. 
Measurements made in our laboratory on our crystals 
confirm this relationship, with 7) being equal to 108°C. 
At 8°C, As= —3.7X10~ cgs units. (The subscript has 
been added to indicate the temperature.) Measure- 
ments taken of the spontaneous polarization P,, and the 
dielectric constant ¢,, in the tetragonal state at 8°C 
give us information to calculate Bs and Cx. The coeffi- 
cients B and C at any temperature are obtained from 
the following expressions: 


m/€zt+2A m/éztA 
B= . 


— and C=— —, (2) 
2P SPS 
Using the values P,=8 X 10* cgs units, As= —3.7X 107%, 
and ¢,=160 cgs units (corresponding to 170 at room 
temperature) we obtain Bs=—9X10~-" cps units and 
Cs= 12X10 cgs units. Merz® reported values for B and 
C which he obtained from observations on double 
hysteresis loops above the Curie temperature. His 
reported values, in the neighborhood of 120°C, are 
B=—1.7X10- cgs units and C=3.8X 10" cgs units 
and are substantially smaller than the ones quoted here. 
Recently Drougard et al.‘ reported on the B coefficient 
obtained from dielectric constant measurements versus 
polarization in the temperature range 120°C to 150°C. 
Drougard’s results are; at 120°C, B= —2.6X10~" cgs 
units and at 150°C, B=—1.3X10~" cgs units with 
points taken at intermediary temperatures lying on a 
straight line. Figure 9 contains a plot of B vs tempera- 
ture. The values above the Curie temperature are those 
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Fic. 9. The B coefficient as a function of temperature. 


of Drougard,‘ and the value at 8°C is that reported 
here. Since the 8°C result lies quite close to the extra- 
polated values of Drougard, it seems quite certain that 
B depends on temperature in a linear manner. The 
equation of the line in Fig. 9 is B(T)=5X10-"(T—T)), 
T,=180°C. The C value reported here (C=12X10-* 
cgs units) is considerably larger than Merz’s value of 
3.8X10-*, which probably means that it, also, is tem- 
perature-dependent. 

The coefficients D and G are obtained from measure- 
ments in the orthorhombic state at 8°C. The z compo- 
nent of the spontaneous polarization (Po) at E,=0 
provides one relationship, and the other results from 
equating the free energy in the two states, F(ORTH) 
=F (TET). Solving these two relationships simultane- 
ously for D and G, one obtains the following expressions: 


1 
D=—[A (3a?—4) + B(3a*Pr?— 2Po*) +C (30*P r') J, 


(3) 


0 


1 
G=— 4 (a?— 1)+B(a?Pr*)+C (eo? Pr'+ Po’) |, 

@) 
in which Py= tetragonal polarization= 8 X 10‘ cgs units, 
?9= orthorhombic polarization = 6.5 X 104 cgs units, and 
a=P7/Po=1.23. From these equations and the nu- 
merical values of the various components, one obtains 
values for D and G: D=4X10~* cgs units, and G=6 
X10-* cgs units. These are of the same order as B and 
C, which, presumably, justifies their inclusion in the 
expression for the free energy. 

The triple hysteresis loop is a plot of the z component 
of the polarization, P,, vs the applied electric field, E,. 
Since the temperature must be below the transition 
temperature of 5°C in order to observe a triple loop, the 
values obtained at 8°C for the coefficients are not quite 
correct. Slightly adjusted values [using Eqs. (2) ] for 
0°C are listed below: 


Ao=—4.0X10-,  Bo= —9.2X10-, 





E. J. HUIBREGTSE 


4. 
ORTHORHOMBIC 


Fic. 10. A plot show- 
ing the manner in which 
P, and P, vary while 
traversing a triple loop, 
consistent with Devon- 
shire’s free-energy equa- 
tion. 


q ORTHORHOMBIC 


‘ 


and 
Co=12.2K 10. 


Corrections to D and G using the above formula are 
rather uncertain, and we consider them constant. 

The triple loop as observed on our oscilloscope is an 
experimenta! plot of P, vs E,. From the Devonshire 
equation we are able to draw a theoretical curve of 
P, vs E, in the temperature range near 0°C. The field 
E, is obtained from the free-energy function 


E,=0F/dP,=2AP,44BP3+6CP'+2DP/P, 


+G(2P/P,+4P/7P;5). (4) 


In this form it is not possible to plot E, vs P, because of 
the P, appearing in the last three terms. To eliminate 
P,, we use the fact that E,=0, which gives us an addi- 
tional relationship between P, and P,. We form an 
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Fic. 11. A plot of the polarization, P,, vs field E, derived from 
the free-energy equation at 0°C. Curve a is for the case P;=0, and 
curve 5 is obtained when P; is eliminated through the plot of 
Fig. 10 
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equation for E,; 


E,=0F/0P,=0=A+2BP7+3CP3+DP? 
+G(2P2P7+P,‘). (5) 


This relationship between P, and P, is plotted in Fig. 
10. This curve gives the successive values of polariza- 
tion permissible for a continuous change in the direction 
of polarization from position A to position G, (Fig. 10) 
(or from position 1 to position 4 in Fig. 3). In actual 
operation it is doubtful whether the polarization re- 
versal in the orthorhombic state goes from state 2 to 
3 as shown (Fig. 3), but rather goes from 2 to 3’ because 
of the mechanical constraints produced by neighboring 
domains which reverse the direction of polarization at 
slightly different times. 

Theoretically, two paths would be permissible for the 
state to reverse from A to G, Fig. 10. One is down the 
P,=0 axis, but this is ruled out because the triple loop 
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P, vs E, with an ob- 
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shows that the crystal goes through 2 opposite states in 
the orthorhombic state, which is the curved path 
through the points B, C, D, E, and F. 

We now have the necessary information to plot a P, 
vs E, curve from Eq. (4). Equation (4), with P, elimi- 
nated through Eq. (5), is plotted in Fig. 11. Two curves 
are shown; the large sweeping curve @ in which P,=0, 
and curve b which results when P, is eliminated (curved 
path of Fig. 10). Curve 6 is the one of interest that we 
wish to compare with the triple loop. To assist us, we 
have redrawn curve 6 on an expanded scale in Fig. 12. 
Superposed on the curve is a triple loop as observed. 

The features of the agreement between the calculated 
curve and observed loop will be delayed while we 
insert brief mention of the theoretical switching process. 
According to the Devonshire picture, the polarization 
follows the field along the P, vs E, curve in regions 
where the slope (0P./dE,) is positive. At fields where 
the slope becomes infinite (such as at points K and K’ 
in Fig. 11), the polarization instantly changes to a 
point on the curve where 0P./dE, is again positive 





TRIPLE HYSTERESIS LOOPS 


(points LZ, and L’ Fig. 11). Hence the loop, according to 
theory, consists of the two dotted lines K to L and K’ to 
L’, plus the parts of the curve where 0P/9E>0. The 
loop thus formed, which would not be greatly different 
from that drawn for room temperature, has critical 
fields (the term critical field will refer to fields at which 
dP/dE=&) of about 600 cgs units (180 000 volts/cm), 
compared to observed coercivities near 1000 volts/cm.® 
A discrepancy of more than two orders of magnitude 
exists between the two results. In comparing theoretical 
curves with observed loops, there is special interest in 
the agreement or disagreement between calculated 
critical fields and observed coercive fields. The nature 
of the polarization reversal (switching behavior) in 
cases where a large discrepancy exists between theory 
and experiment (such as the room-temperature case 
cited above) has been discussed by Merz’ and Landauer, 
Young, and Drougard.* The work of Merz shows that 
the process is governed not by the Devonshire theory 
but rather by the rate of nucleation of oppositely 
oriented domains. Therefore this discrepancy is not too 
surprising. 

Now we return to a comparison of the triple loop and 
P, vs E, curve of Fig. 12. The observed triple loop is 
drawn in broad lines; the calculated curve in a light 
line. There are regions where the two agree well. At 
point B, the (O—T) transition field as measured agrees 
quite well with the calculated critical field. It is in- 
teresting that this transition occurs so rapidly that no 
vertical trace of this transition has been observed on the 
oscilloscope. There is more evidence, to be presented 
later, which further indicates that the observed field 
for this transition agrees with the calculated critical 
field. The observed coercive field in the orthorhombic 
state is near 2 cgs whereas the calculated critical value 
is approximately 50 cgs. The 7-0 transition is far 
from agreeing with theory, and it is obviously a slow 
transition. It seems apparent that the rate of the 
transition is rapid if the observed field is reasonably 
close to the calculated critical field for the transition, 
and slow if a large discrepancy exists. 

Other features of the picture agree quite well. The 
slope of the curve in the P, vs E, plots (Figs. 11 and 12) 
is proportional to the dielectric constant. The dielectric 
constant in the orthorhombic state is 5 to 10 times 
larger than in the tetragonal state, and the respective 
slopes in Fig. 12 bear this out quite well. A consequence 
of this fact is that the two small loops between the 
orthorhombic and tetragonal state should decrease in 
height as the temperature decreases and the fields 
increase. This is observed in the photographs of Fig. 4. 

In following the curve from A to B in Fig. 12 
(orthorhombic state), the slope first decreases and then 
increases, and obviously passes through an inflection 


8 Landauer, Young, and Drougard, J. Appl. Phys. 27, 752 


(1956). 
*W. J. Merz, Phys. Rev. 95, 690 (1954). 
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point. Since this slope is proportional to the dielectric 
constant, the dielectric constant should decrease with 
increasing field, go through a minimum, and then 
increase before the transition occurs. The results shown 
in Fig. 6 bear out this behavior of dielectric constant vs 
field. The fact that the dielectric constant does go 
through a minimum, and increases before the transition 
is a further indication that the observed (O—>7) transi- 
tion field at point B takes place according to the process 
proposed by Devonshire and not by a nucleation 
process. 

Data contained in Fig. 8 enable one to calculate the 
latent heat, Z, of the orthorhombic to tetragonal 
transition. The Clausius-Clapeyron relation applicable 
to this transition is given by the following equation: 


0E/dT=L/T(P.0—P.1). (6) 


dE/dT (the slope of the lines in Fig. 8) is —3.6X 10° cgs 
units/deg K. Substituting the values given for the z 
components of the polarization in each state (P.r=8.0 
X10 cgs units, and P,o=6.5X10* cgs units), and for 
T= 280°K, we obtain: L=46 cal/mole. This result is 
essentially three times greater than the results pre- 
sented by Volger" (16 cal/mole) and Blattner, Kanzig, 
and Merz" (16 cal/mole). Each of two latter results 
was determined by integrating the specific heat curve 
over the transition range. Volger’s result was obtained 
on sintered polycrystalline materials; Blattner’s et al. 
on powdered BaTiO3. 

The Devonshire free energy equation permits a 
calculation of the dielectric constant perpendicular to 
the direction of the polarization in the tetragonal state. 
This has been measured to be approximately 4000 cgs 
units. The dielectric constant in the a direction can be 
calculated from the free energy function as follows: 


#F | 4 
wack =—=2(A+DP24GP,/). (7) 
OP?|P2=0 €z 


At 25°C, A= —3.07X10™ and P,=7.8X10' cgs units. 
Inserting these into Eq. (7) with the values of D and G 
given earlier, we obtain ¢,= 3950. This agreement with 
the measured dielectric constant further substantiates 
the use of the Devonshire function and the value of the 
coefficients. 
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Approximate eigenvalues of the Fréhlich Hamiltonian, used as a model to represent the behavior of the 
electron coupled to the optical modes of an ionic crystal, are obtained for temperatures at which there is an 
appreciable probability of real phonons being present in the field. The method used is an extension of the 
variational technique employed by Gurari to obtain the eigenvalues at absolute zero. Correlations between 
phonons are neglected. The results obtained indicate that an electron in equilibrium with the lattice will have 
a strongly temperature-dependent effective mass for intermediate temperatures. 





I, INTRODUCTION 


HE approximate Hamiltonian derived by 

Frdéhlich' to represent the behavior of the strongly 

interacting electrons and lattice oscillations in an ionic 
crystal is 


H=Hot+A,, (1) 


are Dd a,'ag, (2) 


2m @ 


ehy+ 1 
Hy=4ni( ) dX -(a,te at —a,e*'*). (3) 
ywVF aq 


In the above expressions, p and r refer to the electron 
coordinates; w is the characteristic optical phonon 
frequency and is obtained from the reststrahl frequency ; 
a,' and a, are creation and annihilation operators for 
phonons of wave vector q; V is the normalization vol- 
ume; and y¥ is given by 


1 @wyi 1 
-=—(—-—), (4) 
y 4r\e. €0 
where ¢, is the optical and ¢€ the static dielectric 
constant of the ionic crystal under consideration. 

A number of approximations are made by Frohlich 
in obtaining Eqs. (2) and (3). They are still valid at 
the higher temperatures presently under consideration. 

Consider a polaron (the electron with its associated 
cloud of virtual phonons) in equilibrium with the 
lattice. At absolute zero, there is a vacuum of real 
phonons. The effect of finite temperatures is to put real 
phonons into the field, in addition to the virtual 
phonons surrounding the electron. If the temperature 
is not too high, it is reasonable to assume that these 
real phonons are described by the Bose distribution. 
Since the frequency is assumed to be independent of the 
wave vector, all modes of the system are equally excited. 


* This work was performed while the author was a visitor at the 
General Electric Research Laboratory, Schenectady, New York. 

t National Science Foundation Postdoctoral Fellow. 

1H. Frélich, Advances in Phys. 3, 325 (1954). This review 
article contains references to earlier work in the field. 


The average number of phonons in each mode is given 
by 
n=[e?—1},, (5) 


where © is defined by the relation hw= kQ, and is of the 
order of magnitude of the Debye temperature. 

A typical ionic crystal, NaCl, has 2=368° and 
©=315°. The values of m for two temperatures are 


T(°K) 273 530 
n 0.35 1.0. 


The validity of the present analysis is restricted to 
temperatures of the order of room temperature or lower. 


II. CALCULATIONS 


Following Fréhlich,! the Hamiltonian is most con- 
veniently expressed in units of hw, by defining the 
inverse length 

u= (2mw/h)}, (6) 


and the dimensionless coupling constant 


1 1\eu 
= “ 


a= . 
En €0 hw 


For NaCl, the coupling constant is a&&5.5. 
The electron operators may be eliminated by applying 
the unitary transformation? 


S=exp(—1 > aytayq'-r’). (8) 
The resulting Hamiltonian is 
H'=H)'+Hy, 
H)'= (K-2 q'aq*ay) +d aq'tag', 
ra as 8 ( 
n'=i(—) Le — (aq! — ag"). 


V’ q’ 


(1a) 
(2a) 


(3a) 


V’ and q’ are now dimensionless quantities; V and q, 
introduced previously, were not. The dimensionless 
number K is a c number representing the total wave 
vector of the system; (K—> q’‘a,‘a,) is clearly the 
electron wave vector. 


2 Lee, Low, and Pines, Phys. Rev. 90, 297 (1953). 
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The calculations are performed by using the ex- 
pression, 


E=(W,H¥); (¥,¥)=1, (9) 


which is stationary in the energy and has been employed 
previously to obtain eigenvalues at absolute zero. 

The normalized wave function for the uncoupled 
fields in the (n,k) representation is* 


(10) 


eq= V4 TT |ng)= V4 TT |n). 
qv’ q’ 


The physical model to be used as the basis of the trial 
wave function (valid in the intermediate coupling 
region with which we are concerned) is that the electron 
can be associated with an arbitrary number of virtual 
phonons in addition to the real phonons present. Cor- 
relations between phonons are neglected. However, 
some average effect of correlation is taken into account 
through the variational procedure. If one allows no 
more than unit changes in occupation number, the 
trial wave functions take on a rather simple form. 
Since the occupation number is at most of order unity 
for the temperatures of present interest, such trial 
functions take into reasonable account the various 
degenerate states of the uncoupled system which exist 
for these higher energies. The specific form of the 
normalized trial wave functions is postulated to be 


v,=U¢g,; U=[[ Uy, 
q’ 


Ue =(1+V'"(| fo |?+ | ge"|?) 1-3 
X[1+V' fordgt+g¢ae’) J 


(11) 


WV, is a generalization to higher temperatures of the trial 
functions used by Gurari for absolute zero. The func- 
tions, f, f*, g, and g* are assumed to be unknown, 
independently varying functions of g’ and K. The 
virtual phonon cloud surrounding the electron, as 
represented by the above trial function, is a semi- 
classical one, insofar that the field operators commute 
and the field components are independent of each 
other.® 

Substitution of Eq. (11) in expression (9) yields, for 
large V’, 


E,=£,°+ E,', (12) 


where 
E,°= (K—> ynq’P?+2 q/N, (13) 


3 The n’s in Eq. (10) are integers. The average values of n, 
obtained from Eq. (5), are substituted in the final result only. 

4M. Gurari, Phil. Mag. 44, 329 (1954). 

5 The operator U does not represent a canonical transformation, 
since it is not unitary. Correction terms to the self-energy therefore 
cannot be calculated by the technique of reference 2. For a phonon 
vacuum, U is equivalent to (but not identical with) the unitary 
transformation U, employed in reference 2. 
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and 
E,b={K—V' ¥ eq’'[(n+1)| fe |?—n| gor |*)}? 
—KR°+V'2¥ of (1+9¢7) (n+1)| fol? 
— (1—q)n| gq: |?-+% (4a) 4g’ 
XL(n+1)(fo*— far)—n(ga*— a’) }}. (14) 


E,° is the energy of the uncoupled field. The wave 
vector of the electron is equal to the total wave vector, 


k= (K—2 nq’)=K, (15) 


since }>.q’=0. The energy of the uncoupled fields is 
therefore 


E,.=k-+nN, (15a) 


where J is the total number of optical phonon modes. 
We minimize (12) by setting 
bE, 5E, bE, bE, 
bf df* bg dg" 
Equation (16) serves to determine all the hitherto 
unknown functions. If we define x, to be® 


Kn= VY a’{ (n+1)| for |?—m| gel}; 
we obtain for f and g 
far= — (Ama) ¥ig’"[1+9'— 29’: (K—%n) 1, 


(16) 


(17) 


(18) 
and 


8a = (4a) hig’"[—1+-9+ 29’: (K—«,) F. 
The functions f* and g* are complex conjugates of 
f and g respectively. 
Substitution of the explicit forms of f and g into 
expression (14) and rearrangement yields 
4a 1 


n+1 
V' a g?l1+q?—2q'-(K—«,) 


(19) 


2 





E,)= “=e 


n 
> 
—1+97+2q': (K—«,) 


To complete the calculation, we allow the box 
normalization to go over into a continuum, replacing 
the sum by an integral and V’ by (27)’. Two types of 
terms appear in Eq. (20): the term proportional to 
(n+1) corresponds to phonon emission processes, and 
the term proportional to m to absorption processes. In 
the momentum region K<1 (which is also the region 
where | K—x,| <1, as will be seen below), only virtual 
emissions and reabsorptions can take place. However, 
real absorptions and re-emissions can occur. Since we 
are interested only in virtual processes in the calculation 
of the self-energy, we must follow the usual method of 
taking principal values about the singularities to 
eliminate the real processes. 





(20) 


6 Since K is the only direction present in the problem, *, must 
be a vector in the K direction. 
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The results of integration are 


sin (K—x,) 
E,'= —«,5— (n+-1)a—____, 


K—-xk,, 
and 
sin(K —kp) 
Kn= —}(n+1)a{ —————_ 
(K—n,)* 


1 


“ _ = 
Eee ace ws 





An expansion in powers of k yields 
Eq'=—K2—(n+1aL1+4(K—K9)*+- ++], 
$(n+1)a 


(22) 


Kn= | +0049 
1+3(n+1)a 


III. RESULTS AND DISCUSSION 


Equation (22) can be used to obtain the results. In 
appropriate dimensions, they are, for ~?/2m<hw, 


En =hiwEn= Eone’— (n+1)ahw+p?/2m*—O(p'), 


where 


(23) 


Eos? =honN , (24) 


and 
m*=m{1+ }(n+1)a}. (25) 
The energy of the electron-phonon system therefore 
consists of three parts: the energy of the free phonon 
field ; a lowering of the bottom of the conduction band; 
and an increase in the effective mass of the electron. 
All of these effects depend on m, and therefore on the 
temperature. At absolute zero, the results reduce to 
those obtained in references 2 and 3. For a small, they 
reduce to the results obtained from second order 
pertubation theory. But since in the actual physical 
situations {a~1, both the bottom of the band and the 
polaron mass are predicted to be rather strongly 
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temperature-dependent in the present case.’ This 
suggests that temperature-dependent terms, such as 
the effective mass, which are associated with the large 
magnitude of the electron-phonon coupling, should also 
appear in transport phenomena, for example, mobility 
measurements. Low and Pines* have calculated such 
intermediate-coupling effects in the vicinity of absolute 
zero. 

One may object to the use of the variational procedure 
in the present case. The Ritz-Rayleigh procedure is 
most useful in obtaining upper limit estimates of the 
energy change of the ground state; that is, the band 
shift at absolute zero. To obtain good approximations 
to higher eigenvalues, we would need to use exact 
eigenfunctions for all previous eigenvalues, or else, to 
employ the Courant minimax principle. The situation 
is more serious with the effective-mass result than with 
the band shift, since the former represents the curva- 
ture, and therefore the second derivative of the curve 
of E versus k for an eigenvalue which in itself is not too 
well known.° The above results must therefore be taken 
only semiquantitatively. In their defense, one can say 
that the trial functions used represent a reasonable 
approximation to the physical situation and are es- 
sentially orthonormal. Further, since they are used in a 
stationary expression, the energy levels should not be 
too sensitive to errors in the trial function. 
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7A temperature dependence of effective mass and of band gap 
is also obtained in the case of electrons interacting with acoustical 
phonons. The effective coupling constant is of the order 10-5 
smaller for this case than for the case of optical phonons in ionic 
crystals, so that this temperature dependence is negligibly small. 

8 F. E. Low and D. Pines, Phys. Rev. 98, 414 (1955). 

® This difficulty already exists in the work of Lee, Low, and 
Pines. Their estimate of correction terms indicates that the error 
of their effective-mass results is more than four times as great as 
the error in the calculation of band shifts at absolute zero. 
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Experimental and theoretical evidence is reviewed to determine if edge emission in CdS is due to-exciton 
recombination or is characteristic of a center. New evidence is presented which shows that edge luminescence 
may be produced in CdS at low temperatures by stimulating with infrared light, and simultaneous measure- 
ments have been made on the decay of edge luminescence and conductivity in single crystals at 4°K under 
this irradiation. It is concluded that emission occurs by recombination of a free hole with an 
electron shallowly trapped at an imperfection. The atomic nature of the imperfection is examined briefly. 





I. INTRODUCTION 


¢¢[,‘DGE” emission is luminescent emission in 

solids which occurs close to the fundamental 
absorption edge of the solid, and which may be resolved 
into a series of equally spaced lines when measured at 
low temperatures. Emission of this sort has been clearly 
observed in ZnO!, ZnS, and CdS’; but it is on CdS 
that the largest range of investigation has centered. 
By comparison with phosphors of known efficiency it 
appears that the quantum efficiency of edge lumi- 
nescence is appreciable, of the order of 30%. 

The mechanism of edge luminescence is in doubt; 
some workers have argued that the emission is due to 
the luminescent decay of excitons** while other in- 
vestigators have suggested that the luminescence is 
associated with impurity centers.*~? Since there are 
very few experimental phenomena which can unam- 
biguously be shown to be due to excitons, it is im- 
portant to find additional exciton effects. Should edge 
emission be due to excitons, a study of this luminescence 
would be a valuable tool in studying these elusive 
particles. It is for this reason that edge luminescence 
has been so widely investigated and it is for this 
reason also that it is important to determine the 
nature of the emission. 

A statement of the specific problem may be worth- 
while at this point, since a certain subtlety is involved. 
Surely there is no experimental evidence now existing, 
or even imaginable, which would argue that the energy 
put into the crystal by irradiation spends no time 
whatsoever in an exciton state. That is not the question. 
What we wish to ask is, are there any indications that 
excitons are an essential part of the luminescence 
process, and are there any measurements which one 
could make in the expectation of observing a depend- 
ence on the properties or even existence of excitons? 


1 J. Ewles, Proc. Roy. Soc. (London) A167, 34 (1938). 

2J. T. Randall, Trans. Faraday Soc. 35, 1 (1939). 

3 F, A. Kroger, Physica 7, 1 (1940). 

4F. A. Kroger and H. J. G. Meyer, Physica 20, 1149 (1954). 
5C. C. Klick, Phys. Rev. 89, 274 (1953). 

6 L. R. Furlong, Phys. Rev. 95, 1086 (1954). 

7J. Lambe, Phys. Rev. 98, 985 (1955). 


In this paper the previous experimental and theo- 
retical work will first be reviewed and analyzed as to 
the information it offers on the mechanism of edge 
emission in CdS. Then new experimental results will be 
described ; and finally there will be an attempt to reach 
a conclusion about this problem. 


II. PREVIOUS RESULTS 


In Fig. 1 there are presented experimental results 
obtained on single crystals of cadmium sulfide measured 
at 4°K.5 The emission spectrum falls into two parts: 
the first part, which is that generally called edge 
emission, is the series of equidistant “lines” beginning 
at 5180 A and going to longer wavelengths; the second 
part ranges from about 5000 A to shorter wavelengths 
and some of this emission falls well within the funda- 
mental absorption band of the solid. For this reason 
this second part has been attributed to emission at 
the surface of the crystal.* Another interpretation 
recently presented‘ involves band-to-band transitions 
and higher exciton states. The emission “lines” are 
found to be about 10 A in width at half-maximum for 
pure crystals.’ The relatively large width of the emission 
lines in Fig. 1 is due to the band pass of the monochro- 
mator which is indicated in the figure by a measurement 
on the 5461 A Hg line. All the measurements of Fig. 1 
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Fic. 1. Edge emission, excitation, photoconductivity, and 
absorptance (100 minus percent transmittance) for a CdS crystal 
measured at 4°K. The spectrum for the mercury 5461 A line 
indicates the resolution of the monochromator used for all the 
measurements. These results are taken from reference 5. 


§C. C. Klick, J. Opt. Soc. Am. 41, 816 (1951). 
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were made with the same monochromator and the 
same resolution. 

In Fig. 1 there is also plotted the photoconductivity 
spectrum of a CdS crystal, the absorptance (100 minus 
percent transmittance) of a crystal 0.004 cm thick, 
and the relative efficiency of excitation for edge 
emission. The first peak of the edge emission (5180 A) 
occurs at about 0.1 ev below the energy of the onset of 
strong absorption. 

Evidence for an important band occurs in the excita- 
tion spectrum at about 4980 A which does not appear 
in photoconductivity. It has been suggested‘ that this 
band is an exciton absorption band and as such might 
not lead to photoconductivity at low temperatures. 
The position of this band is about 0.14 ev below the 
value taken for the band edge from photoelectromag- 
netic measurements’ at room temperatures and con- 
verted to low temperatures using the variation of 
absorption edge with temperature. This may be com- 
pared with a rough estimate of the energy between the 
lowest exciton state and the ionization continuum on 
the hydrogenic atom model." For CdS this estimate 
is 0.17 ev, which may be considered not in disagreement 
with the observed value. The emission would then 
likely be due to annihilation of these excitons. A serious 
difficulty with this interpretation is that the absorption 
band corresponding to the 4980 A band is weak; it is 
certainly less than 100 cm. This is in marked contrast 
to the values of about 10° cm expected for allowed 
exciton transitions and found experimentally for the 
first absorption band in alkali and silver halides which 
is usually attributed to the creation of excitons. 

An alternative explanation for this 4980 A band is 
that it is connected with a low concentration of im- 
perfections which lead to transitions of smaller energy 
than the normal band gap. Absorption at 4980 A leads 
to excitation and subsequent luminescence of this 
center; under ultraviolet excitation, the recombination 
of free electrons and holes at this center may lead to the 
edge emission. 

An argument for the exciton mechanism results from 
an analysis of the spacing of the edge emission lines. 
It has been shown‘ that this spacing corresponds closely 
to interaction with the longitudinal optical vibrations 
of the lattice. The frequency of these vibrations may 
be computed from the frequency of the peak of the in- 
frared absorption and the static and high-frequency 
dielectric constants.” In ZnS the observed spacing of 
the emission lines is 0.045 ev while the energy of the 
longitudinal optical vibrations is computed to be 
0.043 ev. Corresponding figures for ZnO are 0.071 ev 
and 0.069 ev. It is not possible to make this same com- 
parison for CdS since the infrared absorption peak has 
not been measured for this material ; however, it appears 


* Sommers, Berry, and Sochard, Phys. Rev. 101, 987 (1956). 
0 F, Seitz, Phys. Rev. 76, 1376 (1949). 

1H. Froéhlich and F. Seitz, Phys. Rev. 79, 526 (1950). 

12 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). 
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reasonable to assume that in this case also the spacing 
corresponds to a longitudinal optical vibrational 
frequency. 

On the exciton model, the luminescence occurs in the 
pure lattice and vibrational interactions should be 
characteristic of the pure lattice, as they are observed 
to be. 

If, however, the luminescent transition occurs 
between highly localized states of an imperfection, then 
the vibrational frequencies would be those character- 
istic of the imperfection and would not necessarily be 
the same as those of the pure lattice. Local interactions 
of this sort have been shown to be sizable in the case 
of KCI:TI1.8 On the other hand the optical properties 
of boron in silicon have been treated using interactions 
with the normal lattice vibrations.'* The type of interac- 
tion will certainly depend on the degree of localization 
of the initial and final wave functions describing the 
transition. In KCI:Tl both the initial and the final 
state are well localized, the usual configuration coordi- 
nate model seems satisfactory, and the vibrational 
energy quanta are not identical to those of the lattice 
modes. In Si:B the high dielectric constant leads to a 
large spatial extent of the electronic wave function and 
the interaction with lattice oscillations involves a 
sampling of a sizable region of the crystal so that the 
normal lattice vibrations are the natural ones to expect 
to be important. The case of CdS is an intermediate 
one, but from the fact that the emission is almost as 
energetic as the band gap, it is clear that a charge 
carrier making the transition at the imperfection would 
be only very slightly bound in its excited state, if at all. 
This result, coupled with the related circumstance of 
the good-sized dielectric constant of CdS, indicates a 
spatially extended wave function, which, as in Si:B, 
implies that the important interactions are with the 
normal modes of lattice oscillation. 

In addition to the edge emission lines in CdS with 
spacing of 0.040 ev as shown in Fig. 1, another weaker 
set of lines has been found with the same spacing as 
the main set but displaced from it by 0.025 ev to the 
high-energy side. A suggestion has been advanced 
that this weaker set of lines corresponds to additional 
interactions with transverse vibrational modes of the 
lattice‘ and this explanation would be equally applicable 
to the exciton model and to an imperfection with 
sufficiently diffuse wave functions. The ratio of the 
energy separation between the two sets of lines to the 
energy of the transverse optical vibrations is 1.04 in 
ZnO but is only 0.78 in ZnS. Using this explanation 
there would be either 0 or 1 transverse phonon emitted 
during an optical transition and 0, 1, 2, longitudinal 
phonons emitted; however, no line is observed corre- 
sponding to the case where no phonon is emitted. On 


8 F, E, Williams, J. Chem. Phys. 19, 457 (1951). 
‘4M. Lax and E. Burstein, Phys. Rev. 100, 592 (1955). 
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the exciton model, it has been argued that the density 
of states is small for this case. 

Another explanation has been proposed for the two 
sets of lines using a configuration coordinate model.® 
The main set of lines would correspond to a transition 
from the lowest vibrational level of the excited state 
to various vibrational levels of the ground state, and the 
smaller set of levels would correspond to transitions 
from the second vibrational level of the excited state. 
The vibrational frequency of the ground state would 
correspond to an energy of 0.040 ev and that of the 
system in the excited state to an energy of 0.025 ev. 
As mentioned above, it has subsequently been shown 
that the main lines are due to interactions with lattice 
photons. Under these conditions it appears difficult to 
explain another set of lines as being due to interaction 
with a localized vibrational mode. Also it is probably 
a poor approximation to use a configuration coordinate 
concept in the usual way to describe a center with 
energy levels so close to the band edges. Finally, it 
has been pointed out that the equilibrium population 
of the second vibrational level of the excited state 
should be negligible at 4°K.4 

Since neither of these explanations seems com- 
pletely satisfactory, other explanations may be pro- 
posed. One possibility is that there are two slightly 
different impurity centers; the one of highest concen- 
tration leads to the main lines and the other to the 
weaker set. The separation of the electronic energy 
levels of these centers would differ by 0.025 ev and the 
transitions in both would interact primarily with the 
longitudinal optical vibrations of the lattice. It is also 
conceivable that the two sets of lines arise from two 
excited electronic states of a center which have 
an energy difference of 0.025 ev. These possible ex- 
planations do not appear to be in disagreement with 
experiment. 

Simultaneous measurements have also been made 
on the rise and decay of edge luminescence and photo- 
conductivity in CdS crystals.’? The results of these 
measurements at 4°K have been interpreted to favor 
the imperfection model of edge emission. In this experi- 
ment a one-millisecond pulse of ultraviolet exciting 
light is placed on the crystal after 100 milliseconds in 
the dark and the process continues to be repeated. It is 
found that the rise time of photocurrent is much 
slower than that for luminescent emission. On the 
exciton model, the number of excitons formed should 
be proportional to the product of the number of free 
electrons and the number of free holes. Even if the 
number of free holes should reach its saturation value 
instantly with the application of light, luminescence 
should follow the photocurrent closely since electrons 
are the principal current carriers as shown by Hall 
effect measurements. A slower rise of the density of 
holes would lead to luminescence that rose more slowly 
than conductivity. However, it appears difficult to 
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imagine a situation in which the luminescence due to 
excitons could grow more rapidly than the photo- 
conduction current as is observed in this case. On the 
other hand, the similarity of the rise and decay times 
of edge luminescence to that of CdS:Ag leads to the 
idea that edge luminescence arises from the recombina- 
tion of a free hole with a trapped electron.’ Such a 
model!®.!6 may offer a somewhat simpler interpretation 
of rise and decay times than does an older model!*-® 
in which luminescence is attributed to the recombina- 
tion of a free electron and a trapped hole; in the case of 
CdS:Ag a variety of experiments tends to support 
this new model.!5.16,20 

Finally, there exists evidence that slow annealing 
of the crystals destroys edge luminescence in CdS,” 
as does heating in an atmosphere of sulfur.” Heating 
in cadmium vapor appears to have no effect.” 

In addition to the experiments discussed in the fore- 
going, there exist two other pieces of information which 
have a bearing on the problem. First, it is found that 
edge luminescence may be observed in sulfide prepara- 
tions even when fired in flux, ground to a powder, or 
with low concentrations of Ag activator.’ If the re- 
combination of excitons were responsible for the 
luminescence, it would be remarkable that such drastic 
treatment should not greatly change the luminescent 
efficiency, since excitons interact strongly with many 
imperfections expected to be present under such condi- 
tions.* It would be particularly remarkable in view 
of the above-mentioned”! circumstance that such gentle 
treatment as slow annealing of the crystal destroys the 
luminescence. The second observation enables us to 
conclude that most of the excitons, if there are any, are 
not produced directly upon irradiation with light, but 
must come to exist by the junction of free electrons 
and holes, probably near an imperfection. That this is 
so is clear from the fact that the crystals are efficiently 
photoconductive for excitation wavelengths less than 
about 4900 A at He temperatures. In the next section, 
another demonstration of this conclusion is presented. 


III. EXPERIMENTAL RESULTS 


Inasmuch as no really definite conclusion could be 
reached on the basis of the evidence reviewed in the 
last section, an experiment was undertaken which 
seemed capable of deciding the question of the necessity 
of imperfections in the luminescent process. According 
to one model, in which the luminescence is presumed 
to arise from the recombination of free holes with 
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231). L. Dexter and W. R. Heller, Phys. Rev. 84, 377 (1951); 
D. L. Dexter and J. H. Schulman, J. Chem. Phys. 22, 1063 (1954). 





LAMBE, 


POSSIBLE EMISSION 
PROCESSES 


PHOTOCURRENT 
QUENCHING LEVEL 


Fic. 2. Schematic representation of three possible recombina 
tion processes leading to edge emission. In process one, free 
electrons and free holes recombine either directly or by formation 
of excitons. In process two, trapped electrons recombine with 
— holes. In process three, free electrons recombine with trapped 

oles. 


trapped electrons, edge luminescence should be stimu- 
lable by the furnishing of free holes*-*’ by infrared 
radiation in a previously excited crystal. This predic- 
tion, though not necessarily inconsistent with other 
models, is at least not a natural one to make on the 
basis of these models. As shown below, this prediction 
was experimentally verified. That is, in a previously 
excited crystal at liquid He temperatures, radiation of 
about half the energy required to produce an exciton 
gives rise to edge luminescence. Thus, whatever 
excitons may come to exist by infrared radiation are 
produced by the joining up of free electrons and holes, 
and not directly, in accord with the tentative conclusion 
at the end of the last section. This result will be used in 
Eq. (1) below. 

In the experimental work to be described here, an 
attempt is made to decide among the three emission 
processes illustrated in Fig. 2. Process number one is the 
recombination of free electrons and holes either directly 
or into excitons which then luminesce. The luminescent 
intensity L is then governed by,the relation 


L«N.P., (1) 


where J, is the instantaneous number of free electrons 
and P, is the instantaneous number of free holes. 
Process number two corresponds to a recombination of 
a trapped electron with a free hole and for this case 
the luminescent intensity is given by 


L«NrP., (2) 


where Nr is the number of trapped electrons. Finally, 
process number three involves the recombination of a 
free electron with a trapped hole and the luminescent 
intensity is given by 

L«N oF T; (3) 


where Pr is the concentration of trapped holes. 
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Fic. 3. Variation of edge emission and electronic conductivity 
with time after a CdS crystal, which has previously been excited 
with light in its fundamental absorption band, is irradiated with 
infrared light in the quenching band. 


In Fig. 2 there is also drawn a level about 1 ev above 
the filled band. This level is due to a “quenching center” 
with well-known properties’? but undetermined 
origin. Excitation with light of energy near 1 ev excites 
electrons from the filled band into the quenching 
centers thus producing free holes. These holes recom- 
bine with electrons from the conduction band and 
quench the photoconductivity associated with excita- 
tion by more energetic radiation. 

In these experiments a single crystal of CdS has 
been investigated both for edge luminescence and for 
conductivity at 4°K. The crystal is first illuminated 
with ultraviolet light which is then removed. As is 
typical of CdS, the luminescence quickly decays to 
zero but the conductivity decays much more slowly. 
While the conductivity is decaying, the crystal is 
irradiated with light in the quenching band to produce 
free holes. Figure 3 shows the results. Green edge 
emission is observed. The luminescence rises quickly 
and then decays more slowly than the photocurrent, 
which is quenched. Interruption of the infrared light 
always shows the same rapid rise or decay of the green 
emission. This is important in that it demonstrates 
that the time constant for the disappearance of free 
holes is comparatively short, less than 0.1 second, so 
that the build-up of free holes occurs in a comparable 
time. In Fig. 4 current and luminescent intensity are 
plotted on a logarithmic scale for almost two minutes, at 
which time the phosphor is nearly exhausted. At all 
times, the luminescence decay is less rapid than that 
of the current. 

These results may now be compared with the three 
recombination processes of Fig. 2. Measurements of 
Hall effect in CdS*** show that the conduction is 

28 R. W. Smith, RCA Rev. 12, 350 (1951). 
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Fic. 4. Semilogarithmic plot of the variation of edge emission 
and conductivity in a CdS crystal during infrared irradiation 
after prior irradiation in the fundamental absorption band. At 
all times until exhaustion of the phosphor, the decay of edge 
emission is less rapid than that of the conductivity. 


primarily the result of the free electrons. Attempts to 
find conductivity or rectification effects when holes 
alone are produced in undoped CdS by irradiation 


in the quenching center have been unsuccessful.’ 


Also, electromodulated photoluminescence  experi- 
ments indicate a very much greater displacement dis- 
tance for free electrons than for free holes.” It is 
probably an excellent approximation, then, to take 
the variation of current with time as being directly 
proportional to the variation of the number of conduc- 
tion electrons. Thus there is an experimental measure 
of N,.. No direct measure of the number of free or 
trapped holes is available but an important character- 
istic of these populations can be deduced. As mentioned 
above, the rapid rise and fall of luminescence with 
changes in irradiation intensity in the quenching 
center indicate that an equilibrium concentration of 
holes is reached quickly. Furthermore, the number of 
free or trapped holes will decrease with time under infra- 
red excitation or at most stay essentially constant for 
short periods of time. It seems clear that the hole con- 
centration will not increase with time. 

In recombination mechanism 1, then, N, is given 
by the current decay and P, is constant or decreasing 
so that the luminescence should decrease as fast as or 
faster than the conductivity. The same argument is 
true of process 3. Since the luminescence does not 
decrease as fast as the conductivity these experiments 
eliminate processes 1 and 3. This leaves process 2 for 
which no such difficulty exists. This experiment 
would then argue that edge luminescence is due to the 
recombination of a free hole with a trapped electron. 


*R. E. Halsted, Phys. Rev. 99, 1897 (1955). 
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Fic. 5. Luminescent emission of a CdS crystal at 4°K. Curve (a) 
is for excitation with intense light in the fundamental absorption 
band and is taken with high resolution in the measuring instru- 
ment. Curve (b) is the emission resulting when a CdS crystal is 
stimulated with infrared light in the quenching band after previous 
irradiation in the fundamental absorption band. Because of the 
weak emission in the second case, the resolution of the measuring 
equipment was drastically reduced and the edge emission fine 
structure could not be observed. 


In Fig. 5 the luminescence spectrum of the crystal 
used in these measurements is given in curve (a) for 
ultraviolet excitation; the emission on irradiation in the 
quenching center is given in curve (b). Because of the 
faint emission in the latter case, the resolution of the 
measurement had to be drastically reduced. This 
accounts for the absence of lines and the somewhat 
broader spectrum. It seems clear, however, that the 
peak of the emission is the same and that the emission 
observed is truly edge emission. It is interesting to note 
that the short-wavelength bands do not appear in 
curve (b). Since in this case the absorption of infrared 
light is small and excitation is throughout the crystal, 
surface recombination would be reduced from the case 
where the ultraviolet light is absorbed very close to the 
surface. This experiment gives added weight to the 
argument that the short wavelength lines are the result 
of surface effects.*:*! 

Nothing has been said about the details of the re- 
combination process after the free positive hole has 
joined the trapped electron. All one knows experi- 
mentally is that it does join, and that emission occurs 
very shortly thereafter. It is conceivable that the elec- 
tron and hole leave the trapping center together, as 
an exciton, and recombine elsewhere. From the lack 
of strong dependence of luminescent efficiency on the 
impurity content and physical maltreatment, one 
would surmise that recombination occurs either at 
the center or very near to it. Certainly it appears that 
excitons are not necessary in an interpretation of these 
results, and equally certain that excitons without 
trapping sites are not sufficient. 


31 L. R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955). 
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If edge luminescence involves an imperfection, as 
seems evident, it is important to attempt to identify 
the center. Although several suggestions have been 
made,*:7- it does not appear possible to be certain 
about the atomic nature of the center at present. It 
may, however, be worthwhile to describe the evidence 
and point out the difficulties of making an assignment. 

Edge luminescence is observed in “pure” materials; 
addition of chemical impurities does not enhance the 
emission but eventually reduces it. From this one might 
conclude that the imperfection responsible for edge 
emission in CdS is not a chemical impurity. The effects 
of heating in sulfur or cadmium vapor referred to 
previously” would indicate that the center is associated 
with a sulfur ion vacancy or an interstitial cadmium 
atom or ion. However, it is generally now believed 
that most impurities are substitutional rather than 
interstitial in ZnS * and ZnO.“ The depth of the trap 
does not prove to be especially helpful in the deter- 
mination of a center. Using a hydrogenic model of a 
center, the binding energy of an electron to a center 
with a single positive charge is 13.7/n‘ ev, where n is 
the index of refraction. For CdS this would be approxi- 
mately 0.3 ev. The observed thermal activation energy 
for an electron bound to a chlorine ion in CdS which 
acts as a single positive charge is only about 0.05 ev.*® 
On the other hand the optical trap depth of an electron 
bound to a neutral Ag,S_ center, which might be 
expected to be even less, is about 0.4 ev.’® It does not 
appear, therefore, that simple arguments about 
Coulomb binding are decisive. 

From the similarity of the rise and decay of the 
luminescence and photoconductivity of edge lumines- 

% J. S. Prener and F. E. Williams, Phys. Rev. 101, 1427 (1956). 

% A. Kroger and J. F. Hellingman, J. Electrochem. Soc. 93, 
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cence in CdS with that of CdS: Ag,’ it might be inferred 
that the empty edge luminescence center is neutral 
as is the Ag,S_ center. Also, sensitive magnetic meas- 
urements have been made on pure sulfide samples at 
4°K** which failed to show evidence for paramagnetic 
centers. These considerations are in agreement with 
the model of a sulfur vacancy with two electrons. On 
this model a third electron would be trapped at the 
sulfur vacancy and the recombination of this electron 
with a free hole would lead to edge luminescence. This 
picture does not appear to be compatible, however, 
with data on semiconducting properties of CdS with 
sulfur vacancies.*® It is argued that a sulfur vacancy 
with electrons has a binding energy of 0.03 ev for a 
second electron. The possibility of then trapping a 
third electron does not seem to be reasonable. As a 
result of these factors it does not seem possible to give 
a conclusive argument for the identity of the center 
at this time. 


IV. CONCLUSION 


The experimental and theoretical evidence on edge 
luminescence in CdS appears to indicate the following. 


1. Edge emission occurs as the result of the recom- 
bination of a free hole with an electron trapped at some 
imperfection. 

2. The electronic transition interacts primarily with 
the longitudinal optical vibrational modes of the pure 
lattice rather than with any which might be peculiar 
to the imperfection. 

3. The weaker set of emission lines may be due to 
another imperfection with slightly different energy 
levels, or to a higher excited state of the center. 

4. Emission to the short-wavelength side of 5000 A 
is due to recombination at the surface. 

5. With present information, no conclusive argument 
can be made as to the identity of the center. 


36 R. Bowers and N. T. Melamed, Phys. Rev. 99, 1781 (1955). 
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The characteristic energy loss spectra of electrons in the metals Al, C, Sb, Ca, Pb, Na, and Te and com 
pounds of these metals have been measured with an improved measuring technique designed to give more 
reliable intensity relationships, and it is found that, with the exception of Al,O;, the compound spectra 
show a decided similarity to the spectra of their parent metal spectra. Rudberg’s premise that such a simi- 
larity is due to oxidation of the parent metal is shown not to hold. It is proposed that the characteristic 
losses, except in the case of Al, and possibly Be and Mg, are due to interband transitions. For Al, and 
possibly Be and Mg, the characteristic losses may be due to excitation of a free electron plasma. 





INTRODUCTION 


N 1936! Rudberg measured the characteristic energy 

losses of low-energy electrons in calcium and barium 
and the oxides of these metals. It was his conclusion 
that the distribution curves for the oxides were entirely 
different from those for the parent metals even though 
there was a strong resemblance between the spectra, 
particularly at the higher energy levels. He stated 
that the peaks which were the same, or nearly the same, 
were merely due to the fact that the fresh metal 
oxidized so rapidly that a pure metal spectrum could 
not be obtained. In a short note? we reported that we 
had found the characteristic loss spectra to be similar 
for magnesium, silicon, tellurium, and their oxides and 
for lead, antimony, and their sulfides. Shortly after, 
there appeared a paper by Watanabe® in which the 
spectra for tin and beryllium and their oxides were 
given. The energy losses and relative intensities for 
for tin and stannous oxide were found to be exactly 
the same (the diffraction patterns were measured to 
verify that the tin was not oxidized when measured). 
We could not ascertain from the data given whether 
the beryllium and beryllium oxide spectra could be 
correlated unless one assumed a rather large shift in 
energy of the spectrum plus the appearance of new low- 
lying levels. 

Our previous results? were obtained by recording 
the energy-loss spectra on photographic plates, and, 
therefore, very little could be deduced concerning the 
quantitative relationships of the energy-loss peak in- 
tensities. The present results were obtained with im- 
proved instrumentation designed to give more reliable 
intensity data. We have measured several of the 
previous spectra as well as some new ones, and have 
found that in most cases there is a great similarity of 
the energy loss spectra of elements and their compounds 
and, indeed, there are cases where they are almost 
exactly the same. 


* This work was in part supported by the U. S. Atomic Energy 
Commission. 

1E. Rudberg, Phys. Rev. 50, 138 (1936). 

2L. B. Leder and L. Marton, Phys. Rev. 95, 1345 (1954). 

3H. Watanabe, J. Phys. Soc. Japan 9, 920 (1954). 


APPARATUS 


The analyzer used for these experiments is a modifica- 
tion‘ of the Mollenstedt® type which utilizes a cylindrical 
electrostatic lens. The principle of operation and the 
modifications have been discussed elsewhere.*~* How- 
ever, there have been no design data given for the 
analyzer lens, and we feel it worthwhile to give here 
the dimensions of the lens used by us, which were 
obtained empirically. These are given in Fig. 1. The 
lens is made up of three disks. The outer two have 
circular apertures of the same diameter, and are 
maintained at ground potential; the center electrode 
has an elongated aperture and it is maintained at the 
negative accelerating potential of the electron source. 
The long dimension of the center aperture should be 
large compared to the small dimension, but for practical 
reasons we made ours approximately 5.3 times the 
small dimension. 

The detector system consists of a glass window 


























Fic. 1. Dimensional data for the “cylindrical” electrostatic 
analyzer lens. The electrodes are disk shaped. The outer two 
electrodes are kept at ground potential while the center electrode 
is kept at the electron source accelerating potential. Dimensions 
are given in mm. 


‘Marton, Leder, and Mendlowitz, Advances in Electronics 
Electron Phys. 7, 185 (1955). 

5G. Mollenstedt, Optik 9, 473 (1952). 

* W. Lippert, Optik 12, 467 (1955). 
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Fic. 2. Impedance matching circuit and range-changing network 
between photomultiplier and recorder. 


coated with P11 phosphor on the vacuum side of the 
apparatus, and a 1P21 photomultiplier looking into 
the window from outside the vacuum. The window was 
made by sealing a microscope cover glass with Epon’ 
into a slit in the vacuum wall. The phosphor-coated 
edge has the dimension 1.75X0.13 mm while the 
length of the window is approximately 4.75 mm. Over 
the phosphor was placed a thin collodion film, and this 
was then coated with 1600 A aluminum to keep stray 
light from entering the photomultiplier. 

The output of the photomultiplier is made logarithmic 
by using a circuit similar to that of Bell and Graham.** 
This signal is then fed through an impedance matching 
circuit to a recorder. This circuit, shown in Fig. 2, 
consists of a range-changing resistor network, connected 
between the last dynode of the photomultiplier and 
ground, and a double cathode follower. The signal is 
taken off at a 20-ohm resistor to match the recorder 
input impedance. Since the voltage developed across 
resistor R, decreases as the light signal increases, a 
bucking potential is inserted, as indicated in the figure, 
to bring the signal on the first grid of the 6SN7, at 
zero light level, to zero. The recorded voltage is then the 
difference between the bucking potential and the 
potential developed across R;. There is also included 
in the circuit a battery and rheostat which can be 
switched in to give half full-scale reading on the 
recorder. This, in combination with the zero reading 
obtained when the first grid is grounded, gives a check 
on the calibration of the circuit. The calibration was 
made using a Faraday cage and electrometer. 

The scanning of the spectrum is accomplished by 
using a motor-driven 100 000-ohm ten-turn potentiom- 
eter which is across a CK 5651 voltage regulator tube 


7 Epon is the trade name of an epoxy resin produced by Shell 
Chemical Corporation. 
®R. E. Bell and R. L. Graham, Rev. Sci. Instr. 23, 301 (1952). 
( * Marton, Simpson, and McCraw, Rev. Sci. Instr. 26, 855 
1955). 
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powered by three 45-volt batteries. The potentiometer 
is inserted between the lens and high voltage. With 
this arrangement, the potential on the analyzer is 
changed continuously over a range of approximately 
90 volts, and the energy-loss spectrum moves across 
the phosphor-coated window. The motor driving the 
potentiometer rotates at 1 rpm, and the chart drive 
is 26mm per minute. The rate of change of potential 
on the analyzer lens was measured with a Millivac 
model MV17B voltmeter which was calibrated with 
a Leeds and Northrup potentiometer. The calibration 
of the recorder chart was thus found to be 0.37 volt/mm. 


EXPERIMENTAL PROCEDURE 


The measurements were made with primary electrons 
of 30-35 kev energy passing through thin films of 
solids with thicknesses of the order of 200 to 400 A. 
Our choice of thin films was limited to the following: 
(1) those compounds which could be evaporated without 
decomposition, and (2) those compounds whose oxides 
could be formed from the evaporated metal film. We 
were also limited in our mode of measurement by the 
fact that most of the films were not strong enough to be 
mounted freely and that many of the metals oxidized 
very quickly in air. For these reasons all the materials 
except aluminum, antimony, aluminum oxide, lead 
hydroxide, lead telluride, lead selenide, and lead sulfide 
were measured on a Formvar substrate. These were 
all handled in the same way. A Formvar film was made 
by putting one drop of a 1% solution of Formvar in 
ethylene dichloride on a water surface. A piece of the 
film was then picked up on the specimen holder and 
allowed to dry over the 0.4-mm aperture. The specimen 
holder was then placed in the evaporating unit attached 
to the spectrograph. This unit was prepumped and then 
opened to the main vacuum. The material to be 
studied, which had previously been weighed and 
placed in the tantalum boat of the evaporator, was 
evaporated onto the Formvar; the entire specimen 
unit was then placed in position in the beam. By this 
method we could measure the energy losses in easily 
oxidized materials several seconds after evaporation 
without appreciable oxide formation. The freely 
mounted films were made by evaporation onto a cleaved 
rock salt surface. They were then floated off on water 
and picked up on the specimen holder. The lead 
hydroxide film was made by placing a lead film on 
the water surface for several minutes. The film quickly 
lost its metallic color and became clear, indicating full 
oxidation. It was then picked up on the specimen 
holder. In the case of aluminum oxide, an aluminum 
film was first evaporated onto a microscope slide. This 
film was anodized" and stripped from the glass onto 
a water surface. It was then mounted in the same 
manner as the other films. 

Previous to measurement, the equipment was turned 
on and allowed to stabilize for at least one hour. The 


1 G. Hass and M. F.. McFarland, J. Appl. Phys. 21, 435 (1950). 





ELECTRON CHARACTERISTIC ENERGY 


\ 


specimen was introduced into the beam and its position 
adjusted for maximum output signal. This maximum 
occurs when the zero-order diffraction spot is directly 
over the analyzer slit. The spectrum was then measured 
going from zero energy loss to approximately 50-ev 
energy loss, at which point the signal level generally 
approached zero; and then back again to the zero-loss 
peak by reversing the helipot drive motor. Each spec- 
trum took approximately 6 minutes to obtain and, in 
general, only two spectral runs were made with each 
individual film. 


RESULTS 


Many of the films studied were supported on a 
Formvar substrate and therby a background scattering 
was added to the film’s own scattering distribution. 
This background could not be eliminated merely by 
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Fic. 3. Energy loss spectra in carbon and Formvar 
normalized to the peak at ~20 ev. 


subtracting the Formvar loss distribution—which 
usually had a higher cross section than that of the 
film—nor were we able to determine any simple 
method of correcting the energy-loss distribution for 
this background. Therefore, in these cases we did not 
consider it of importance to measure the thickness of 
the films, which would have to be done if we wished 
to compare the absolute intensities. Only in the case of 
aluminum and aluminum oxide, which were both 
freely mounted, were the thicknesses measured. For 
this reason the distribution curves are plotted on an 
intensity scale in arbitrary units of relative intensity. 
In all cases (except aluminum) we have arbitrarily 
normalized the curves to the intensity position of 
one peak. This normalization was done to make it 
easier to compare the relative heights of the various 
peaks. We cannot, however, compare intensities be- 
tween one set of distribution curves and another. The 
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Fic. 4. Energy loss spectra in Al and Al.O; normalized to the 
intensity of the zero-loss peak. The intensity of this peak is 
indicated in the upper left-hand corner of the figure. 


numerical intensity scale is not completely arbitrary to 
the extent that we can measure the half-widths (where 
possible) of the loss lines and bands. 


Formvar and Carbon 


In Fig. 3 we show the spectra of Formvar (a polyvinyl 
acetal) and carbon, both of which were free-mounted. 
These are given to illustrate first what the substrate 
spectrum looked like, and second, because carbon forms 
a large component of the Formvar as well as being a 
possible contaminant on the film surfaces due to the 
deposition of carbonaceous material where the electron 
beam strikes. They have very similar spectra consisting 
of a broad, rather strong, band. Carbon has an addi- 
tional weak loss at 5.4ev which is not found for the 
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Fic. 5. Energy loss spectra in Sb, SbeO3, and SbeS, 
normalized to the intensity of the third peak. 
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TABLE I. Energy loss values (in ev) for 
antimony and its compounds. 








Material Energy loss (ev) 


Sb . 15.6 
Sb203 18.6 
Sb2S; 19.9 





30.2 
35.1 
35.0 








Formvar. In the figure the Formvar peak has been 
normalized to the carbon peak, and we note that the 
half-width of the carbon peak is approximately 15 ev 
while that of the Formvar is 1.5 ev broader. When the 
Formvar is used as a substrate, its energy loss peak 
does not appear in the superstrate spectrum, but, 
instead, the entire loss distribution contributes only 
to the total background scattering. 


Aluminum and Aluminum Oxide 


These two films were measured without using a 
substrate. The aluminum thickness was measured with 
a Tolansky double-beam interferometer" as being 600 
angstroms, while the aluminum oxide thickness was 
calculated from the initial aluminum thickness of 200 
angstroms by the formula, 


M(Al,03) p(Al) 
f 1,03 = Al ’ 
— ese oe 


to be 500 angstroms. In this formula ¢ is the thickness, 
M is the atomic and molecular weights, respectively 
of the aluminum and aluminum oxide, and p is the 
density (assuming that the thin film has the bulk 
density). Both of these films have been measured by 
other investigators*:”* and our measurements are in 
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Fic. 6. Energy loss spectra in Ca and some of its compounds. 
These were all measured on a Formvar substrate (Rudberg 
measured that of CaO on a silver backing). The curves are nor- 
malized to the intensity of the last peak. 


NS. Tolansky, Multiple-beam Interferometry of Surfaces and 
Films (Oxford University Press, London, 1947). 

12 G. Ruthemann, Ann. Physik 2, 113 (1948). 

18 A. Gschlossl, Physik. Verhand. 4, 68 (1951). 


good agreement with these previous ones. The aluminum 
spectrum is distinguished by the very strong, narrow 
14.6-ev loss and multiples of it. Less frequently observed 
is the weak 7-ev loss, and combined loss peaks of this 
one plus those of the 14.6-ev value. The loss spectrum 
of the oxide differs radically since it consists only of a 
broad band peaked at 22 ev. The two spectra are given 
in Fig. 4. They have been plotted on a logarithmic scale 
because of the wide range of intensities. 


Antimony and Compounds 


The spectra of the oxide and sulfide look very much 
like that of antimony with the second of the three 
losses as the most prominent. The spectra of the two 
compounds are shifted upward, and show changes in 
the relative intensities of the peaks as well as in the 
half width of the main peak. These spectra are shown 
in Fig. 5. We have plotted them normalized to the in- 
tensity of the third maximum. In Table I are listed the 
energy loss values for these three materials. It should 
be noted that the values for antimony and antimony 
trisulfide are somewhat different from those given in 


TABLE II. Energy loss values (in ev) for calcium and its com- 
pounds. Also listed are the energy loss values for calcium oxide as 
measured by Rudberg.* 








Material Energy loss (ev) 





36.4 
36.2 
37.9 
36.4 


17.9 -+- 29.0 
16.0 19.2 29.0 
31.0 
29.0 


13.2 
11.7 
14.6 18.5 


CaQ(Rudberg)* 13.8 18.3 








* See reference 1. 


our previous publication,’ and this is accounted for by 
improved energy calibration. 


Calcium and Compounds 


Calcium (Fig. 6) shows six loss peaks with a strong, 
narrow one at 8.9 ev. The energy loss values are in 
rather good agreement with those found by Rudberg. 
The hydroxide of calcium was made by allowing a 
calcium film to oxidize in air. Actually, it was not 
determined that the hydroxide rather than the oxide 
was formed, but only assumed that this was the case. 
Comparison with the energy loss spectrum for calcium 
oxide obtained by Rudberg! shows several differences, 
and his spectrum is included in Fig. 8 for comparison. 
Watanabe® has also measured the calcium hydroxide 
energy loss spectrum, and his loss values are in good 
agreement with ours. The calcium chloride spectrum 
shows the same intensity structure as that of the 
hydroxide. Both have a strong peak in the vicinity 
of 15ev and another near 37 ev. The strong 8.9-ev 
loss characteristic of calcium has disappeared in both 
compounds, but the higher loss peaks can be correlated 
fairly well. In particular, the last two losses of the 
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calcium spectrum are both reproduced in the compound 
spectra. The loss values are given in Table II. 


Lead and Compounds 


Lead shows three loss peaks with the most prominent 
at 13.8 ev. The loss spectra for lead sulfide, telluride, 
and selenide are very similar to that of lead except for 
small shifts in the first two losses and changes in the 
relative intensities of the peaks. The loss spectrum for 
lead hydroxide differs from these in that the first loss 
has become most prominent and is shifted more than the 
other compound losses. For all the spectra the loss 
peak at 21-22 ev remains fixed in position. This loss has 
been tentatively identified with excitation of electrons 
from the Q,Os shell of lead. In Fig. 7 we show these 
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Fic. 7. Energy spectra in Pb and some of its compounds. The 
Pb spectrum was taken with the Pb on a Formvar substrate. 
The curves are normalized to the intensity of the last peak. 


normalized to the third loss peak intensity. The energy 
loss values are given in Table III. 


Sodium and Compounds 


The loss spectra for these materials are given in 
Fig. 8. The sodium film was approximately 400 
angstroms thick, and its spectrum shows five loss 
peaks. The last loss peak is very weak and somewhat 
questionable. The first loss is at 5.4 ev and the following 
ones are in the order of decreasing intensity and 
multiples of the first loss. The sodium oxide film was 
made by allowing a sodium film to oxidize in a vacuum 
of the order of 5X10-* mm Hg for approximately 16 
hours (overnight). The film was assumed to be com- 
pletely oxidized when the metallic-appearing film was 
replaced by a clear film. The energy loss spectrum of 
the oxide is not radically different from that of the 


TABLE III. Energy loss values (in ev) for lead 
and compounds of lead. 








Material Energy loss (ev) 


Pb ; 13.8 
Pb(OH)2 13.0 
PbS 14.5 
PbSe 15.1 
PbTe 14.4 





21.4 
22.3 
21.8 
22.0 
21.7 








TABLE IV. Energy loss values (in ev) for sodium 
and compounds of sodium. 








Energy loss (ev) 


16.7 22.1 
14.5 19.7 
17.2 22.2 
15.9 





28.0 
26.3 eee 
33.4 
21.6 33.3 





metal. The peak positions have shifted downward one 
to two volts, and the intensity relations of the higher 
losses have changed so that the third loss peak is 
slightly stronger than the second or fourth. The first 
loss remains rather narrow and is still the most prom- 
inent just as for the metal. The loss spectra of sodium 
chloride and sodium sulfide look quite different from 
that of the sodium, but are similar to each other. The 
strong 5.4-ev loss of Na has disappeared, and the most 
prominent peaks now occur at 11.8ev for sodium 
sulfide and 15.9 ev for sodium chloride. Although the 
intensities of the losses are different in these compounds 
from those in the metal, the loss values still show rather 
good correlation. These are shown in Table IV. 


Tellurium and Compounds 


Tellurium (Fig. 9) shows two energy loss peaks. 
The first is a weak one followed by a strong broad loss 


17 























RELATIVE INTENSITY 





 _- . 30 
ENERGY LOSS (ev) 


Fic. 8. Energy loss spectra in Na and some of its compounds. 
These were all measured on a Formvar substrate. The curves are 
normalized to the intensity of the peak at ~22 ev. 
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Fic. 9. Energy loss spectra in Te, TeOz, and PbTe. The Te and 
TeO: films were deposited on a Formvar substrate. The curves 
are normalized to the intensity of the Te peak at 17.9 ev. 











at 18ev. As in the case of Sb, the loss values are 
different from our previous values,? and are believed 
to be more correct. The tellurium dioxide spectrum 
shows the same structure as tellurium except that the 
low-lying loss has shifted upward several volts while 
the main peak has remained fairly constant in energy 
position but decreased in intensity. On the other hand 
the lead telluride spectrum shows a different form which 
was shown to be characteristic of the lead compounds. 
Since the loss values fall somewhat in the same region 
for the lead and tellurium spectra, it is difficult to state 
absolutely that the lead telluride spectrum is determined 
solely by the lead component; but this view is strength- 
ened by the appearance of the third loss at 22 ev which 
is a lead characteristic loss. The energy loss values for 
these materials are shown in Table V. 


CONCLUSIONS 


All of the metal energy loss spectra that we have 
measured, with the exception of aluminum, show a 
decided similarity to the spectra of their compounds. 
In most cases the differences in the spectra appear to 
be due to changes in the relative intensities of the 
energy loss peaks and small shifts in the energy posi- 
tions of the peaks. We can distinguish, usually, a 
characteristic form of the metal spectrum carried 
through to that of the compound. Rudberg’s! premise 
that the peaks at approximately 30 and 36 ev in the 
calcium spectrum are due to the presence of calcium 
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oxide does not appear to hold true since in the case of 
sodium, which oxidizes faster than calcium, we do not 
find, “the exact duplication of corresponding peak posi- 
tions “and intensities in going from the metal to the 
oxide; whereas in the cases of antimony, lead, and 
tellurium, which oxidize much more slowly than 
calcium in vacuum, and their oxides we still find strong 
similarities in the spectra. We can conclude from these 
results that, however the characteristic energy losses 
may originate in the metal, in most cases compounding 
appears only to change the relative probabilities of the 
losses and, to a lesser extent, the loss values themselves. 
These losses probably arise from interband transitions; 
and it would then appear that compounding does not 
introduce radical changes in the energy levels but does 
alter the densities of states. 

The case of aluminum and aluminum oxide can be 
considered an exception to this general behavior. There 
is also the possibility* that beryllium and magnesium 
may also be exceptions, but until further measurements 


TABLE V. Energy loss values (in ev) for tellurium, 
tellurium dioxide, and lead telluride. 








Material Energy loss (ev) 





Te 
TeO2 
PbTe 


17.9 
17.5 
14.4 


21.7 








are made of the characteristic energy losses in these 
metals and their compounds this cannot be definitely 
stated. If it should be verified that the compounds of 
beryllium and magnesium do show a different spectral 
form from those of the parent metals, then it may be that 
in aluminum, beryllium, and magnesium one observes 
what can be considered a free-electron plasma loss. 
Therefore, in the compounding of these metals the free- 
electron model would not be valid, and one would 
expect the loss spectrum to be radically different be- 
cause the loss mechanism would be different. 
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The results obtained from the microwave measurements of the rotational spectra of N4*O!* and N¥“O}* 
in their #11, ground state are compared by isotopic substitutions and shown to be in excellent agreement. 
The NO molecule is considered as an intermediate case, slightly removed from Hund’s case (a). The theory 
of spin uncoupling and / uncoupling, developed by Van Vleck and extended by Dousmanis, Sanders, and 
Townes, is applied to the two molecules, and the molecular parameters are calculated accordingly. The 
resulting rotational constants are By = 49 041.34 Mc/sec and Dp=0.139 Mc/sec for N°O"*, and By =50 838.56 
Mc/sec and Do=0.177 Mc/sec for N4O!8, The A-doubling constants are found to have the following values: 
pa=170.45 Mc/sec for N'*O'* and 176.15 Mc/sec for N“O"*; and ga=0.71 Mc/sec for N'5O!* and 1.15 


Mc/sec for N¥*O!8, 


The magnetic hyperfine structure is treated by an extension of the theory of Frosch and Foley to the 
intermediate case, and an expression is given for the quadrupole energy in the intermediate case. However, 
a very slight disagreement still exists between the measured and the calculated hyperfine separations. 

A complete list of the measured line frequencies is presented along with the calculated values. Also, a 
complete list of all of the molecular and nuclear parameters that have been determined is given. 





1, INTRODUCTION 


ECENTLY, preliminary results on the microwave 
spectrum of N'°O!® were reported.! These meas- 
urements together with the results’ given earlier on 
the N“O!* spectrum provide the necessary information 
for the analysis of the uncoupling and isotopic effects in 
the molecule and for a closer examination of the hyper- 
fine structure of the spectra. 

The nitric oxide molecule possesses an unpaired 
electron and has a normal “II ground state with the 
*II; state lying approximately 123.8 cm™ above the 
"II, state. In the original discussions* of the N“O!* 
spectrum, the ground state was described in terms of an 
ideal Hund’s case (a) representation. In this paper, the 
molecule is treated as an intermediate case, slightly 
removed from case (a), and the (Bo)ere value is corrected 
for the various distortions resulting from the mixing of 
states. These distortions are the effects commonly 
known as spin uncoupling and / uncoupling. Both 
effects also contribute to the hyperfine structure, 
although the contribution from / uncoupling is ex- 
tremely small in the case of NO. When all of these 
effects are taken into consideration, good agreement 
results between the spectrum of N“O!® and that of 
N40O!6, 

During the preparation of this paper, an article by 
Dousmanis, Sanders, and Townes® on the microwave 
spectrum of OH has appeared. Since many of the 
effects which have to be considered for the NO molecule 
are similar to those treated in the paper by DST, 


1 Gallagher, King, and Johnson, Phys. Rev. 98, 1551(A) (1955). 

2C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 

3 Gallagher, Bedard, and Johnson, Phys. Rev. 93, 729 (1954). 

4C. M. Johnson and J. J. Gallagher, post deadline paper, 
American Physical Society Meeting, New York, January, 1954 
(unpublished). 

5 Dousmanis, Sanders, and Townes, Phys. Rev. 100, 1735 
(1955), henceforth referred to as DST. 


reference will be made to that work for details of the 
derivations. 


2. MEASUREMENTS 


The experimental procedures used for observing the 
rotational transitions of NO in the 1 to 2-mm region 
have been described in references 1, 3, and 4 and will 
not be repeated here. The measured frequencies of the 
J=}-—3 lines of N“O"* are available in journal arti- 
cles,?* but the measured frequencies of the J= 3-5/2 
lines‘ of N'4O"* and of the J= 3-3 and J = 3-5/2 lines! 
of N'°O!* were presented on slides at meetings and are 
not available elsewhere in the literature. Table I gives 
a complete list of these measured frequencies along 
with the values calculated from expressions developed 
in subsequent sections. 


3. THEORETICAL CONSIDERATIONS 


The *II ground state of nitric oxide is a close approxi- 
mation to Hund’s case (a) representation. However, 
small effects caused by the interaction of the electronic 
motion with the rotational motion make it necessary to 
consider the state as being intermediate between Hund’s 
case (a) and Hund’s case (b). Beginning with Hund’s 
case (a), one can introduce the rotational interaction 
effects as perturbations. Such a representation has for 
its good quantum numbers J, M,, 2, A, and Q, where 
> is the quantum number representing the component 
of the electronic spin, S, along the internuclear axis; 
A the quantum number representing the component of 
electronic orbital angular momentum, ZL, along the 
internuclear axis; 2 the sum of A and 2; J the total 
angular momentum (electronic and rotational), and 
M,; the component of J along a space-fixed axis. 

To obtain the appropriate energy expression for the 
above representation, one must consider the following 
Hamiltonian : 

H=H™ol+ Are+ 7e, (1) 
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TABLE I. Microwave spectrum of nitric oxide *Ij ground state.* 








Calculated 
frequency 
(Mc/sec) 


Measured 
frequency 
(Mc/sec) 


NuO!6 
J=1/2-3/2 


150 176.3040.25 150 176.27 
150 198.52 150 198.24 
150 218.57 150 218.33 
150 225.47 150 224.10 
150 245.38 150 244.05 


Intensity 
(em=) 


T=80°K 


Transition 


Av 
(Mc/sec) 





119X107 
0.59X 10? 
0.22 
0.18 
0.18 
0.02 


119X107 
0.02 10? 
0.18 
0.59 
0.18 
0.22 


II* band 
F=3/2-5/2 
F=1/2-3/2 
F=3/2-43/2 
F=1/2-1/2 
F=3/2-1/2 


II~ band 
F=3/2-1/2 
F=3/2-33/2 
F=3/2-5/2 
F=1/2-1/2 
F=1/2-3/2 


150 374.82 
150 438.14 
150 546.56 
150 580.38 150 580.14 
150 644.11 150 643.58 


J=3/2-5/2 


250 435.60+0.50 250 435.54 
250 439.20 250 439.29 
250 447.16 250 446.81 
F=3/2-—3/2 250 474.02 250 472.72 
F=5/2-5/2 250 481.52 250 481.40 
F=5$/2—3/2 wee 250 514.18 


II~ band 
F=5/2-3/2 
F=5/2-5/2 
F=3/2-3/2 
F=5/2-7/2 
F=3/2-5/2 
F=1/2-43/2 


150 375.02 
150 438.72 
150 546.25 


4.75 X10 
2.11107 
1.33 
0.79 
0.25 
0.25 
0.01 


4.75X107 
0.01107 
6.25 
0.25 
2.11 
1.33 
0.79 


II* band 
F=5/2-37/2 
F=3/2-5/2 
F=1/2-3/2 


250 643.40 
250 706.04 
250 752.01 
250 795.66 


250 707.12 
250 752.61 
250 794.99 
250 814.64 250 814.31 
250 816.24 250 815.34 


Noi 
II* band 
F=1-1 
F=0-1 
F=1-2 


II~ band 
F=0-1 
F=1-2 
F=1-1 


144 927.8140.25 144 928.33 
144 946.34 144 946.86 
144 976.00 144 975.68 


+0.52 
+0.52 
—0.32 


145 236.09 145 236.55 
145 307.81 145 307.51 


145 428.07 145 428.46 
J=3/2—5/2 


+0.46 
—0.30 
+0.39 


II* band 
2-2 
1-2 
2-3 


II~ band 
1-2 242 046.03 
2-3 242 060.35 
22 owe 


241 668.35 
241 715.71 
241 723.45 


+0.31 
—0.34 


241 715.40+0.50 
241 723.79 


242 046.21 
242 060.17 
242 167.17 


+0.18 
—0.18 1.11 
‘se ee 








* The data for the J =1/2-+3/2 and the J =3/2-5/2 transitions of 
N'O!¢ were reported in references 3 and 4, respectively, and the results 
for N'5O1* were given in reference 1. The very weak lines, for which no 
values of measured frequency are given, were observed by a recording 
technique but were not measured accurately. 


where H™°!, Hs) and H® are the contributions of 
molecular rotation, nuclear magnetic interaction, and 
nuclear quadrupole interaction, respectively. 


3.1. Molecular Energy Effects 


The part of the molecular Hamiltonian which is of 
interest here is given by the expression® 


H™!= BL (J2—P2)*+ (Jy—Py)J+AL'S, (2) 
* J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951). 
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where P is the sum of the spin and orbital electronic 
angular momenta, J the total angular momentum of 
the molecule (except for nuclear spin), B, the rotational 
constant related to the moment of inertia of the nuclei 
by 4/87 ,, and A the measure of the coupling between 
the spin, S, and the orbital angular momentum, L. The 
first term gives the rotational energy and also the 
interaction of the rotational motion with the electronic 
motion. The second term represents the spin-orbit 
interaction. The calculations are carried out in a rec- 
tangular coordinate system, x’y’s’, fixed in the mole- 
cule. 

When these calculations are performed for Hund’s 
case (a), the off-diagonal terms of Eq. (2) result in a 
mixing of the states of the molecule and cause a dis- 
tortion of the rotational levels. The first effect to be 
considered is the mixing of the two states of the spin 
doublet, resulting in spin uncoupling. Taking into 
account this spin uncoupling, Hill and Van Vleck® 
calculated the following expression for the rotational 
energy levels (the centrifugal distortion term as de- 
rived by Almy and Horsfall" is included to terms sig- 
nificant for our measurements) : 


B= B[(J+4)—A"]+4B,[0M"(\—4) +444)" } 
—D,[J2(J+1)?—J(J+1)+13/16], (3) 


where \=A/B, and D, is the rotational distortion 
constant. The upper sign of the + applies to the "I, 
state and the lower sign to the *I]; state in the case of 
a normal doublet. For small spin uncoupling, i.e., A>1, 
the radical can be expanded to terms of the order of 
magnitude of the quoted accuracy. Thus, for our 
purpose, one obtains 


E= (By’) ett(J+3)’— (Do)ess(J+3)*+const, (4) 


where 





(By) ett= B.A 1 


+ . )+D. 
[AA*(A—4B,)} 
(D.)ett= D,+B,*/[AM(A —4B,) }i, 


and 


const = — B,A°?+3[AA?(A —4B,) }#—D,+AAz 
+B,[L(L+1)—A?]+B,[S(S+1)—2?]. 


To this expression, one must add the effects of 
1 uncoupling, i.e., the mixing of *2 states with the? II 
ground state. This / uncoupling breaks down the de- 
generacy of the J levels and produces the A-doubling 
effect. Thus each component of the spin doublet is 
itself split into two sets of levels, II+ and II- (or Ig 
and II, in Mulliken’s notation!'). In addition, the 


7J. H. Van Vleck, Phys. Rev. 33, 467 (1929). 

8 R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952), 
henceforth referred to as FF. 

* E. Hill and J. H. Van Vleck, Phys. Rev. 32, 250 (1928). 

1G. M. Almy and R. B. Horsfall, Phys. Rev. 51, 491 (1937). 

1 R. S. Mulliken, Revs. Modern Phys. 3, 90 (1931). 
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l-uncoupling yields a term which adds to (By’)ett of 
Eq. (4) and terms which further shift the rotational 
levels. 

These /-uncoupling effects have been calculated to 
first order by Van Vleck’ and by Mulliken and Christy,” 
and some higher order terms have been added by DST.® 
The two sets of energy levels, with the inclusion of 
only the higher order terms which are significant for 
low J values, are given by 


Ej = VrotL at JE, 
where 


Erot= [» 


+D,—4 } 
B,* 


all = 
states 
[ow 
[4A?(A—4B,)]}! 
(11| AL, +2BL,/|2)(2| BL,-| Nl) | 
all v(II—2) 


B? 
[AA?(A —4B,) }4 
It| BL,|3)|? 
| (| BL.-| eleuy 
v(II-2) 








Jotnersx- 





states 
x I= +H)FHOXA-AX-) 
| (| AL» +2BL,|2)|? 
x | 
all Z v(II-2) 





states 


44 (| BL»|2)|2 
v(II-2) 





. 


- (| AL|2)(2|BLe IM) 


v(TI—2 


(J+) 

x| + (-42xF Ax) 

v(II2)X 
X {(2(J—4) (J+ 8) 4X) (B.*— By) (J +4) 
+B,[3(A#FX)+ (J—3)(J+9) )) 
—2B,\(J+3)°LJ (J +1) — (7/4) +A] 
a (F-)I+9)— Br 0—2ENV (14/4) | 

(—1)? 
| (| BLz-|2) |? 

(II) 
*(2(J +4) (142X7FAX-) 


+4X-1(J-+4)(J-9) u+y3}. 


+42 
z 


12, §, Mulliken and A. Christy, Phys. Rev. 38, 87 (1931). 
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In these expressions, X = [\(A—4)+4(J+4)? ]4, »( II) 
= E;— En, and B,* is the B, value for the perturbing 
> state. The total constant multiplying the term (J+4)? 
in the expression for E,o¢ is the (B,)ers given in the 
tables. It is, of course, equal to (B,’).r plus an addi- 
tional term due to the / uncoupling. 

The sign convention followed in Eq. (5), and through- 
out the paper, is that for normal doublets the upper 
sign of + (or +) applies to the *II; state and the lower 
to the *II, state, while the upper sign of [+ ] applies to 
the IT- or ¢ levels and the lower to the II* or d levels. 


3.2. Magnetic Hyperfine Effects 


The second term of the Hamiltonian, H*!*, must now 
be considered. This term arises from the interaction of 
the unpaired electron with the magnetic moment of 
the nitrogen nucleus, and the resulting magnetic 
hyperfine structure has been treated by Frosch and 
Foley.® A slight correction of FF’s constants has been 
given by Dousmanis,'* and reference is made to his 
paper for the correct form of H*** and for the definition 
of the constants to be used throughout this work on NO. 

For NO the molecular representation most applicable 
for the inclusion of nuclear spin is the case ag of FF,® 
i.e., Hund’s case (a) with the nuclear spin, I, coupled 
to J. The good quantum numbers for such a represen- 
tation are A, 2,2, J, J, F, and M p, where F is the vector 
sum of J and J, Mr is the component of F on a space- 
fixed axis, and the other quantities are as defined 
previously. Frosch and Foley used the symmetric and 
antisymmetric combinations of the basic wave functions 
to obtain the nuclear magnetic interaction energy. To 
FF’s expression, the spin-uncoupling effects as calcu- 
lated by DST [see their Eq. (10) ] must be added. The 
resulting energy contribution of the magnetic inter- 
action becomes 


Eea*"*= 


sets | (b+c) 
ax LI” 


I-J 
He wu+y|—— 
2I (J+1) 


+26X-\(J—})(J+4)——_— 
2J(J+1) 


X+24d 3 b+c\ IJ 
= )(+—)— | 
x. 2 JJ(I+1) 


where the first I-J term is the expression given by FF 
for the *II; state except for the normalizing factor 
(X—2+A)/2X, and the last two terms are contributed 
by the spin uncoupling. The constants a, 6, c, and d are 
the same as defined by FF (as corrected by reference 
13); the expression for each is given in Table II in 


18G. C. Dousmanis, Phys. Rev. 97, 967 (1955). See Eq. (2) of 
this reference and also Eq. (31) of reference 5. 
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terms of 7, the distance from the nucleus with spin, J, 
to the interacting electron; x, the angle between r; 
and the internuclear axis; g;, the nuclear g factor; pa, 
the nuclear magneton; yo, the Bohr magneton; and 
|~(0)|?, the probability density of the electron spin 
at the nucleus of spin J. The averages indicated in the 
expressions for these constants are taken over the 
electrons which provide the spin and orbital electronic 
angular momenta. The product I-J in Eq. (6) and 
throughout the paper means 3[F(F+1)—J(I+1) 
—J(J+1)]. 

The effect of / uncoupling on E*** has also been 
considered, but it was found that the contribution 
from this perturbation is less than 0.25 Mc/sec for 
each energy level and is thus not significant in view of 
the accuracy of the measurements. The same is true 
for perturbations by states off-diagonal in J. Such an 
interaction is between states which are of opposite 
symmetry. The resultant effect amounts to less than 
0.1 Mc/sec in the case of NO. 


3.3. Nuclear Quadrupole Interaction 


The total energy expression is further affected, in 
the case of N“O'*, by H®, the nuclear quadrupole 
interaction. This interaction of the electric quadrupole 
moment of N™ with the electrons is given by the 
following expression,"* 





3 I-J 
1(2I—1)16X \J(J+1) 
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eQ 3 cos*x—1\ /3/,°-P 
a oe a, 
I(2I—1) 2r,3 2 


3 /sinx cosx 
HC2) 
4 re 


X {Te ily) + Teil y) I Jer 
+(e (Tatil y)+ (Te +ily)I, Je-*9} 


3 /sin’x 
+ \te*(e—ityy 
8 re 


te ** (Te +ily)}}, (7) 


where ¢ is the angle of rotation about the symmetry 
axis, Q the electric quadrupole moment of the nucleus 
as defined by Bardeen and Townes," and the other 
quantities are as defined above. 

Considering Eq. (7) now, one sees that for wave 
functions in a pure Hund’s case (a) representation the 
terms in e+‘ and e+** do not contribute to the energy, 
while for a Hund’s case (b) representation the terms in 
e**# yield results for (A| H°|—A). For the more general 
case, it is appropriate to use the intermediate wave 
functions given by Eq. (10) of DST in order to obtain 
the effect of the mixing of states upon the quadrupole 
interaction. This calculation has been carried out and 
is given in the appendix. The resulting expression is 


) {eQqi(SXF8+4\) [+ ]2eQge2[ X?— (2—d)?}! 





XC E) EDU HI -pi+3| 


eee 


1(27—1)64XJ2(4J?—1) 


x {eOn(arX SX 8M) [+ ra (2—d)*}4(2I-+1)[(2I-+3)(27—1)}8 





: (F+I—J)(F+J—I+1)(F+1+J+2)(J+I-—F+1) 
; ( 1(21—1)64X (J+1)2(2J +1) (2+3) 


eQ 


Ge I(I+1) 
~~ (2—A)? }4(2J +1) [ (27 — 2743) -( 


where 


3 cos*x—1 sin*x 
cre) emma), 
AY AV 


Lal Lal 


The averages in these constants are taken over all 
electrons in the molecule. 

For a pure case (a) molecule, Eq. (8) will reduce to 
the expression for the symmetric top molecule. A more 
compact form of the quadrupole interaction has been 


4H. B. G. Casimir, On the Interaction Between Atomic Nuclei 
and Electrons (Teyler’s Tweede Genootschap, Haarlem, 1936); 
see also Eq. (7.6) of reference 8. 


) | [4(J2-4+2)X—X+484) JeQa: 


e041 
, (8 
4 aa ©) 








obtained by Lin and Mizushima,!* using Racah coeffi- 
cients and a Hund’s case (b) representation.!” 

It is also possible to calculate the quadrupole energy 
from Eq. (7) by using a case (bg,) representation.® To 
obtain the intermediate case, one must consider the 
magnetic interaction rather than the rotational energy 
as the perturbation and form the appropriate wave 


16 J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 

16 C. C. Lin and M. Mizushima, Phys. Rev. 100, 1726 (1955). 

17 The results given by Lin and Mizushima agree with Eq. (8) 
except that they associated the A doublets with the [+] signs 
in the sense opposite to that given above. 
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TABLE II. Molecular parameters for nitric oxide.* 








NuO16 





(Bo)ets (2104) 
(Do) est (Ty) 
(Bo)ets 7113) 
(Do) ets (2114) 
Bo 

Do 

Io 

ro 

B, 

Me 

l. 


16. 505, 10™ g cm? 
1.153,A 


14.416;X10™ g cm? 
1.1503sA 





50 121.15 


17. 1010X 10-™ g cm? 
1.153,A 
49 298.14 
0.0171 cm™ 
17.019; 10-® g cm? 
1.1503A 


51 109.51 
0.0181 cm 


A-doubling constants: 


(—1)° 
»(II-2) 


eet all 
»(II2) = 


42 (11| A Lz+|Z) (Z| BL | 11) = pa 


427 


176.15 170.45 


1.15 0.71 


l-uncoupling constants: 


ay LOUBLe|2)/? 
allz »(II-2) 

states 

y (M)ALs|2)(2|BLe |) 
all »(II-2) 

states 

y |(JALz-|2)|? 

allz  »(II—2) 


states 


+1.15 +0.71 


+176.15 + 170.45 


+3216.99 +3224.79 


Magnetic hfs constants: 


[a—4$(b+c) ] 

d=giuounl3 sin?x/ri? Jay 

q= 28 1Mo-n (1 /13) ny 

fate [="- (* cos?y =) 
£10 3 23 a 

6=3g oun (3 costy—1)/ri? Jay 


92.74 
112.60 
83.40 


68.91 
—87.60 


— 130.03 
— 157.88 
— 116.94 


— 96.63 
+ 122.82 


Quadrupole constants: 


3 cos?x —1 
0 

sin? 
eo) Ay 


—1.75 


9.3 


Constants taken from other sources: 


A> 
B,* c 
v(II—2)° 
M*/M" (mass ratio)4 
uw (magnetic moment of nitrogen)* 


[a+$(b+c)} 


123.8 cm™ 
1.9870 cm= 1.9082 cm™ 
43 966 cm™ 
0.933532 
+0.40369+4 nm —0.28299+3 nm 


74.05 — 113.84 








* All parameters given here were determined in this paper unless otherwise referenced. Values are given in Mc/sec, except in cases where the appropriate 
units are specified. Those parameters which are listed and which were not determined here are the values which were used to obtain consistency in the 


results. 
> H. Margenau and A, Henry, Phys. Rev. 78, 587 (1950). 


eG. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., 


4 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
eW. G. Proctor and F. C. Yu, Phys. Rev. 77, 716 (1950) ; 81, 20 (1951). 
{ Beringer, Rawson, and Henry, Phys. Rev. 94, 343 (1954). 


functions accordingly.!* These calculations have been 
carried out and yield a very complicated energy 
expression which is not as convenient to use as Eq. (8). 


18 See Eq. (43) of reference 5. In using this equation, one must 
make the following corrections, to which Dr. Dousmanis has 
agreed: The + before the second bracket should be replaced by 
a + sign, a + should be placed before the first bracket, and the 
relation of the signs to the I; and Ij states as given in the para- 
graph following Eq. (43) should be reversed. This correction does 
not alter the calculations of DST. 


New York, 1950), p. 558. 


The sum of Eqs. (5), (6), and (8) gives the total 
energy expression for the rotational levels in the 
ground °II state of NO. 

4. INTERPRETATION OF EXPERIMENTAL DATA 


4.1. Molecular Effects 


An analysis of the experimental work on N“O!* and 
N*O!* will now be given based upon the equations of 
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Sec. 3, and the results for the two molecules will be 
compared by the proper isotopic substitutions. The 
calculated frequencies of all the observed lines, together 
with the experimental values, are given in Table I. 

Since N™ has no quadrupole moment, N'5O"* is the 
simpler form to treat. For this case the displacement 
of the hyperfine levels from their parent level is pro- 
portional to F(J)I-J and therefore the interval rule 
can be applied to the observed lines of frequency 
v(F->F’) to obtain the hypothetical frequencies, v, 
and vg, of the unsplit lines of the A doublet. Then the 
frequency, vo(J—1—J), of the rotational line, without 
either A doubling or hyperfine splitting, can be obtained 
from the following expressions: 


ve(J—1-9J) = (J — 1-9) +-3.Arca(J) —$Ar-a(J—1), 


and 


va(J —1-J) = »o(J—1-J) 
= 3Arca(J) +3 Ar ca(J — 1), (9) 


where Ap, gives the A splitting of the rotational level. 
Thus, vo(J—1—J) = (v-+va)/2, and in addition Av.a(J) 
—Avea(J—1)=v.— va. 
When the measured frequencies are treated by the 
above procedure, the following values are obtained : 
vo(1/2—43/2) = 145 133.74 Mc/sec, 
vo(3/2-95/2) = 241 888.84 Mc/sec, 
Avea(3/2) — Avea(1/2) = 342.35 Mc/sec, 
Avea(5/2) — Avea( 3/2) = 341.11 Mc/sec. 


(10) 


These values are related to Ero and E, of Eq. (5) in 
the following manner: 


vo(J— 1—J) _ Erot(J) —Eran(J— 1), 
Avea(J) — Avea(J —1) = 2[Ea(J)— Ea(J—1)], 


thus providing the means of evaluating the rotational 
and the A-doubling constants. In order to make these 
determinations, however, the values of the quantities 
A, v(II—2), and B,* must be taken from other work. 
Fortunately, the accuracy required for these supple- 
mentary quantities is not very great since they are 
parts of small correction terms. The values used are 
given in Table II. 

The fact that the last two quantities of Eq. (10) are 
not equal is a manifestation of intermediate coupling, 
and two constants, pa and qa (see Table II for defini- 
tions) are required to describe the A doubling. Both 
these constants can be evaluated since two transitions 
were observed. These constants can also be used as the 
l-uncoupling constants in Ero, if two assumptions are 
made. One is that the II ground state interacts princi- 
pally with *2 states of one symmetry type, positive” 
in the case of NO. The other is that the “hypothesis of 


(11) 
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pure precession” is applicable so that 


(M|ALe|2)|*_ (| ALe|2)@|BLe|M) 


z v(II-2) z 


This hypothesis has also been used in evaluating one 
of the small terms of the second-order correction to the 
A doubling. The “hypothesis of pure precession” is a 
poor approximation for the NO molecule, but it has 
been applied here only to terms which contribute a 
very small effect. It should be pointed out however 
that the “hypothesis of pure precession” is considered 
a reasonable assumption when applied to the spin 
matrices,’ and this application has been used through- 
out the paper. 

For NO" the same procedure can be followed for 
obtaining the molecular constants except that a small 
correction to the hfs due to the quadrupole effect 
must be made before the interval rule can be applied. 
The evaluation of this quadrupole effect is contained 
in the next section. When this correction is made and 
the measured frequencies substituted into Eq. (9), the 
following results are obtained: 


vo(1/2—43/2) = 150 372.78 Mc/sec, 

vo(3/2—95/2) = 250 619.89 Mc/sec, 
Av(3/2)—Av(1/2) = 355.27 Mc/sec, 
Av(5/2) —Av(3/2) = 353.62 Mc/sec. 


All of the molecular constants obtained for both 
N®O!* and NO! are given in Table II. In addition 
the sum of the /-uncoupling contributions to the unsplit 
rotational levels are evaluated in Table III and denoted 
as AE; ot. It is apparent that even the net contribution 
to the transition frequencies is quite appreciable. 

Likewise in Table III, the contributions of the higher 
order terms of DST® to the A doubling are given. These 
terms are denoted by AZ, and it can be seen that for 
"II, levels they are significant also. For *II; levels, 
however, AZ, is quite negligible. 


(13) 


4.2. Nuclear Hyperfine Effects 


The hyperfine splittings of the energy levels are given 
by Eqs. (6) and (8). Comparing the hfs of N“O!* with 
that of NO", one sees that both spectra show an 
asymmetry in the A doublets because of the hyperfine 
doubling” term, [+ Jd(J+})I-J/2J(J+1). Since the 
magnetic moments of N' and N" are opposite in sign, 
the order of the hyperfine levels is reversed in the two 
molecules. The spectra thus confirm the negative value 
of the magnetic moment for N as found by Proctor 
and Yu.” 

The hyperfine parameters for both N%O"* and N“O!* 
obtained from the measurements by means of Eqs. (6) 


1 C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 
” W. G. Proctor and F. C. Yu, Phys. Rev. 77, 716 (1950). 
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and (8) are listed in Table II. The values given for the 
magnetic constants a, b, c, and d of N“O"* are practically 
the same as the values originally*-* obtained without 
including the interaction with the II, state. 

For NO" the value of the quadrupole coupling, 
eQqi, which gives the best fit of the measured lines is 
—1.75 Mc/sec. This result is consistent with the values 
obtained by others.'*:'6.2! The other quadrupole constant 
eQg2= 0 (sin?x/r1*)4, has been estimated from the value 
Q=0.02X 10-* cm? given by Townes and Dailey,” and 
for (sin?x/r1*) = 13.4X 10% cm as obtained from the 
magnetic hfs constants.'* Unfortunately, since the effect 
of eQg2 on the spectrum is so small, the quadrupole 
moment, Q), cannot be accurately determined from this 
expression. 

Despite all of the foregoing considerations, it can be 
seen from Table I that the calculated spectrum does 
not fit the measured spectrum within the experimental 
error. The existing small discrepancies are apparently 
still in the magnetic hyperfine energy expression, since 
the calculations for N'°O"* where no quadrupole effects 
exist also exhibit these deviations from the experimental 
values. The small contributions from mixing with the 
2 states and with states off-diagonal in J amount to 
0.25 Mc/sec or less and are not large enough to alter 
the calculations significantly. A better fit of the N“O"* 
hyperfine structure has been obtained by Lin and 
Mizushima'*; however, the term of their calculation 
arising from the matrix element (II,|H***|II,) is one- 
half the value that DST* and the authors have obtained 
independently.” It is possible to obtain an exact fit of 
the spectrum, if one does not consider the value ob- 
tained from the magnetic resonance work”! on the 71], 
state. The value for the parameter b so obtained differs 
greatly from that obtained by using the *II; state data 
and is no longer consistent with atomic orbital calcu- 
lations.” 


4.3. Comparison of Isotopic Effects 


Spectroscopy in the millimeter region offers the 
possibility of comparing the isotopic species of relatively 
light molecules. In these cases, the large rotational 
velocities cause /-uncoupling effects to become more 
evident than in heavier molecules. For '2 states, a 
Zeeman-effect measurement"*4 is necessary in order to 
estimate the /-uncoupling effects; however, for *II 
states, the molecule provides its own magnetic effects, 
and it is possible to obtain an excellent estimate of the 
1 uncoupling from the A-doubling constants. This esti- 
mate, of course, is made under the assumption that 


21R. Beringer and J. G. Castle, Jr., Phys. Rev. * 581 (1950) ; 
Beringer, Rawson, and Henry, Phys. Rev. 94, 343 (1954). 
2 C. H. Townes and B. P. Dailey, J. Chem. Pave 17, 782 (1949). 
%M. Mizushima (private communication) has agreed that his 


value is wrong. 
%B. Rosenblum and A. H. Nethercot, Jr., 


Phys. Rev. 97, 84 
(1955); Bull. Am. Phys. Soc. Ser. II, 1, 13 (1956). 
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TABLE III. Effects of / uncoupling on rotation energy, AE, 
and of higher order effects on A-doubling energy, AZ. 








AErot (Mc/sec) AE, (Mc/sec) 
‘Ty Ty 21 21 





Nols 

J=1/2 
J=3/2 
J=5/2 


N16 

J=1/2 
J=3/2 
J=5/2 


—1697.749 
—1691.651 
— 1681.565 


.0006 


+ 10.393 tee 
+ 0.793 bE 

+ ]1.205 [+ ]0.002 
+ 0.389 

+ ]0.784 a 

+ J1.192 ‘0018 


the interaction with the *2 states is mainly with states 
of one symmetry type, a situation which seems to 
exist for NO. 

From the experimental data for NO, Bo has been 
calculated for both N“O!* and N'°O!%, With the value 
of a, for N“O"* taken from Gillette and Eyster,?* one 
can calculate B® where the superscript (1) indicates 
the value for N“O"*. From the constants obtained for 
NO! it is possible to calculate By, where (2) 
indicates the value for N15O"*, as follows: 


+ 1682.434 
+ 1660.827 


— 1699.185 
—1693.157 
—1681.986 


1687.477 
1669.206 








By = p°Bo +ha, (p*—p?), (14) 
where p?=y/u@) is the ratio of the reduced masses 
of the two molecules. 

The value thus obtained is By =49 041.39 Mc/sec, 
which is in excellent agreement with the value deter- 
mined directly from the N'°O!* data (see Table II). 
In Eq. (14), the effect of any inaccuracy in the constant 
ae) is lessened since the inaccuracy is multiplied by 
(p?—p*). Thus, while it appears that the experimental 
value* for a, is only accurate to within about +0.0004 
cm™, this deviation amounts to an error of less than 
0.25 Mc/sec in the value of By® for N%O!*, Alterna- 
tively, it is possible to determine the B,’s and a,’s from 
the following relations: 


By =BO- bey), 
(1) GQ), 4 5 
be 15 
By? =—B,-} te a. (15) 
yp? x) , 


where Bo and Bo® are determined experimentally. 
Solving for B,“), one obtains 


Q)y 4 a) My 4 
Bb M M 
B=] By® — (“ By / ——{— } |. - (16) 
x) p® \po 
The values for B,“’, B,®, a., and a, obtained in 
this manner are given in Table II. Since the previous 
a,’s obtained experimentally” are relatively inaccurate, 


the above method of calculation, based on the mass 
ratios, probably yields more accurate values of the 


** R. H. Gillette and E. H. Eyster, Phys. Rev. 56, 1113 (1939). 
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B,’s. The masses used throughout this paper are those 
obtained from nuclear reaction data.”* 

The reverse of the above procedure could be used to 
calculate the mass ratios, but the values obtained, 
because of the uncertainty in a, and A, would not be 
of comparable accuracy to those given in reference 26. 

The hyperfine structure separations were treated in 
two ways. In one case, the constants a, b, c, and d were 
calculated independently for both N“O'* and NO". 
These constants for the two molecules are related by 
a® = (g,;°)/g;™)a™, etc., where g; is the g factor of 
the nitrogen nucleus and (1) and (2) again refer to 
N*O!* and N*O"*, respectively. The electronic averages 
contained in these constants are assumed to be inde- 
pendent of the isotopic substitutions, and the ratio 
gr®/g;™ is taken as —1.4021 from nuclear resonance 
data.2° When substituted into these expressions, the 
corresponding constants for the two isotopic molecules 
show very good agreement. The negative sign in the 
ratio is, of course, the cause of the inversion of the order 
of the hyperfine levels of one isotopic species with 
respect to the other. 

In the other manner of calculating the hyperfine 
structure effects, the NO" separations, which have 
no quadrupole contributions, were treated first, and 
then the isotopic substitutions were made to obtain 
the N“O'* magnetic hyperfine separations. The quadru- 
pole interaction was then added. The calculated fre- 
quencies of Table I and the constants in Table II have 
been obtained in this manner. 

While there is excellent agreement between the Bo 
values for N'°O'* and N“O'*, it should be emphasized 
that some of the assumptions made in evaluating the 
small uncoupling effects may not be exact enough to 
warrant the agreement which has been obtained. For 
example, the constant A, used for both isotopic species, 
should not be appreciably affected by the isotopic 
change, but a more accurate determination of A (here, 
A=123.8 cm“, as given by Margenau and Henry,” 
was used) may necessitate slight changes in the results 
for Bo. Also, the use of the “hypothesis of pure preces- 
sion” in evaluating one of the /-uncoupling constants 
may be the source of a slight inaccuracy in the determi- 
nation of the Bo values. Finally, there is a small term 
which originates from the spin-molecular rotation 
interaction,» 7" yK-S, where K=J+} and y is a 
small constant indicating the strength of coupling be- 
tween the magnetic field of the molecular rotation and 
the electron spin S. Lack of an accurate value for the 
small constant y has necessitated our neglecting the 
term. It is, of course, believed that inclusion of this 
term would cause only a very small change in Bo and 
no relative shift of the Bo values of the two isotopic 


molecules. 


*67i, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 


(1951). 
27H. Margenau and A. Henry, Phys. Rev. 78, 587 (1950). 
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Besides the above effects whose contribution is 
somewhat uncertain, several other interactions which 
have exceedingly small effects on the energy levels have 
also been neglected in the calculations. These effects 
have been discussed by DST and are summarized as 
follows: 


(1) The influence of *A states on the A doubling. 
Recently, Miescher** has obtained results involving a 
*A; state in NO. The value for »(II—A) so obtained is 
60 365 cm™. The effect of this state on the A doubling 
of the *II; state is =[A/»(II—-2) ][B/»(ll—A) Jv, 
50 cps for the low J states involved. 

(2) The influence of yS- K interaction on A doubling. 
This effect would contribute about 5 kc/sec for the low 
J states of this experiment. 

(3) The effect of vibration on the /-uncoupling and 
A-doubling constants. Since Do/By&3X 10-6, this cor- 
rection must only be made for the transitions involving 
higher J values. 

(4) The effect of *E in third order on A doubling. 
For low J values, the contribution of this effect is 
about 5X 10-* Mc/sec. 

(5) The effect of distortion correction to the order 
(B/wyiv)*. The rotational energy is affected by an 
amount 0.2J*(J+1)*® cps while the effect on the A 
doubling is about 100J?(J+1) cps. 

(6) The contribution of very small nuclear terms of 
the type f(J)(I-J)* from second-order perturbation. 
This factor corresponds to a pseudo-quadrupole effect 
with a complicated factor, f(J). The result, however, 
is small and is of the order of a few kc/sec. 

(7) The contribution of the small interaction of the 
form a’I-N which accounts for the interaction of the 
nuclear magnetic moment with the magnetic field due 
to the rotation of the molecule. This term would yield 
small contributions of about 50 kc/sec to the other 
I-J terms. 


4.4, 2113/0 State of NO 


In order to confirm the results obtained for the *I]; 
state, it would be most advantageous to measure the 
J=3/2-—5/2 transition of the *II,; state. This transition 
lies at a slightly higher frequency than the correspond- 
ing transition for the *II; state, and the rotational levels 
in *II; state are much less populated than the corre- 
sponding levels of the *II; state. Intensity calculations 
indicate that with the realizable spectrometer sensi- 
tivity in the 1-mm region these lines should be de- 
tectable. However, the search for them has thus far 
been unsuccessful. Because of spin uncoupling effects, 
the J=3/2—45/2 rotational transition in the 7II; state 
lies approximately 7 kMc/sec higher than the corre- 
sponding transition in the I, state. The A doubling of 
the *II; levels is extremely small compared to that of 


#8 E. Miescher, Can. J. Phys. 33, 355 (1955). 
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TABLE IV. Values of | us;|?. 








Case (a) Intermediate 





AJ=0, Ag=0: 
(27 +1)? 
T(I+1) 

u02(2J+1) 

~JIOFD~ 


J>J+1, 2=0: 


[722+ 2ab2,2.+5°2,? } 


2u7A?(2K —1) 
K(2K+1) 


wLa{ J+1)?—}4+{ J+1)?-27}4P 





(J+1)(27+1) 


(J +2+1) (J—2+1) 
(J+1) 





K>K+1, K=J-S 


2u?(K+A+1)(K—A+1)(K+2) 
(K+1)(2K+3) 


K->K+1, K=J+S 





we (K+1)?—A*]}2K 
(2K+1)(K+1) 














the “II, levels. Furthermore, the hfs is practically void 
of the hyperfine doubling effects and, as q result, is 
approximately equal in both symmetry levels. The lines 
should thus appear as close doublets, the small separa- 
tions being due to the small A doubling and the mixing 
with the *I]; state and the 72 state. 


4.5. Line Intensities 

The peak absorption of a microwave line is given by 
8a? N f| wis | 20? 

Y max _ ( 1 7) 
3ckT Av 


where N is the number of molecules per cm’, f the 
fraction of molecules in the lower state, |u,;;|? the 
square of the dipole moment matrix element for the 
transition, vo the frequency of the line, Av the line- 
breadth parameter, c the velocity of light, k Boltzmann’s 
constant, and T the absolute temperature. 

The fraction of molecules in the lower state is given by 


exp{ — BJ (J+1)h/kT) exp{—(A+2B)h/kT} 
(RT /hB)[1+exp{ — (A +2B)h/kT}] 





for the *II; state, and 
exp{ —BJ(J+1)h/kT} 
~ (kT/hB)[1-+exp{—(A+2B)h/kT}] 





for the 7II, state. The exponential in the denominator 
arises because the *II,; state of NO is low enough in 
energy to be appreciably populated. 

The fraction is usually multiplied by a factor (2/+1) 
due to the degeneracy in the magnetic quantum number, 
M;. Here, this factor is included in the calculation of 
the dipole moment matrix elements. These elements are 
calculated from the relation y=wk’, where k’ is the unit 
vector along the molecular axis. The calculation can be 





carried out by using the direction cosines*® or by using 
the sum rules of Condon and Shortley® since p is a 
T matrix. Here, the sum rules are used with the 
amplitude matrices, (JQ:?k’:J’,Q), given by FF.* It is 
necessary to use the wave function for the intermediate 
case, given by Eq. (10) of DST. When these calculations 
are carried out, the results shown in Table IV are 
obtained. 

In the intermediate case matrix elements, a 
= (FX—2+))/2X and b= (FX+2—)/2X. The low- 
er sign applies to the state J= K+} in case (b) or to 
the II, state in a normal case (a), while the upper sign 
applies to the state J=K—} in case (b) or to the Il, 
state in a normal case (a). It can be shown that with 
Q=4 and Q= 3 it is possible to obtain either the case (a) 
or case (b) matrix elements from the intermediate case 
by proper choice of the ratio A= A/B and of the signs 
in a and b. It is easier, however, to obtain the case (b) 
elements by using the dg, representation® and the 
elements given by FF. The sums obtained in this 
calculation have been made symmetric in the upper 
and lower states, thus yielding the factor (2/+1) 
usually included in the fraction f. 

From the foregoing expressions and the following 
assumptions: P~0.1 mm, T=80°K, (Av)1:=Av/P=5 
Mc/sec per mm, and u=0.16 Debye units the in- 
tensities of the lower rotational transitions in the 71; 
and II; states of NO have been calculated. The concen- 
tration of N' for the N'°O'® measurements was 40%, 
and this factor has been included in the calculations. 
The results for the *II, state are listed in Table I. For 
the *II, state the results show that the strongest lines 
(AF=+1) of the J=3/2—5/2 transition in N4O'* 


See reference 19, page 96, for the direction cosines with 
phases as chosen in this paper. 

% FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951). 

3 L. G. Wesson, Tables of Electric Dipole Moments (Technology 
Press, Cambridge, 1948). 
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TABLE V. Intensities of low-frequency AJ =0 transitions between 
A doublets of the *I; state of N“O"*, 








J max (T =300°K) ‘ymax (T =80°K) 





5.22X 10-8 
4.16X 107° 
3.06X 10-* 
2.09X 10-8 
1.33 10-8 
3.94 10-" 


8.1110 
8.5810 
8.76X10~ 
8.68 X 10 
8.36X 10° 
1.77X107 


11/2 
13/2 
15/2 
17/2 
19/2 
39/2 








have intensities of the order of the F=2—2 lines of the 
J=3/2-—5/2 transition in the *Il, state for NO". 
The latter lines have been observed by recorder tech- 
niques; and it therefore seems possible to observe the 
strong lines of the *IJ, transition. The information 
obtained from transitions in the *II,; state would be 
most useful in confirming the calculations made for the 
“TI, state. 

It should also be possible to observe transitions in 
the *II, state between the A doublets (AJ =0) of excited 
rotational states. Intensity calculations have been made 
for some of these transitions of N“O"* which occur in 
the 3 to 12 kMc/sec region, and the results are given in 
Table V. The AF=0 lines, which are the strongest for 
AJ=0 transitions, would have intensities of about 
one-third the value given in the table. The lines are 
extremely weak, but sensitive cavity spectrometers™ 
operating in this low frequency region are capable of 
detecting lines with absorption coefficients as small as 
1X10-" cm. Thus, all the AF=0 lines of the transi- 
tions given in Table V, except for the J=39/2 state at 
80°K, should be detectable and should provide very 
interesting comparisons with the present work. The 
degree of intermediacy of the states becomes greater 
with J until the rotation eventually uncouples S from 
the molecular axis. The spin-uncoupling effects would, 
of course, be considerably magnified for such transi- 
tions. 
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APPENDIX I. MATRIX ELEMENTS FOR THE 
QUADRUPOLE ENERGY EXPRESSION 
The nuclear perturbations have been calculated by 
means of the matrix methods of CS* and FF.*® The 
phase relations used in the matrix elements are con- 
sistent with the work of CS. These phase relations are 


#R., J. Collier, Rev. Sci. Instr. 25, 1205 (1954). 
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given by 


(A| Ly |A+1)=Fi(A|Ly|A+1), 

(2|Sz|2+1)=Fi(2|S,-|2+1) 
=3{S(S+1)—-2(2+1) }}, 

(Q|J2|941)=+i(Q| J, |9+1) 
=i[(JJ+1)-2(0+1)]}. 


(Al) 


Here, the x’ components are real, and thus Lz 
appears in our results in place of L,, which has appeared 
in other work using the phases of Cross, Hainer, and 
King.* The “amplitude matrices” of the moving 
coordinates, (Q:1':0+1), etc., have been calculated with 
the proper phases from the matrix elements of the 
direction cosines consistent with Eq. (A1). The results 
for (J,Q:k’:J’,Q) are properly given in the appendix of 
FF. The results for i’ are the following: 





be [(J42+1)(J40+2)}) 
(J, 0:7/:J+1,0+1)=F ’ 
2(J+1)[(2J+1) (2J+3)}} 
[ (JO) (J40+1)}! 
2I(J+1) 
[ (JQ) (JF=Q—1)} 
27(4J2?—1)t 





(J, :1/2J,041)= 


(J, iJ —1, 941)=+ 





With Eqs. (A1) and (A2) and FF’s results for k’, the 
quadrupole interaction energy can be calculated from 
the following relation: 


Eya®= Vint | H®| int), (A3) 


where 


XF2+4A\3 
Vint= (—) Word’ (TI) 
2A. 


X+2F)A\! 
+(——) Yad(Ml,), (Ad) 
2X 


Word (Ty) = ( (11; | + (T4| J/v2, 
Vera’ (Ty) =[ (Ty | + (1_4| J/v2. 


In Eq. (A4) for a normal doublet, the upper signs 
apply to the *IIy state and the lower signs to the *II; 
state in the limit of Hund’s case (a). Equation (A4) is 
Eq. (10) of DST with a change in the sign preceding 
the second function to agree with the phases chosen 
here. 

When H® is given by Eq. (7), it is seen that the 
terms (Ij|H@|1y), (M|H°®|Iy) and (U_4| |) 
= (II,|H°|I1_4) contribute to the energy, E./a@. These 


% See footnote 16 of reference 6. 
™ Cross, Hainer, and King, J. Chem. Phys. 12, 210 (1944). 
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D 


3 
) {= 5c, J11-K'|1h,J")|*— 
wi2 J’ 


elements are given by 


e’Q 3 cos*x—1 
(I1,| H°| 11y) = ( ) (m 
1(21-1)\ art) Jy 


e’O (- cos*x—1 


A 2r3 


3I,?—F* 





~ 1(2I—1) 


e’O —) ° 0? a 
~1(21—-1)\ oars? Dy l2 241)? 


3 (J+2+1)(J—2+1) 

8 (J+1)2(2I-+1)(2I+3) 
3 (2-9) 
2 J°(4J?—1) 








sin?x 


3 2&0 
Q —— 
(1.4|H9|11))=— — man 


a 
3&0 sin*x 
"ara 
3 20 


ri aw J’ 


[(J+F—-1(F+I—1)(F+I+J+1)(J+I—F)]—#1(I4+1) 
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1(I+1) 


. J)’ 


[U+F-J)(F+J—I+1)(F+I4+J+2)I+J+1-F)] 


(A5) 
Om} 


) (T1_y| e-***(T--+-aTy-)?| Ty) 
Av 


D (MgJ | 1a” | 24,’) (24,J’| 1-1’ | J) 





~ ST(2I—1)\ re 
1 (2—-1)8 
16 (J-+1)2(27-+3)! 





1 (2J+3)4 
16J? (2J—1)} 


An expression similar to Eq. (A5) results for 
(II,| H@| 11), with Q=4 replaced by Q= 4. The elements 
(Il,|H@|1,) and (I,|H°|II,) are the correct terms 
for pure II; and I], states, respectively, in a Hund’s 
case (a) representation. Also, it can be shown that Eq. 


=) (Ecaaag:  la me 
hy P?(J+1) 


((F+J—I)(F+I—J+1)(F+I+J+1)(I+J—F)]}. 


Vy 


L(F+J+1—1)(F+I-—J)(F+I+J+2)(I+J+1-—F)] 


(A6) 





(A5) is the symmetric-top quadrupole energy ex- 
pression. 

If Eq. (A3) is expanded in terms of Eq. (A4) and 
the matrix elements as calculated above are substituted, 
then Eq. (8) of the text results for E.,/a°. 
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The hyperfine structure of the lines 4033 and 4172 A of gallium 1 has been investigated by means of the 
absorption of a multiple atomic beam of high collimation. From the measurements of the structure of the 
line 4033 A are derived: the hfs intervals of the terms 4 *Py and 5 S; for Ga® and Ga”, the ratio of the 
nuclear magnetic moments, and the isotope shift; and from the line 4172 A, the hfs intervals of the term 
4 *P, of Ga® and Ga”, and hence an approximate value for the quadrupole moment coupling factors for 


the two isotopes. 





HE hyperfine structure of the two resonance 
lines of the arc spectrum of gallium, in the visible 
(4?Py—5 S;, 4033 A and 42P,;—5 S;, 4172 A) has been 
investigated by means of the absorption of a multiple 
(9-fold) atomic beam. The background in which the 
absorption was observed was provided by a water- 
cooled hollow cathode. The instrument, of high resolv- 
ing power, was a double etalon with plate separations 
of 1.67 and 5.0085 cm with plates coated respectively 
with 5-fold and 7-fold dielectric multilayers of zinc 
sulfide and cryolite; the spectral range was 299.49 mK 
and the limit of resolution between 2 and 3 mK (1 
mK=1 millikayser=10~ cm~). The combined instru- 
mental and Doppler width of simple components was 
between 4 and 5 mK. 

The structure of the line 4033 A is shown in Fig. 1, 
a microphotometer recording of an interferogram of 
the absorption of the atomic beam. Intensity of 
illumination decreases, and absorption increases towards 
the top ofthe tracing. The six minima a, A, bB, Cc, 
D, and d are the hfs components; but the minima x, 
x’ and X appear in photographs made in the absence 
of absorption, « and x’ being gaps between the three 
wide hfs components emitted by the hollow cathode, 
and X being a gap between adjacent spectral orders. 
The components A and D are ascribed to the isotope 
Ga® and a and d to Ga”; while 6B and Cc are each 
blends of two unresolved components, one due to 
each isotope. 

On account of their narrowness, it was possible to 
measure the positions of the six components with a 
high degree of accuracy. Random errors were minimized 
by measuring a large number of plates; and systematic 
errors which might be caused by the nonlinear dispersion 
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Fic. 1. Hyperfine structure of the 4033 A line of gallium. The hfs 
components are a, A, 6B, Cc, D, and d. 


of the etalon fringe system, were avoided by altering 
the disposition of the six components in the fringe 
system by changing the pressure of the air in the 
air-tight containers which housed the two etalons 
(necessary for phasing the double etalon). The results 
of the measurements are given in the following table: 


Component a A bB Ce D d 
Wave number (mK) 0.09 22.2; 92.32 112.02 183.13 204.9, 
Mean deviation (mK) ... 10 1.1 1.0 1.0 1.0 
Intensity 4 6 10 2 6 4 


Since 68 independent measurements of the structure 
were made, the probable error is of the order of +0.1 
mK. The intensities were estimated from the micro- 
photometer traces; they confirm the allocation of the 
hfs components to the two isotopes, being in agreement 
with the theoretical values for the spin $ (A:B:C:D 
=5:5:1:5) and the abundance ratio Ga®: Ga” = 60: 40. 

The isotope shift is }(4—a)—4(d—D) and is thus 
equal to 0.5¢+0.07 mK the lines of Ga” being shifted 
to the red. The ratio of the nuclear magnetic moments 
of the two isotopes, derived from the sum of the hfs 
splitting of the terms 4?P; and 5 Sj, is simply the ratio 
(d—a):(D—A), and thus Ga”: Ga®= (1.2709+0.0008) 
3 8 


The difference between the splitting of the term 4 *P, 
and that of the term 5 S; can be found either from the 
separation between the blends 5B and Cc, or from the 
position of bB or of Cc in conjunction with the above 
value of the isotope shift. (The position of the blend 
bB, in which the absorption is very strong, is taken 
as the simple mean of the positions of b and B; but for 
Cc, in which the absorption is weak, C and c are 
weighted in the ratio 60:40.) The three values thus 
obtained for this difference are 17.8, 17.6, and 17.2 
mK, mean 17.5; mK for the isotope Ga®; and the mean 
value for Ga" is 22.2, mK; the differences in the 
splittings of the terms for the two isotopes are assumed 
to be in the same ratio as the sums of the splittings. 
These values for the differences in the splittings 
combined with the values of the sums, D—A and 
d—a, give the following values for the hfs splittings 
of the terms: 


Ga® Ga" 4°P, 


. 5 Sy 
1.7 113.3 


91.0 


42P, 5S 
7 


89.2 +0.1 mK. 
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The structure of the line 4172 A is shown in Fig. 2. 
The resolution is less satisfactory than in the case of 
the line 4033 A; only six components appear, whereas 
if the resolution were complete there would be twelve 
components, of which, however, three are too weak to 
give an observable absorption. As will be shown below, 
only three of the observed components are simple, the 
others being blends. The results of 10 measurements of 
the structure are given in the following table: 
Component A B C D E F 
Wave number (mK) 0.0 13.8 2 64.2 84.0 914 


4.7 
Mean deviation (mK)... 1.5 1.5 1.0 1.4 1.4 
Intensity 13 4 4 10 2 1}. 


Since ten measurements were made, the probable error 
estimated from the mean deviation is of the order of 
0.5 mK. It would not be possible to make a significant 
improvement in this accuracy by making more measure- 
ments since the small separations can introduce 
systematic errors, and also the three strongest lines 
are blends. 

In spite of the incomplete resolution of this line, 
the spacings of the hfs levels of the term 4 *P; of both 
isotopes can be derived with an accuracy of the order 
of 1 mK, provided the theoretical intensity ratios are 
assumed, since the structure of the term 5 S; is known 
from the line 4033 A, and also the total width of the 
blends cannot exceed about 4 mK. The following 
levels for the term 4 *P;, combined with the values for 
the term 5 S; given above, yield a structure which 
agrees very closely with the measurements: 


,@t.2.3 
4 7 18 39 mK, 


Gee: 2» 8.) 2.8 
0 7 21 46 mK 


Ga®: 


The wave numbers and intensities of the six components 


given by the six transitions for the two isotopes are: 
Transition 5 S;: F 2 
42P,: F 
Ga®: Wave number (mK) 
Intensity 
Ga™: Wave number (mK) 
Intensity 6 


( 1 
26.5 95.5 
+ 2 
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2 i. 
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Fic. 2. Hyperfine structure of the 4172 A line of gallium. The hfs 
components are A, B, C, D, E, and F. 


The isotope shift in the line 4172 A is assumed to be 
equal to that in 4033 A, and consequently the compo- 
nents of Ga” have been displaced —0.5 mK (to the 
red) from the positions required by the above term 
levels. If it is assumed that components separated by 
less than 4 mK are not resolved, the above 12 compo- 
nents are reduced by blending to the following 8 
components : 


Wave number (mK) 0.9 13.7 24.9 64.5 84.5 91.0 95.5 109.9 mK 
Intensity mw «€ @:10 2 & 4 i 


(The intensities have been reduced to the scale used in 
the measurements, the strongest blend 25+17 being 
reduced to 10, and the others reduced in the same 
ratio.) This calculated structure is in excellent agree- 
ment with the measured structure both with regard to 
position and intensi:y of the components and blends, 
the components calculated at 95.5 and 109.0 mK being 
too weak to give an observable absorption. It can 
therefore be assumed that any errors in the above hfs 
levels of the term 4 *P; are not likely to exceed 1 mK. 
The values of the hfs splitting factor, A, and of the 
quadrupole moment coupling factor, B, calculated 

from the above levels are: 
Ga®; 


Ga™ . 


A=6.4+0.3; 
A=7.8+0.3; 


B=18+0.7, 
B=1.6+0.7. 


The author takes this opportunity of expressing his 
gratitude to Professor Jacquinot for the laboratory 
facilities which he made available. 
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This paper summarizes results of laboratory experiments on the optical emission of a rarefied air sample 
excited by the impact of electrons (10-8000 ev), protons (5-350 kev), and He* ions (10-450 kev). In the 
high-energy region, charged particles of different species but of the same velocity excite very much the same 
spectrum. In the low-energy region, on the other hand, the process of charge exchange plays such an im- 
portant role that the spectra show marked characteristics of the species of the particles which cause the 
excitation. The relative band intensities of the negative system of N,* and the relative intensities of the 
negative to the Meinel system of N2* excited by low-energy particles depart notably from the prediction of 
the Franck-Condon principle. The importance of energy transfer in the process of charge exchange is 


discussed. 





I. INTRODUCTION 


PECTROSCOPIC studies of the phenomena induced 
by the passage of a beam of energetic particles 
through air have been in progress at the Yerkes Ob- 
servatory since 1952.!~-* The program was initiated by 
Meinel with the purpose of investigating the funda- 
mental processes involved in auroral excitation. Elec- 
trons, protons, and helium ions have been used as the 
primary particles. A monoenergetic beam of one of these 
species of particles, after being magnetically analyzed, 
was fired through a ;,-in. hole into an absorption 
chamber containing a rarefied air sample (Fig. 1). The 
optical emission induced in the air sample was then 
studied with a spectrograph, viewing through-the side 
windows or through the end window to record the 
Doppler-shifted lines of the emission from the incident 
particles. 

In our earlier experiments, the pressure of the absorp- 
tion chamber was maintained in a range of 0.1-0.5 
mm-Hg by a thin SiO window mounted on the entrance 
slit.-* It then became apparent that the use of a window 
for the maintainance of a higher pressure of air had 
introduced intolerable distortions in the emission spectra. 
In the first place the emission spectra induced by the 
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Fic. 1. Schematic diagram of the apparatus. 
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2C. Y. Fan and A. B. Meinel, Astrophys. J. 118, 205 (1953). 
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primary particles, which were the primary objective of 
the study, were obscured by the emission excited by 
large amounts of secondary electrons produced at the 
SiO window under the bombardment of the incident 
beams.® Furthermore, in the studies of the phenomena 
of charge exchange, since too high a pressure was used, 
the excited states of the incident particles produced 
through the process of electron exchange were largely 
destroyed by subsequent collisions with the target 
molecules.‘ These distortions had been one of the major 
factors making our earlier experimental results often as 
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Fic. 2. Arrangement of diaphragm system for spectral calibra- 
tion. (a) For the determination of the absorption coefficient of the 
absorbing screen, LZ represents the exit slit of a monochromator, 
and D,, Dz, D;, Ds are the diaphragms of }-inch openings. (b) For 
the calibration of the spectrograph, Z represents the standard 
lamp, D, is removed, and a rotating sector is placed behind D3. 


difficult to interpret as the upper atmospheric phe- 
nomena that the experiments were designed to elucidate. 
The experiments were repeated with the following 
changes: The air pressure was maintained in a range of 
0.1-10 4 Hg by means of differential pumping. Pre- 
cautions were also taken against the emission induced by 
the secondary electrons produced at the side wall of the 
absorption chamber by the primary particles. With 
these improvements, the emission spectra obtained 
begin to be understandable in accordance with general 
theories of electronic and ionic impact. In this paper, the 
results are qualitatively described and discussed. 


Il. APPARATUS AND CALIBRATION 


The spectra were taken with an //0.65 grating spec- 
trograph (the B spectrograph) previously used at the 
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McDonald Observatory for nebular spectra.® It provides 
a first order dispersion of 400 A/mm at H, and 
350 A/mm at H,. Eastman 103a-F(3) spectrographic 
films were used for the spectral range 3700-6800 A, and 
hypersensitized I-N films were used for the region of 
6300-9000 A. 

For the purpose of a spectral comparison the spectro- 
graph was calibrated against a 25-watt standard lamp 
(2526°K) whose radiant energy in a band width of 50 A 
through a }-in. hole in a diaphragm in close contact with 
the lamp has been measured absolutely in the forward 
direction at six wavelengths, 3998 A, 4319 A, 4861 A, 
5200 A, 5959 A, and 6563 A. The lamp was mounted at 
a distance d from a diffused absorber of known coeffi- 
cient of absorption’ (Fig. 2). The absorber itself was 
then regarded as a standard light source of variable 
intensity (by varying d). With the image of the absorber 
projected on the slit of the spectrograph, a set of spectra 
having intensities varied in steps by means of a fast 
rotating sector (50 rps) was taken. The microphotome- 
ter tracing of the set of spectra after being corrected for 
the nonlinear dispersion of the spectrograph, served as 
an absolute intensity scale for the particular geometrical 
position of the spectrograph. Several sets of the calibra- 
tion curves were obtained for different lengths of 
exposures. 

The experiments on the excitation by high-energy ions 
(40-500 kev) were done with the kevatron of The 
Enrico Fermi Institute for Nuclear Studies.’ The ex- 
periments on the excitation by low-energy ions (5-30 
kev) and by electrons (10-8000 ev) were done re- 


6 T. Page, Astrophys. J. 108, 157 (1948). 

7 The absorber was a piece of high-grade opal glass. The absorp- 
tion coefficient of the glass was determined with a monochromator 
located at the position of the lamp L (Fig. 2) and a photocell. The 
ratio of the photocell current with the absorber mounted in posi- 
tion as indicated in Fig. 2 and the cell behind a diaphragm (D,) 
identical with D» but at a distance d from it to the current with the 
cell mounted behind D2 equals to the absorption coefficient at the 
wavelength, set by the monochromator. 

8S. K. Allison, Rev. Sci. Instr. 19, 291 (1948). 
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spectively with a 30-kev ion accelerator and an electron 
gun built at the Yerkes Observatory. 

Figure 3 shows the schematic diagram of the ion 
accelerator. The ion source is of the Oak-Ridge type? but 
modified slightly to suit our own purpose. For instance, 
the channel tip of the base is a separate piece screwed on 
to the base so that a ruined one can be easily replaced. 
The positive electrode of the ion source is silver-soldered 
to a brass rod which is then soft-soldered to the copper- 
to-glass seal at the end of the ion source. For cleaning, 
the brass rod can be unsoldered and then the whole 
glass envelope can be dipped into cleaning solution. The 
solenoid described in the original paper of Moak et al. 
was replaced by four bar magnets, and a magnetic 
coupling was used for the operation. The ion source 
yielded a beam current of protons or Het ions of several 
hundred microamperes. 

Figure 4 shows the design of the electron gun. The 
shape of the cathode and the focusing electrodes was 
taken from the design of Ho and Moon.” Together with 
the filament (a 15-mil tungstun wire coated with 
emissive coating), they were rigidly attached to one part 
of the ground-glass joint to facilitate the replacement of 
the filament. It produced a collimated electron beam of 
10 wa or higher for electrons of energies higher than 100 
ev. For the acceleration of electrons of energy below 
100 ev, electrons were first accelerated to 100 ev and 
then reduced to the desired value by applying a negative 
voltage before they entered the absorption chamber. A 
coaxial magnetic field of about 50 gauss was found to be 
necessary to prevent the spreading of the low-energy 
electrons. The magnetic coils were wound around the 
absorption chamber as indicated in Fig. 4. 


Ill. EXPERIMENTAL RESULTS 
Emission from Incident Particles 


When low-energy protons and Het ions were used as 
exciting particles, Doppler-shifted hydrogen and helium 


r Moak, Reese, and Good, Nucleonics 9, 18 (1953). 
% K.C. Hoand R. J. Moon, J. Appl. Phys. 24, 1186 (1953). 
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Fic. 4. Schematic diagram of the electron gun. 


lines respectively could always be detected. These 
radiations were produced by the incident particles being 
excited by either capturing electrons from the air 
molecules directly into excited states or capturing 
electrons into the ground states but re-excited by subse- 
quent collisions with air molecules. 

The identification of the Balmer series in a proton 
induced spectrum and the 6678 A and 5876 A He 1 lines 
in a spectrum excited by 11-kev He* ions have been 
reported in our earlier publications.?*:> Recently, in a 
spectrum excited by 196-kev He? ions, the 3889 A He 1 
was identified. Figure 5 shows this spectrum in compari- 
son with the two spectra obtained in the earlier ex- 
periments. 

The detection of the emission from incident particles 
is of fundamental importance in the studies of auroral 
excitation since it is the only method which can be used 


z + 
£ Rg 
8 3 
11 kev Het 


11 kev He* 


196 kev He* 


cs 
Fic. 5. Spectra excited by 11-kev and 196-kev He* ions respect- 
ively, showing Doppler-shifted He 1 lines. 


to determine the relative abundances of the species of 
auroral particles. From the appearance of Doppler- 
shifted and merely broadened Balmer emission, a proton 
component of the primary auroral particles has been 
established beyond any doubt."-” On the other hand, 
there is no conclusive evidence in the literature that 
helium lines have ever been observed. From Fig. 5, it 
appears that the 5876 A Het line is relatively unob- 
scured and thus detectable. 


Emission Excited by Means of Electron Exchange 


The excitation of the first (1PG) and the second posi- 
tive system (2PG) of Ne from the ground state involves 
a change of multiplicity. Thus the emission can be 
produced only be either an N2 molecule excited through 
the process of electron exchange: 


(a) Ne+te—>N2(B*x, or C *x.u)+e, 
or by an N;* ion through the process of electron capture: 
(b) Not+e-N2(B or, or C *x,). 


We assume that the contributions of the processes such 
as the association of N+ and N-, photoexcitation, etc., 
are negligible. 

In laboratory experiments, process (b) can be elimi- 
nated by using a low air pressure (1 « Hg or lower) in the 
absorption chamber. In this case, the Nz* ions would 
have their collisional mean free paths longer than the 
linear dimension of the chamber and so they would 
surely be neutralized after their collisions with the 


1 A. B. Meinel, Astrophys. J. 113, 50 (1951). 
12C. Y. Fan and D. H. Schulte, Astrophys. J. 120, 563 (1954). 
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metallic wall of the chamber. Since the spectrograph 
was focused on the primary beam, the emission from the 
neutralization escaped detection. 

A low pressure is also essential to avoid serious scat- 
tering of an incident beam towards the side wall of the 
absorption chamber. Under the bombardment of the 
primaries, a large amount of secondary electrons will be 
produced at the side wall and their induced emission 
often distorts the spectrum excited by the primary 
particles. It was found that a low pressure combined 
with a diaphragm system as indicated in Fig. 1, is quite 
efficient for the elimination of these undesired secondary 
electrons. 

After these precautions have been taken, one can then 
demonstrate that reaction (a) is practically the only 
mechanism operating for the excitation of the 1PG and 
2PG of Ne. This is shown in the three spectra of Fig. 6 
which are excited by 23 ev, 500-ev electrons and 20-kev 
protons respectively. It is seen that 1PG and 2PG are 
practically the only emissions in the spectrum excited by 
23-ev electrons, but their intensity is negligible com- 
pared to the negative system of Nt in the spectra ex- 
cited by 500-ev electrons and 20-kev protons. This 
illustrates the effect of the elimination of reaction (b) 
and the sensitive dependance of reaction (a) on the 
energy of the electrons as expected. 


Energy Transfer in the Process of Electron Capture 
and the Relative Band Intensities of the 
Negative System of N,*+ (ING) 


The negative system of N2* is excited by the following 
reaction : 


(c) Ne+X—N,+(B2E)+(X+e), 


where X is an incident particle or a secondary electron. 
The contribution of direct excitation from the ground 
state of N.* must be relatively unimportant.?,* 

Reaction (c) can be a process of direct ionization or a 
process of electron capture, in which case the notation 
(X+e) stands for the particle X having the electron in 
one of its bound states. 

The process of a direct ionization by a fast particle 
can be treated as a reaction between an atomic electron 
and the impact particle. The nuclear charge plays an 
intrinsic role and the momentum transfer between the 
target nucleus and the impact particle can be neglected. 
On the other hand, when the reaction (c) is between a 
slow particle and a N2 molecule, the momentum transfer 
could be a sizable amount should the incident particle be 
a heavy ion. The case is particularly clear in the process 
of electron capture which can be shown as follows: 

Let M, and (M2+m) be respectively the masses of the 
incident particle X and the target particle A, where m 
is the electronic mass. Before the electron transfer, X 
has a velocity « while A is assumed to be at rest. After 
the electron transfer, (X¥+e) and A are scattered re- 


13D. R. Bates, Proc. Roy. Soc. (London) A196, 217 (1949). 
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Fic. 6. Spectra excited by 23 ev, 500-ev electrons and 20-kev 
protons respectively. These spectra show the difference in intensi- 
ties of the first (1PG) and the second positive (2PG) systems of Ne 
excited by low-energy electrons compared with that excited by 
high-energy electrons and positive ions. 


spectively with velocities 2; and v2 making angles 6; and 
6, with the initial direction of incidence. Then, the 
conservation of momentum and energy require 


M \u= (M,+m)2, cos8,+ M v2 cosbe, (1) 
O= (M,+m)2, sin@,;— Mo» sinbs, (2) 


and 
M ?— 2Q2= (M,+m)v2+M 22-20), (3) 


in which Q, and Qs» are the binding energies of the 
electron in X and A, respectively. By eliminating 0, 
from (1) and (2) and then substituting the value of 2; 
from (3), and neglecting m compared to M,, we have 


(M,M,)! My 
E,—2————E} cos6.E.43——_(0+4mw)=0, (4) 
M M 


where F,=43M.0,.2, E=4My?, M=M,+M.2+m, and 
Q=0:—Q2. 

It is clear from (4) that E, cannot be zero except 
when Q is negative (endothermic reaction) and 
= —20/m; then the energy transfer will be the same as 
in the case of elastic scattering. Otherwise, the value of 
E2 which depends of course on 62, should be distinguished 
for the following two cases: namely, 0+4m1? <0 and 
>0O. In the former case, cos#: must be less than 
[—(Q/E+m/M,)(M/M,)]}! and thus E, has a mini- 
mum value 


E.= (M,/M)|QO+4m|. (5) 


In the latter case, #2. can be greater than 7/2. However, 
to a high degree of approximation, the maximum value 
of #2 can be taken as 2/2, and again, the minimum 
recoiling energy is given by (5). This is interpreted as 
the most probable energy transfer by the process of the 
charge exchange. 

The energy transfer has very little effect on the 
structure of an atomic particle. However, in case of the 
target particle being a diatomic molecule, for instance 
an No, the energy transfer which is most likely unevenly 
divided among the two nitrogen atoms, will set up a 
forced vibration in the system. Consequently, the rela- 
tive band intensities of the negative system of Nz*+ as 
excited by electron capture would be different from that 
excited by means of direct ionization. In other words, 
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Fic. 7. Spectra excited by 400-, 150-, and 11-kev He* ions. These 
spectra show the variation of the relative intensities of \4709(0,2), 
44652(1,3), and 44600(2,4) bands of the negative system of N.* 
with the energies of He* ions. 


the band intensities are expected to vary with the 
energy of the exciting particles, reflecting the increasing 
importance of electron capture compared with direct 
ionization towards lower energies. Figure 7 which shows 
a set of Het-induced spectra, seems to illustrate exactly 
the case. 

A similar but less drastic variation also appears in 
proton-induced spectra. For the purpose of comparison, 
the relative intensities of 44709 (0,2), 44652 (1,3) and 
44600 (2,4) excited by low- and high-energy electrons, 
protons, and He* ions were measured and are listed in 
Table I. It is seen that the Av=2 sequences excited by 
electrons and by high-energy ions of different species 
have almost the same relative intensities while those 
excited by low-energy ions have the bands of higher 
vibrational quantum number notably enhanced. 

The less drastic intensity variation in the Av=2 
sequence in proton-induced spectra is presumably due to 
a smaller energy transfer in the process of electron 
capture by protons. Indeed, for a ground state capture, 
the value of Q is —5.2 ev, and so, for a 25-kev proton, FE; 
is only 0.56 ev. While for the case of excitation by 100- 
kev Het ions (captured into the ground state) Q is 5.7 ev 
and so E;=4.3 ev. 

The relative constancy of the intensity distribution in 
the electron-induced spectra is expected. Owing to the 
minuteness of the electronic mass, the momentum 
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transfer from the incident particle to the target nuclei 
can be neglected and thus the intensity distribution 
should follow the prediction of the Franck-Condon 
principle. 


Meinel System of N,* and the First Negative 
System of O,+ 


From earlier experimental results, it was concluded 
that electrons are the only particles which can efficiently 
excite the Meinel system of N.*. This conclusion must 
now be revised. 

It is perhaps interesting to see what can happen to the 
emission spectra when the absorption chamber is loaded 
with secondary electrons produced at the side wall or at 
a thin window as occurred in our earlier experiments. 
Figure 8 shows two spectra excited by 2-kev electrons 


TABLE I. Relative intensities of the Av=2 sequence of the negative 
system of N2*. 








Relative intensities 


Exciting particles 4709 (0,2) 44652 (1,3) 4600(2,4) 





Electrons (23 ev) 1 0.51 0.13 
Protons (20 kev) 1 0.62 0.34 
Het ions (150 kev) 1 1.0 0.50 


0.33 0.08 
0.33 0.10 
0.39 0.21 


Electrons (120 ev) 1 
Protons (205 kev) 1 
Het ions (450 kev) 1 








with the image of the electron beam projected on the 
slit of the spectrograph. It is seen that the lateral 
intensity distribution of different systems is different. 
The 1PG and 2PG of Nz have a uniform appearance, the 
first negative system of O,* and the Meinel system are 
concentrated right in the path of the primary electron 
beam, while the lateral intensity of the negative system 
of N2* is between these two extreme cases. These differ- 
ences apparently reflect the differences in the excitation 
functions for these systems, namely, secondary (low- 
energy) electrons can excite with high efficiency 1PG 
and 2PG of Ne, but cannot do as well with the first 
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Fic. 8. Spectra excited by 2-kev electrons, showing the difference in the lateral distribution of intensities of 
different systems of molecular bands. 
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Fic. 9, Spectra excited by 20-kev and 300-kev protons respectively, showing the difference in intensities 
of the Meinel system of N2*. 


negative system of O:+ and the Meinel system of Not. 
Consequently, in an absorption chamber which is loaded 
with low-energy secondary electrons, the intensity of the 
Ot and Net bands will be completely obscured by the 
intense first positive bands and are thus not detected. 
This also explains the failure of earlier efforts to produce 
the Meinel system in laboratories. Sayers first succeeded 
in producing the system with 220-ev electrons." 

It is interesting to note in Fig. 8 that by the apparent 
difference in lateral intensities, one can identify several 
bands of O,* although they overlap in positions with the 
first positive bands. By the same method, we have 
identified two O2* bands, \6684(2,4), \6770(1,3), which 
are not listed in the table by Singh and Lal." 

We have estimated the ratio of the excitation function 
of the negative system to the Meinel system of N+ for 
different energies of electrons. It is almost constant for 
energies higher than about 35 ev. Toward lower ener- 
gies, (25-35 ev), there is some indication that the ratio 
becomes higher. This brings the average energy of the 
auroral electron from 200 ev’ down to about 30 ev in 
agreement with the estimation of Stewart ef al.'® 

We have seen in Table I that high-energy particles 
react very much alike in excitations. This can also be 
inferred from the accuracy with which the Bethe-Bloch 
formula represents the observed stopping power of 

“4 N. D. Sayers, Proc. Phys. Soc. (London) A65, 152 (1952). 
(1943) L. Singh and L. Lal, Science and Culture (India) 9, 89 


16 Stewart, Gribbon, and Emeléus, Proc. Phys. Soc. (London) 
A67, 188 (1954). 


matter for energetic particles. The excitation of the 
Meinel system is also evidence of this general statement 
as is shown in Fig. 9. 

Figure 9 shows two spectra excited by 20 kev and 300 
kev protons, respectively. The ratio of the excitation 
function of the negative to the Meinel system is just 
about the same as that excited by electrons of a com- 
parable velocity. This ratio is by far much higher in the 
spectrum excited by 20-kev protons. However, it is 
entirely unclear whether this is due to a negligible 
overlapping integral of the wave functions of the elec- 
tron in the two bound states in the process of electron 
capture, or if the *r state of N,* is perturbed by the 
energy transfer in the interaction with slow ions. 

In conclusion, the present experiments indicate that 
in the high-energy region where the Born-approximation 
is valid, charged particles of different species but of the 
same velocity excite very much the same spectrum. 
Toward lower energies, on the other hand, the exchange 
of atomic electrons plays an increasingly important role 
in the process of inelastic collisions. The effects are so 
pronounced that the emission spectra begin to show the 
characteristics of the particles which do the excitation. 
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An improved method for calculating analytic approximations to the self-consistent-field (SCF) functions 
is developed. The numerically given function is divided by a polynomial having the same nodes as the 
function, and the monotonically decreasing quotient is then expressed as a sum of exponentials. An exact 
method for expanding an arbitrary function into exponentials is discussed, but the results turn out to be 
extremely sensitive even to rounding-off errors. For practical purposes a method of successive approxi- 
mations is used instead ; it works inwards from the tail towards the origin and, in each step, two exponentials 
are simultaneously determined. Applications are carried out to the argon-like ions (Cl-, A, K*+, Ca**) and 
to the copper ion. By expressing a SCF function f,:(r) in terms of (n+1) exponentials, the error may be 
brought below the order of magnitude 0.001-0.002. By using the data available for Cat+ and Cut, analytic 
wave functions have finally been interpolated for the first row of the transition metals (Sc, Ti, V, Cr, Mn, 


Fe, Co, Ni); the degree of accuracy is discussed. 





I the theory of atoms, molecules, and crystals, an 
analytic form for the atomic wave functions of the 
self-consistent-field (SCF) type is often desirable. In 
the first paper of this series,’ a preliminary treatment 
of this problem was given, and analytic wave functions 
for a series of atoms were listed. The method for 
constructing an analytic fit to a numerically given 
SCF function will here be further developed to a higher 
degree of simplicity and accuracy. 

The basic idea is to divide the numerical SCF 
function f(r) by a polynomial having the same nodes as 
the function itself and then to express the resulting 
monotonically decreasing quotient function g(r) as a 
sum of exponentials. Since an accurate method for 
determining the nodes is described in Part II, the latter 
part constitutes the main problem. An exact method 
for expanding an arbitrary function into exponentials 
is first described, but it turns out that, for the actually 
occurring functions g(r), the characteristic parameters 
of the exponentials appear to be highly unstable with 
respect to small changes in the numerical material and 
that even the rounding-off errors have an enormous 
influence on the expansion into exponentials. There 
does not exist a uniquely determined “best fit”—at 
least not from the practical point of view—and, in 
order to avoid the entire instability problem, we have 
therefore for practical purposes used a method of 
successive approximations which leads to an almost 
perfect fit (|Af| ~0.001—0.002) in very few steps by 
utilizing only some of the simplest formulas of the 
exact theory. 

As in Part I, our method works inwards from r= 
to r=0 but, instead of fixing a single exponential in 
each step, we will here simultaneously determine a pair 
of exponentials. The improvement of the technique 
obtained in this way is essential, and a perfect fit for 
even a many-node SCF function may now be evaluated 


1P. O. Léwdin, Phys. Rev. 90, 120 (1953); 94, 1600 (1954); 
these papers will he referred to as Parts I and II, respectively. 


in a few hours. In general, a SCF function with the 
quantum numbers (n/) requires (w+1) exponentials. 

Applications have been carried out to the argon-like 
ions: Cl-, A, K+, and Cat®. We have further treated 
copper, and, by using the data available for Ca*+ and 
Cut, analytic atomic wave functions for the first row 
of transition elements have been interpolated by the 
analytic method described in Part I. Good results may 
here be expected for the inner functions (1s, 2s, 2p, 
and 3s) and a reasonable accuracy for the outer func- 
tions (3p and 3d). 


I. EXACT METHOD FOR DEVELOPING A GIVEN 
FUNCTION INTO EXPONENTIALS 


The problem of developing a function g(r) given in 
the form of a series of entries go, g1, g2, **'Zn, °°: for 
equidistant points r=r0, roth, rot+2h, -+-rotmh, --- 
into a sum of exponentials 


s()= x A, exp(—a,), (1) 


is in principle comparatively simple.? Introducing the 
notation k,=exp(—a,h) and a,= A, exp(—4a,ro), we get 


En=ayky"+a2k2"+ - +> +apkp", (2) 


which implies that the series go, g1, £2, ***Sn, *** Should 
be expressed as the sum of p geometrical series with the 
quotients ki, ke, --- kp. Let us assume that the quotients 
satisfy the algebraic equation 


coterkt+ cok? + id -+c,k?=0. (3) 
By using (2) and (3), we obtain further 
Con teigntr tes'+Cpgnrp =9; 
CoP nit Ci¥n+2 S is *+CpSnipri=0; (4) 
CoRnsptCignrprit ***+CpSnt2p =. 
2 For a “least-squares method” of treating this problem, see, 


e.g., C. Runge and H. Kénig, Numerisches Rechnen (Verlag 
Julius Springer, Berlin, 1924), p. 231. 
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These equations form together a linear system of order 
(p+1) in the unknown coefficients ¢o, ¢1, C2, ++ *Cp, and 
this system has a nontrivial solution only if its determi- 
nant vanishes : 


Entp 


Strttl=0. (5) 


8n n+1 


Snt1 §n+2 


Bn+2 
Sn+3 
§nt+2p 


[Sntp Sntpti &n+p+2 


In general a symmetric determinant of the special 
type 
gntm 


os 


len Sn+1 
H,(m)=|Set! Bute 


§n+2 
Sn+3 
nt m+2 £n+2m 


Snim &nimt+l 


formed by (2m+1) consecutive entries, is called a 
Hankel determinan®#; it has the order (m+1). We can 
now write Eq. (5) in the simple form 


H,(p)=0, (7) 


and a condition for the possibility of expressing the 
series of given entries go, g1, 2, ***Zn, *** aS a sum of 
exactly p geometrical series is then that al/ the Hankel 
determinants H,,(p) associated with the material should 
vanish and that at least one of the determinants 
H,,(p—1) should be different from zero. 

We note that, in such a case, the determinants H,(m) 
vanish also for m=p+1, p+2, --- and that none of 
them have a rank higher than p. In fact, the number p 
of exponentials associated with the given series go, g:, 
g2, ***gn is expressed by the rank of the highest 
Hankel matrix which may be constructed; this matrix 
has [4N ] columns and [4(N—1)] rows. In practice, 
it would be possible to determine the rank for instance 
by a semidiagonalization procedure* which leaves the 
rank of the matrix invariant,® but the numerical process 
is influenced by the occurrence of approximations in 
the entries in the form of rounding-off errors, experi- 
mental uncertainties, etc. In order to fix a practical 
value for the rank p, it may therefore be necessary to 
neglect certain small quantities, which introduces corre- 
sponding errors in the final result. Suitable values of 
the coefficients co, C1, C2, ***¢p, which are good in 
“average” have then to be determined.® For the sake 
of simplicity, however, we will here assume that the 
rank p could be exactly evaluated. 

Even the Hankel determinants of order p and lower 
are of interest, and it should particularly be observed 

3H. Hankel, Leipziger Dissertation, Géttingen, 1861; see also 
G. Kowalewski, Determinantentheorie (Veit und Companie, 
Leipzig, 1909), p. 112. 

4See, e.g., the semidiagonalization technique described in 
W. E. Milne, Numerical Calculus (Princeton University Press, 
Princeton, 1949), pp. 17-26, which is directly applicable also to 
matrices. 

5 See, e.g., G. Kowalewski, reference 3, p. 49. 

® Instead of the “least-squares method” described by Runge 
and K®nig, reference 2, we would for optimum accuracy propose 


a minimization procedure leading to an eigenvalue problem; this 
technique will be further described in a forthcoming paper. 
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that, if the series H,(p) contains only vanishing 
elements for n=0, 1, 2, ---, the quantities H,(p—1) 
form a single geometric series. In order to evaluate the 
lower determinants, let us introduce the generalized 
forward-difference operator A(q)= E—gq, where E is the 
step-operator defined by Zg,= gn: and q is an arbitrary 
constant. Hence we have 


A(Q)gn= Sn+1— 48m 
A? (9) gn= Bnv2— 2G8n+1t Gon, (8) 


and, by carrying out suitable rearrangements* of rows 
and columns in the determinant (6), we obtain the 
Hankel transformation: 


Ag, 
A’g, 


A” Zn 
m+1 
ig 


’ 


£n Agn 

2 
Halm)= |" SS 
Ag z A’ mg s 


Awe. At*g,, 


where the Hankel-type of the determinant is preserved. 
We can now easily evaluate the determinants H,(m) 
for m=1, 2, ---p—1 with the elements (2) by succes- 
sively carrying out a series of Hankel transformations 
(9) with g=hi, gq=ke—ki, g=ks—ke, «++ respectively, 
which procedure makes it possible to separate the 
contributions coming from aj, a, a3:++ etc. This gives 
the formulas 


H,(A) = = aa,(k,—k,)*(k,ks)”, 


r<e 


H,(2)= DY apwrsar(k,— ky)? (Re— Rt)? (RR ski)", 


r<ect 


(10) 


H,(p- 1)=aya2° , *ap(Rikoks- ' Ry)” II (kr-—k,)*, 


r<e 


where the last one shows that the quantities H,(p—1) 
form a single geometric series with the quotient equal 
to the product kiko: - «Rp. 

Evaluation of coefficients and exponents.—After deter- 
mining the number of exponentials, we will now say 
a few words about the evaluation of the quotients 
ki, ko, +++k»p and the corresponding coefficients a1, a2, 
-*-@» in (2). Instead of explicitly calculating the 
quantities co, ¢1, C2, -**¢p in (3) from the system (4), 
it may be more convenient to combine (3) with the 
first p relations (4) to a form a system with (p+1) 
equations with the determinant 


1 k Rk? vee RP 

gn Qnti nye gntp 
|Sntt Znt2 fnis **  £ntpt+i =... (11) 
Entp §ntptl ** Bap ep-1| 

This is an implicit form of the algebraic equation (3), 
which may be expanded by the standard semidiagonal- 
ization procedure. 


§nt+p-l 
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The coefficient a, may be found by considering the 
cofactor of gniep-1 in the left-hand side of (11) for 
k=k;,. Carrying out a series of Hankel transformations, 
we obtain finally 


as (ko— hy) (Rs— hi) + + (Rp— Rha” 


ky 


/ 1 ky k? 
=H,(p—1) §n §ntl Sn+2 


nt p—1 


Sni2p-8 


(12) 


\Sntp-2 Sntp-1 nip 
Similar formulas hold for the other coefficients. 

So far we have assumed that our material is non- 
degenerate, i.e., that all the quotients are different. A 
degeneracy may be considered as a limiting case where 
two or more exponents tend to be the same and, as in 
the theory of differential equations, this corresponds to 
the introduction of terms containing powers of r of the 
same degree as the order of the degeneracy. The 
occurrence of terms of the type 


exp(—a,r){A,+A,'7+A,"P+---} 


is therefore indicated by the appearance of multiple 
roots in the k equation (11), and a useful formula for 
the coefficient for the highest power r may be obtained 
by carefully carrying out the limiting procedure in (12). 

In conclusion it should be observed that the expo- 
nents a, also may be complex, which implies that the 
method described could be used for expressing a given 
material in terms of exponentials, sine, and cosine 
functions combined with each other and with powers 
of the variable r. 


(13) 


II. PRACTICAL METHOD FOR DETERMINING AN 
ANALYTIC FIT TO A SCF FUNCTION 


(a) Effect of Rounding-Off Errors in the 
Exact Method 


From our previous experience! we know that the 
SCF function for Na*+(2p) may be approximated by 
three exponentials with almost perfect accuracy. Ac- 
cording to the exact method, one could therefore expect 
that the six parameters involved could be determined 
from six consecutive entries of the function ge,(r) 
= fep(r)/r* giving rise to a six-point analysis. However, 
there are some additional complications which will 
here be illustrated by an example. 

Let us start from the numerical material for Na*(2p) 
given by Hartree and Hartree,’ and let us select the 
six points r=0.2(0.2)1.2; the entries are given in the 
first part of Table I. From the algebraic equation (11), 
we get the following three quotients: 


ki=1.670, ko=2.796, k3=8.455, (14) 
but, even if the corresponding analytic function passes 


7D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A193, 299 (1948). 


P. LOWDIN AND K. APPEL 


TABLE I. Numerical values for the function g(r)=f(r)/r? for 
Na*(2); (a) values taken from Hartree-Hartree, reference 7; 
(b) values taken from the analytic function (15) correctly rounded 
to four decimals. 








(a) (b) 


14.45 14.4882 
6.231 6.2232 
2.947 2.9455 
1.494 1.4971 
0.7990 0.8008 
0.4444 0.4451 











nicely through the six given points, it deviates consider- 
ably in a large number of other points. 

In order to test the value of the six-point analysis 
itself, we will then consider a function gop*(r) = fop*(r)/?? 
which is exactly defined as the sum of three expo- 
nentials: 


gap" (1) =3.6164e-2 18%" +. 15,660¢-# 788° 


+18.729¢-* 88", (15) 
The function f2,*(r) which is actually taken from Table 
XII of Part I, does not deviate from the Hartree- 
Hartree function f2,(r7) by more than +0,.002. The 
three quotients for h=0.2 corresponding to the expo- 
nentials in (15) are 


1=1.549, k2=2.108, k;=3.964. (16) 


In order to see whether the six-point analysis would 
accurately reproduce these quotients, we have con- 
sidered the values of (15) in the same six points as 
before: r=0.2(0.2)1.2; the numerical values of gep* 
correctly abbreviated to four decimals are given in the 
second part of Table I. The solution (11) gave the 
three roots: 


k,=1.500, k2=2.031, ks=3.877, (17) 


which shows that the exact quotients (16) are only 
roughly obtained. This effect depends on the fact that, 
in evaluating the coefficients c, in the algebraic equation 
(3) or (11), there is a certain cancellation of significant 
figures which correspondingly raises the importance of 
the rounding-off errors. 

In general, we have found that the lower Hankel 
determinants are rather sensitive to the rounding-off 
errors. As an example, we have given in Table II the 
values of H,(1) associated with the function g2,*(r) 
defined exactly by (15); if f2»*=#r°go,* is expressed 
with six decimals, the quantities H,(1) show a regular 
behavior and their quotients tend to a definite limit 
equal to ki:k2= 3.26533. However, if fep* is correctly 
abbreviated to only three decimals as in most SCF 
tables, the quantities H,,(1) will be appreciably influ- 
enced with a highly irregular quotient series without 
any obvious limit, as is shown by the two last columns 
of Table II. The higher Hankel determinants for 
m= 2, 3, --- are still more irregular, and it is immedi- 
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ately clear that if the exact method should be of any 
use, it is necessary to take the influence of the rounding- 
off errors into full account. The resulting exponents 
and coefficients for the exponentials involved will 
apparently change appreciably if the last figure in the 
SCF function fy:(r) is changed by half a unit. In 
principle, there may exist a certain “best” analytic 
fit to the SCF function but, from the practical point 
of view, there exists a large family of functions with 
coefficients and exponents varying over a rather large 
domain which are almost just as good. The instability 
problem occurring here is of essential interest and will 
be treated further in another paper. Here we will 
instead confine ourselves to giving a single analytic 
approximation of almost perfect accuracy, ie., one 
which deviates from the given SCF function by quanti- 
ties smaller than 0.001—0.002. 


(b) Method of Successive Approximations 
Based on 4-Point Analyses 


We have seen that the numerical material associated 
with the SCF functions is not so easily handled by the 
exact method described above. Instead we will now 
describe a method of successive approximations, where 
we have borrowed certain elements from the exact 
theory. Such a method was described in Part I: one 
works inwards from the tail r~ © towards the origin 
r=0 and, in each step, a single exponential is deter- 
mined. This method can now be essentially improved 
by determining a pair of exponentials in each step by 
means of a 4-point analysis based on Eq. (11) for p=2. 
Such a 4-point analysis is algebraically simple, and it is 
not so strongly affected by rounding-off errors as the 
6-point analysis, which is also considerably more time- 
consuming. The introduction of this 4-point analysis 
in the method of successive approximations seems 
therefore to be a reasonable compromise between the 
method of Part I and the exact theory. 


TABLE II. Influence of rounding-off errors on the second-order 
Hankel determinant H(1). As SCF function f*(r)=r%g*(r) we 


use the analytic fit (15) for Na*(2p). 2.4940 (—2) means 2.4940. 


x10. 








Three decimals in fep* 
Quo- 
tient 


Six decimals in fep* 
H(i) 


3.9438 (0) 
6.4830 (—1) 
1.1786 (—1) 
2.4716 (—2) 
6.1881 (—3) 
1.5199 (—3) 
4.5024 (—4) 
1.4235 (—4) 
4.4112 (—5) 
1.0691 (—5) 
2.0982 (—6) 
3.5091 (—6) 


Quo- 
tient 


Hn(1) 


3.9463 (0) 
6.4080 (—1) 
1.1774 (—1) 
2.4940 (—2) 
6.0275 (—3) 
1.6075 (—3) 
4.5632 (—4) 
1.3424 (—4) 
4.0252 (—5) 
1.2193 (—5) 
3.7126 (—6) 
1.1337 (—6) 


Sap* 


0.579521 
0.995692 
1.060341 
0.958100 
0.800858 
0.640930 
0.499589 
0.382930 
0.290213 
0.218137 
0.162874 
0.120897 
0.089243 
0.065522 


= 





6.0833 
5.5003 
4.7687 
3.9942 
4.0713 
3.3758 
3.1628 
3.2271 
4.1259 
5.0956 
0.5979 


6.1584 
5.4426 
4.7209 
4.1377 
3.7496 
3.5227 
3.3993 
3.3351 
3.3012 
3.2842 
3.2747 


Tee re i OOO So 
CARRODARN ODOR 
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The method will now be described in greater detail. 
Let us start by dividing the tabulated SCF function 
by a polynomial r'+!(ro’—1)(r0’—r)---, where ro’, 
ro’, «+ are the (n—/—1) zero points of the function 
itself determined by the procedure described in Part IT, 
p. 1606; the quotient 


Snir) = fri(r)/r#*(r0’—1) (r0""—1) + + - 


is nodeless and monotonically decreasing with increasing 
r. In order to expand g,:(r) into exponentials, we observe 
that in the tail region (r~) only two exponentials 
are important, in the next inner region three terms, in 
the following region four terms etc.; in general (+1) 
exponentials seem to be necessary for an almost perfect 
fit with a tolerance of the order of magnitude 0.001 
—0.002. The main problem in the tail region is to find 
four equidistant points which are suitable for a 4-point 
analysis, i.e., where the distribution of rounding-off 
errors is such that the two exponentials obtained will 
give a good “‘average’’ fit to the entire outer region. 
Several methods for selecting these four points are 
possible in practice, and here we will only describe a 
method based on the Hankel determinants H,(1). 
Let us form the “centralized” Hankel determinants 


D(r)= g(r—h)g(r+h)—{g(r)}*. (19) 


According to (10), these quantities should form a single 
geometric series in the outer region where only two 
exponentials are important. As pointed out in (a), the 
effect of rounding-off errors is appreciable, and the 
“quotient series” is often quite irregular. However, if 
we plot logi.D(r) as a function of r, the points are 
distributed irregularly around a smooth curve which 
theoretically tends to a definite straight line in the 
region where only two exponentials are important. In 
practice this straight line is often rather undetermined 
(see Fig. 1) because of the irregularities of the distri- 
bution, and there is a certain relation between the 
uncertainty of this line and the average rounding-off 
errors. Let us now select two values of D at the distance 
h such that the straight line between them falls within 
the irregular distribution of points of the tail region. 
A good “average” choice will lead to a good fit in the 
tail region. The two values of D selected are associated 
with four points go, g1, g2, gs, which should be expressed 
as the sum of two geometric series: gx=ayki"+a2k". 
The quotients and coefficients are determined by the 
general formulas (11) and (12), which will take the 
simplified form 


(18) 


tb 
So f1 g2| =0; 
81 82 8&3 
a= (gi— hago) /(ki— hea). 
The 4-point analysis determines two exponentials 
A, exp(—ay,r) and A, exp(—ay), but we will fix only 
the one with the smaller exponent a@;, which corre- 


(20) 





P. LOWDIN 








T T oo ae 


os 10 ih) 20 r 


Fic. 1. The behavior of the second-order Hankel determinant 
(m=1) for the 2p function of argon with D(r). defined by (19). 
The small circles (@) correspond to the numerical material given 
by Hartree and Hartree, reference 8, and the irregularities in the 
outer region (r>1.2) depend on the influence of the rounding-off 
errors. The solid curve corresponds to the final analytic fit given 
by (26). 


sponds to the outmost part of the tail. This exponential 
is then subtracted from g,:(r) and the analysis is then 
repeated for the function 


Gni= Zni(r)—A "ail (21) 


A special fit may sometimes be needed for the last 
exponential describing the region closest to r=0. Let 
us plot the error left after the last 4-point analysis 


graphically as a function of r; if the points are essentially 
situated on one side of the r axis, the maximum error 
is often outside the tolerance prescribed (see Fig. 2). 
However, the error is a continuous function of the 
coefficient and the exponent of the last exponential 
and, by a suitable selection and modification of two 
critical function values determining this exponential, 
we may successively move the error curve so that the 
points will finally be equally distributed on both sides 
of the r axis. The absolute value of the error is now 
brought to a certain minimum, and, if the accuracy is 
not good enough, it may be necessary to repeat the 
analysis starting over from the tail. After some experi- 
ence, this seems hardly necessary, however. 


(c) Practical Example: A(2p) 


As an example of the method, we will give some 
data from an analysis of the fs, function for argon 
tabulated by Hartree and Hartree.* We have deter- 
mined our first interval from the following “rule of 
thumb”: evaluate the point 7; where f,:(r1)~0.020 
and choose h~§r,; for A(2p) this leads to h=0.3. 
Additional entries may be added to the table by 
interpolation in log g(r); for the tail region linear inter- 
polation is sufficient, but the inner parts must be more 
carefully treated. In Fig. 1 the values of logD are 
plotted (circles), and as basic points for our straight 
line we have then chosen r=1.5 and r=1.2. We note 


®D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 
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that the solid line in Fig. 1 corresponds to the final 
analytic fit. The 4-point analysis of the entries for 
r= 1.8(0.3)0.9 gives the following result : 


k,=4.0933, ko=7.2377, 


22 
a,=4.6978, a2~6.5977, an 


and the outermost exponential is then 10.043 
X exp(—4.6978r). We then repeat the procedure with 
the function g,:(r) obtained according to (21) by 
subtracting this exponential; the values of logD fall 
very closely on a straight line in the remaining region, 
and it seems hence possible to express §n:(r) by means 
of only two exponentials. For a 4-point analysis we 
choose r= 0.8(0.2)0.2 and obtain 


ke=3.7219, ks= 9.5187, 
a2= 6.5712, a3= 11.2663, 


(23) 


where we note the small change in the value of a2 from 
the preliminary value in (22). The corresponding 
exponentials have the coefficients 


A2=89.062, A3=77.541. (24) 


In order to check the analytic fit obtained, we have 
plotted the error 


A fep(r)=1") gep(r)— 22 A,exp(—ar)¢, (25) 


y=l 


in Fig. 2 (crosses). We see immediately that the fit 
is good enough in the outer region (r>0.8); otherwise 
it had been necessary to make a new 4-point analysis 
of gn(r) in the neighborhood of the “critical points.” 
The first and second exponentials are from now on 
considered as fixed; it remains to vary a3 and Az; in 
order to get the best result. We note that the “critical 
points” of the error curve appear for r=0.05, 0.20, 0.55 
and that the maximum error is about —0.0043. In a 
first trial, we fix two new entries in the points r=0.05 
and r=0.55 with the definite error A f= —0.0020 equal 
to the maximum tolerance permitted. The two points 
determine a new last exponential, where Af=-+0.0012 














aes 
wer 


Fic. 2. The error function Af defined by (25) for the analytic 
fit of the 2p function of argon. The crosses (+) indicate the 
preliminary result which is then changed to the final form (circles 
e@) by modifying the,last exponential by a suitable choice of 
two “critical points.” 
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for r=0.20. In the next trial, we choose instead A (0.05) 
= A/(0.55)=—0.0018 and obtain Af(0.20)=-+0.0020, 
and the error is then rather evenly distributed on both 
sides of the r axis. We fix our third exponential and 
obtain the final result 


a,: 4.6978, 
A,: 10.043, 


6.5712, 
89.062, 


11.3275, 
78.967. 


The error curve is plotted in Fig. 2 (circles); we note 
that | Af| <0.0020. Finally the normalization is checked 
and gives the value 0.99993. The contributions from 
the three exponentials to f2,(r) is illustrated in Fig. 3. 
We have tried to give a description of our method 
which is as complete as possible, since we think that 
the method is very convenient for a solution of the 
fitting problem by means of ordinary desk machines 
only. On our part, we have never felt that the use of a 
high-speed electronic computer? would be of any 
essential help to us in solving this particular problem. 


Ill. APPLICATIONS TO THE ARGON-LIKE IONS 
AND TO COPPER 


The SCF functions with exchange for the A-like 
ions and for Cut have been tabulated in the literature 
by Hartree and Hartree.'° In order to test our interpo- 
lation procedures, we considered first the series Cl, 
A, K+, and Cat*, where we determined analytic fits 
for Cl- and Cat’; the results are listed in Table III. 
Analytic functions for A and K+ were then interpolated 
between Cl- and Cat? by the analytic method described 
in Part I, i.e., by assuming that the exponents a,=a,(Z) 
are linear functions of the atomic number Z and that 
the coefficients A, of gn:(r) are some powers of the 
exponents 


(27) 


One can expect that an interpolation will give good 
results if the exponents p, in (27) are of the order of 


A,(Z)=x,{a,(Z)}?. 





0.0 





0.0 


Fic. 3. Contributions to the SCF function f2p)(r) for argon from 
the three exponential terms obtained in (26). 


9F. J. Corbat6, Quarterly Progress Reports of Solid-State and 
Molecular Theory Group of Massachusetts Institute of Technology, 
July 15, 1954, p. 49, and October 15, 1954, p. 28. (unpublished), 
wD. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 


A156, 45 (1936), Cl-; A166, 450 (1938), A and Kt; A164, 167 


(1937), Ca™*; Ai57, 490 (1936), Ca". 
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TABLE III. Analytic wave functions for the argon-like ions 
Cl-, A, K+, Ca**, and for Cut, in the form fy:(r) =r'*!(ro’—r) - « 
xz) Ay exp(— ayr) with maximum error Af=fscr—fanatytic- 








Atom cl- A Kt Cat? Cut 





Ai 49.235 
a 14.329 
A: 87.030 
a2 18.381 

| 4f| 0.0016 


108.58 
16.410 
40.542 
22.558 

0.0023 


75.554 
16.564 
85.924 
21.048 
0.0013 


90.328 
17,681 
84.220 
22.381 
0.0020 


109.68 
25.260 
197.01 
30.957 
0.0014 


ro 0.12480 
Ai 


A: 
ae 
A; 


0.11765 0.11107 0.10530 0.071612 


10.043 
4.6978 
89.062 
6.5712 
78.967 
11.3275 
0.0020 


con 


CWwMIWUG 


a 


COn~tUOwn 
et i) 


—~ 
Oa 


“0.0017 


0.12160 
0.55499 
1.6874 
1.7189 


0.11437 
0.51572 
3.0270 
2.0280 


0.10233 

0.45162 
11.020 

2.7492 


0.069238 
0.29206 


89.050 
12,8927 
0.0032 


0.42042 
4.6377 
2.3026 
33.881 
3.5717 
90.605 
5.9832 
67.642 
12.6386 
0.0014 


0.26263 
11.625 


0.53153 
0.13472 
0.9958 
3.2595 
1.9059 
22.402 
3.4929 
41.722 
7.3684 
0.0020 


0.48869 
0.81754 


0.45199 
2.2951 
1.9297 
19,932 
3.1068 
62.476 
5.2007 
61.135 
10.8938 
0. 0014 0.0013 
: 0.12839 
0.8896 
0.57095 
1.4568 
4.9228 
2.8257 
12.498 
5.7048 
0.0027 


0.63429 
1.6879 
11.439 





magnitude n+}, n—}3, and 


normalization integral 


va f fat (r)dr 
0 


is only slightly different from unity, i.e, |N,»—1| 
<0.05; the final result should, of course, be renormal- 
ized. We would like to emphasize the existence of these 
conditions for, depending on the ambiguities in the 
choice of a, and A,, there may be ill-behaved cases in 
which they are not satisfied. In order to carry out a 
good interpolation it may then be necessary to adjust 
the values of the basic quantities a, and A, by a new 
analytic approximation of the given functions. 

The results of our interpolation for A and K* are 
listed in Table IV; we note that there is a certain 
correlation between the normalization integrals Nn») 
and the errors Af= fscr—fanai. We have also listed 
the errors Af for the functions which are numerically 
interpolated by means of the characteristic w functions 


etc., 


(28) 
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TABLE IV. Normalization integrals N,,: and maximum errors 
|4f| for A and K* in the analytic interpolation between Cl- 
and Ca**; for comparison the quantities | Af! in the corresponding 
numerical interpolation based on the w functions [Part II, Eq. 
(33) ] are also listed. 








A Kt 
_ Analytic  inter- Analytic 
interpolation polation interpolation 
Nat | Af] |4f| Nu 


0.9792 0.007 0.008 0.9806 
0.9863 0.003 0.003 0.9881 
0.9795 0.005 0.002 0.9813 
1.0038 0.002 0.006 1.0017 
0.9801 0.016 0.006 0.9844 


w inter- 
polation 
| 4f| | 4f| 


0.001 0.001 
0.001 
0.001 
0.003 
0.004 











described in Part II; it turns out that the numerical 
procedure is considerably more accurate than the 
analytic method. 

For K* the results for 1s, 2s, 2p, and 3s were suffici- 
ently accurate to let us include the interpolated analytic 
functions in Table III. The 3p function had to be 
treated independently, and the results are listed in 
Table III. 

For A, there was a complication for the 1s function. 
It was found that our analytic function with the 
parameters 


A(is): a,;=15.446, a.=19.714, 


29 
A,=61.796, A:=86.930, (29) 


was in almost perfect agreement with the numerical 
function interpolated by the w technique, whereas both 
of them deviated considerably (|Af| 0.007) from the 
numerical function tabulated by Hartree and Hartree.!° 
Their results were obtained by a transformation based 
on McDougall’s result for argon without exchange. 
Since the latter have not been available to us, we have 
not been able to check this transformation, which 
would certainly be desirable because of the above- 
mentioned large deviation. In Table III we have there- 
fore also listed an accurate analytic fit to the 1s function 
given by Hartree and Hartree; this function was found 
independently. 

In addition to the interpolated functions for A, we 
have also carried out independent calculations for the 
other SCF functions by starting from the Hartree- 
Hartree tables for argon. The results are slightly better 
than the interpolated ones and are listed in Table III. 

All the functions for Cu*+ and the 3d function for 
Ca* were treated separately, and the results are also 
condensed in Table III. 


IV. INTERPOLATED ANALYTIC WAVE FUNCTIONS FOR 
THE FIRST ROW OF TRANSITION ELEMENTS 


The elements with the atomic numbers between 
Z=21 and Z=28 (Sc, Ti, V, Cr, Mn, Fe, Co, Ni) are 
of considerable interest in physics and in chemistry, 
and it is therefore desirable to have accurate analytic 
SCF functions with exchange for them. A few functions 
without exchange for elements of this series have previ- 


P. LOWDIN AND K. APPEL 


ously been tabulated," but the use of the results are 
often complicated by the fact that the tables are not 
given in the conventional form developed by Hartree 
and Hartree. 

By using the data available for Ca+ and Cut with 
exchange, we have interpolated analytic SCF functions 
for the first row transition metals. The nodes have 
been interpolated by the technique developed in Part 
IT” and the exponentials by the method described in 
the previous section. The results have been condensed 
in Table V. 

It should be observed that the interpolation is com- 
paratively well behaved. The normalization integral 
Nnu(Z) is a slowly varying function of Z with a mini- 
mum for Z= 24 with the following values: 


is: 0.9684, 3s: 0.9670, 
2s: 0.9802, 3p: 0.9671, 
2p: 0.9834, 3d: 0.9498. 


(30) 


In order to get at least some idea of the accuracy of 
the interpolated material, we have considered the SCF 
functions for Fe (Z=26) in somewhat greater detail. 
From previous experience we know that the numerical 
interpolations based on the w functions [Part II, Eq. 
(33) ] are considerably more accurate than the analytic 
interpolations. In our case, there were two ways of 
carrying out this numerical procedure: either by linear 
interpolation between the SCF functions for Ca*+ and 
Cu* with exchange in the function w(r) itself, or by 
linear interpolation in the quantity Aw(r), which is the 
difference between the two w functions for fields with 
and without exchange, respectively, by using also the 
SCF material available for Ca, Fe, and Cut without 
exchange.* The two different sets of w functions for Fe 
with exchange obtained in this way were practically the 
same, and we have therefore used only the latter type 
which may be slightly more accurate. We have below 
listed the maximum difference between the results of 
the analytical and numerical interpolations for Fe: 


| fanai— fol 
1s Zs 2p 3s 3p 3d 
<0.002, 0.006, 0.004, 0.023, 0.035, 0.078. (31) 


Since the values of f,, are expected to be fairly accurate, 
we believe that the figures in (31) will give also the 
order of magnitude of the actual error in the analytic 
function. 


1 See the survey in D. R. Hartree, Repts. Progr. Phys. 11, 
113 (1946). 

12JIn Part II, Table XVI, there is an error: the values of ro” 
and Z(SCF|ro”’) for Cu* should be 0.29206 and 24.303 instead 
of 0.29238 and 24.277, respectively. 

13D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A149, 210 (1935), Ca; M. F. Manning and L. Goldberg, Phys. 
Rev. 53, 662 (1938), Fe; D. R. Hartree, Proc. Roy. Soc. (London) 
A141, 282 (1933), Cut. 

4 A comparison between the functions for Fe with exchange 
obtained by analytic and numerical interpolation is given in a 
table which also contains Manning and Goldberg’s functions 
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TABLE V. Interpolated analytic SCF functions with exchange for the first row of transition elements. 








Se Ti Vv Cr Mn Fe Co Ni 


93.299 96.058 98.594 100.92 103.04 104.96 106.70 108.27 
18.523 19.365 20.207 21.049 21.892 22.734 23.576 24.418 
94.607 105.59 117.14 129.22 141.81 154.91 168.49 182.52 
23.334 24.287 25.240 26.193 27.145 28.098 29.051 30.004 


0.10013 0.09543 0.09114 0.08721 0.08359 0.08025 
63.948 68.689 73.442 78.204 82.969 87.732 
6.6695 7.0029 7.3362 7.6696 8.0029 8.3363 
332.24 386.27 445.34 509.59 579.14 654.12 
9.3758 9.8522 10.3285 10.8049 11.2812 11.7576 
154.35 171.01 188.34 206.30 224.88 244.06 
16.1158 16.9165 17.7172 18.5179 19.3187 20.1194 


25.792 31.089 33.851 
6.0410 6.6914 7.0166 
160.80 224.44 261.20 
8.4082 9.4429 9.9603 
97.169 114.05 122.49 
14.5638 16.5537 17.5486 


0.09725 0.08456 
0.42714 0.36593 
12.316 16.520 
2.8833 3.2856 





0.07429 
97.244 
9.0030 
820.83 
12.7103 
284.12 
21.7208 


0.07716 
92.491 
8.6696 
734.64 
12.2339 
263.81 
20.9201 


45.597 
8.3173 
443.62 
12.0297 
156.20 
21.5284 


42.560 
7.9921 
392.51 
11.5124 
147.79 
20.5334 


39.589 
7.6669 
345.14 
10.9950 
139.37 
19.5385 


28.402 36.685 
6.3662 

191.01 
8.9255 

105.60 


15.5588 


0.09264 

0.40488 
13.669 

3.0174 


18.5436 


0.07186 
0.30472 
22.706 
3.8219 
294.57 


0.07469 

0.31832 
21.107 

3.6878 


0.08842 0.07772 
0.38456 
15.072 


3.1515 


0.08100 

0.34879 
18.010 

3.4196 


94.876 137.15 
4.3896 
229.80 
7.1620 
129.95 
14.2609 


114.68 
4.6087 

283.68 
7.4924 

154.38 
14.7494 


0.37420 
5.9528 
2.5415 
51.108 
3.9862 
145.03 
6.6150 
99.089 
13.6017 


182.00 
15.2379 


0.35410 
6.6653 
2.6610 
61.601 
4.1935 
179.91 
6.9309 
118.35 
14.0832 


0.25301 
1.1557 
2.0981 
2.0299 
17.471 
3.8948 
31.829 
7.3936 


0.39621 
5.2774 
2.4221 
41.902 
3.7790 
115.46 
6.2991 
82.262 
13.1201 


0.20661 
1.0670 
1.4299 
1.8389 
12.013 
3.5384 
24.031 
6.8307 


0.16510 
0.9783 
0.93030 
1.6478 
7.9065 
3.1821 
17.635 
6.2677 


0.30428 
1.2444 
2.9653 
2.2209 
24.515 
4.2512 
41.171 
7.9565 


256.59 
5.7046 

701.38 
9.1445 

329.28 
17.1919 


190.66 
5.2662 

501.27 
8.4837 

247.77 
16.2149 


5.9237 
820.56 
9.4749 
, 376.57 
16.7034 17.6804 
0.27515 
10.717 
3.2583 
135.76 
5.2298 
453.70 
8.5103 
258.71 
16.4909 


0.30309 
9.0053 
3.0194 
101.49 
4.8153 
321.96 
7.8785 
192.86 
15.5278 


0.28860 
9.8476 
3.1389 
117.82 
5.0226 
383.73 
8.1944 
224.01 
16.0093 


0.31873 
8.1928 


165.02 
15.0463 


0.55828 
1.5992 
9.0748 
2.9851 
73.614 
5.6766 
96.809 
10.2083 


0.48741 
1.5105 
7.0825 
2.7940 
57.668 
5.3203 
79.870 
9.6453 


0.36043 
1.3331 
4.0634 
2.4120 
33.387 
4.6075 
52.198 
8.5195 


0.42147 
1.4218 
5.4243 
2.6030 
44.350 
4.9639 
65.050 
9.0824 








It is immediately clear that we can expect that the 
inner functions (1s, 2s, 2p) are interpolated with a good 
accuracy, whereas there must be considerable uncer- 
tainties in the outer functions (3s, 3p, 3d). A comparison 
between our analytic functions and the functions with- 
out exchange for Fe shows further that the inner 
functions reveal the characteristic contraction towards 
origin obtained in including exchange effects, whereas 
this contraction is far less pronounced for the outer 
analytic functions, the tails of which are situated about 


(without exchange) transformed to the standard Hartree-Hartree 
form. The table, supplementary to this article, has been deposited 
as Document number 4961 with the ADI Auxiliary Publications 
Project, Photoduplication Service, Library of Congress, Wash- 
ington 25, D. C. A copy may be secured by citing the Document 
number and by remitting $1.25 for photoprints, or $1.25 for 
35-mm microfilm. Advance payment is required. Make checks 
or money orders payable to: Chief, Photoduplication Service, 
Library of Congress. 


halfway between the values without exchange and those 
obtained by numerical interpolation. The accuracy of 
the outer functions is hence definitely low; if higher 
accuracy is required, one must instead first carry out a 
numerical interpolation by means of the w technique 
and then transform the result to analytic form. How- 
ever, we observe that we have not specified the quantum 
state of the atom under consideration, and that there 
are actually different SCF functions for different states. 
The interpolated functions belong to some “average”’ 
state of still unknown nature and, in order to achieve 
full accuracy for the outer functions, it is thus necessary 
to take the problem of the different states into full 
account. The functions listed in Table V may therefore 
be of value only in a first rough investigation of the 
“average” behavior of the elements concerned. 

The 3d functions are of particular interest, and we 
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TaBLeE VI. Interpolated Taylor coefficients c1.1=fn1(r)/r'* for 
r=0 for the first row of transition elements. 








Cl+t 


nl Se Ti V Cr Mn Fe Co Ni 





291.12 
89.204 
642.58 
33.075 
234.40 
201.16 


is 188.20 201.97 216.07 230.48 245.19 260.21 275.52 
2s 55.137 59.664 64.310 69.070 73.941 78.922 84.011 
2p 285.78 326.47 370.45 417.80 468.61 522.96 580.92 
3s 19.222 21.046 22.923 24.853 26.835 28.867 30.947 
3p 95.41 110.84 127.69 145.98 165.75 187.06 209.93 


3d 33.41 46.01 61.68 80.85 103.92 131.36 163.61 








have also tried to express them as scaled copper 
functions, i.e., in the form 


fea(Z; 7) =d* fea(Cut; Ar). (32) 


A value of the scale factor was obtained for Ca*+ from 
the condition that the scaled function (32) should have 
the same fmax aS the numerically given SCF function 
with exchange; this gave A=0.39529 for Cat+(3d) and 
the deviation of the scaled function (32) from the 
actual SCF function did not exceed 0.048. The values 
of for different elements could then be obtained by 
linear interpolation leading to the formula 


A=0.06719Z—0.94851. (33) 


For Fe, the scaled function (32) was in rather close 
agreement with the function obtained by analytic 
interpolation; the difference did not exceed 0.015 but 
was usually much smaller and the scaled function was 


situated between the results of the analytic and numer- 
ical interpolations. For elements close to Cut, the 
general accuracy of (32) will be still better, but, for 
elements close to Cat, it is recommended to use a 
scaled Ca* function instead of (32). 

The region around the origin (r=0) is nowadays of 
particular importance because of the interest in the 
interaction between the nucleus and the electronic 
cloud. It should be observed that, in the analytic SCF 
functions in Table V, we have not tried to get any 
higher degree of accuracy in this region, since this 
would require one more exponential in the functions. 
However, the behavior of the functions at the origin 
has been investigated in greater detail in Part II, and 
the value of the first nonvanishing Taylor coefficient, 


Ci41=Lfni(r)/r** J, 20, (34) 


may be found by considering the corresponding “effec- 
tive charge” K,; [Part II, Eq. (19) ] which is an almost 
perfectly linear function of the atomic number Z. By 
using the data available for Ca+ and Cut, we have 
obtained values of ¢:,; for the first row of transition 
elements which are condensed in Table VI. Our data 
have also been checked by using the information 
available for SCF functions without exchange by carry- 
ing out a similar interpolation in the quantities AK», 
which are the differences in the values of K,; for the 
fields with and without exchange, respectively; the 
agreement was good. 

In addition, we observe that, close to the origin, the 
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function f,:/r'+ behaves like an exponential [Part II, 
Eq. (22)] so that 


fait) = Cua" exp[—rZ/(/+1)]. (35) 


This means that we know the values of f,i(r) fairly 
well in the innermost region. 


V. DISCUSSION 


The problem of finding an analytic fit to the numeri- 
cally given SCF functions is complicated by the fact 
that, at least from the practical point of view, there 
does not seem to exist a uniquely defined “best approxi- 
mation” but instead a whole family of analytic functions 
of about the same accuracy. In the numerical work 
based on the exact method for expanding a function 
into exponentials, this corresponds to a considerable 
cancellation of significant figures, which greatly in- 
creases the influence of even the rounding-off errors. 
We have avoided this complication by a method of 
successive approximations where, by means of the 
4-point analysis of the exact theory, a pair of expo- 
nentials are determined in each step. 

We have first evaluated analytic fits for the SCF 
functions for Cl-, A, K+, and Ca** with exchange. By 
using the data available for Cat and Cut, we have 
further carried out an analytic interpolation to obtain 
the SCF functions for the first row of transition metals. 
These functions belong to some “average quantum 
state” of the elements under consideration, and an 
investigation of the results for Fe shows that, whereas 
the accuracy of the inner functions for n=1 and n=2 
is definitely good, the uncertainty of the outer functions 
for n= 3 is comparatively large. 

It should here be emphasized that much more 
accurate numerical SCF functions with exchange for the 
first row of transition metals can be obtained by 
interpolation by means of the w functions [Part II, 
Eq. (33)]; the basic w functions for Ca*+ and Cut are 
also available (Part II, reference 16). Anyone interested 
in getting good starting functions for SCF calculations 
for the elements concerned should therefore definitely 
use this technique. Better analytical SCF functions 
could then also be obtained by evaluating analytic fits 
to the numerically interpolated functions, but such a 
procedure will of course require much more computation 
than the simple approach used here. These questions 
will be treated further in forthcoming papers. 

In applications to molecular and crystal theory, 
analytic SCF functions containing several exponentials 
will lead to rather cumbersome calculations. We have 
therefore felt that it would be desirable to have also 
less accurate analytic approximations containing only 
one or two exponentials, and numerical computations 
on this problem are therefore now in progress. 

In conclusion, it should be stated that the success of 
a numerical analysis of the type carried out here is 
highly dependent on the given SCF material. In this 
connection, we would like to express our sincere appreci- 





STUDIES OF ATOMIC SELF-CONSISTENT FIELDS 


ation for the numerical SCF tables given by Professor 
D. R. Hartree and his late father, Dr. W. Hartree; we 
have found that their numerical data are characterized 
by an excellent quality: their functions are perfectly 
smooth and the variation from element to element 
indicates an outstanding reliability. We sincerely hope 
that their pioneer work of calculating SCF functions 
without and with exchange will be continued also in 
the future by scientists interested in the atomic field. 
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Angular Distribution of Photoneutrons from Carbon and Beryllium* 


B. P. Fasricanp, B. A. ALLISON, AND J. HALPERN 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received June 13, 1956) 


The photoneutron angular distributions from carbon and beryllium have been measured by using 
bremsstrahlung of inaximum energies of 23 Mev and 18 Mev, respectively. The results are 1+ (1.35+-0.88) 


sin’ for carbon and (1.26+0.11)+sin% for beryllium. 


INTRODUCTION 


REVIOUS measurements of the photoproton angu- 
lar distribution from C” using bremsstrahlung of 
23-Mev maximum energy have been made by Halpern, 
Mann, and Rothman.! The distribution is of the form 
1+a(siné+-0.25 sin@ cos@)?, with a forward peak at 
about 80° relative to the incident y-ray beam resulting 
from dipole and quadrupole interference terms. These 
results have been interpreted? as evidence for an 
independent-particle description of the giant resonance 
and LS coupling in the carbon nucleus. 

On the assumption of charge independence of nuclear 
forces, Gell-Mann and Telegdi® have shown that the 
(y,p) and (y,m) cross sections in nuclei with J=0 and 
T,=0, for each residual state, must be identical with 
each other as functions of energy and angle. This pre- 
diction is valid if there is no interference between electric 
dipole absorption and other multipole absorption arising 
from that part of the interaction Hamiltonian that is a 
scalar in isotopic spin space. 

In this paper a measurement of the angular distri- 
bution of photoneutrons from the giant-resonance 
region of the reaction C”(y,n)C" using 23-Mev brems- 
strahlung from the University of Pennsylvania betatron 
is reported. It was hoped in this way to study the direct 
emission of photoneutrons and also to check the charge- 


* Supported in part by the Office of Scientific Research through 
the Air Research and Development Command, the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1 Halpern, Mann, and Rothman, Phys. Rev. 87, 164 (1952). 

2 Mann, Stephens, and Wilkinson, Phys. Rev. 97, 1184 (1955). 

3M, Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953). 


independence hypothesis. A preliminary measurement‘ 
indicated a dip in the angular distribution at 90°. 

Also reported is a measurement of the photoneutron 
angular distribution from Be® using bremsstrahlung of 
maximum energy 18 Mev which is below the giant 
resonance. Guth and Mullin® and Czyz® have calculated 
the angular distribution for the reaction Be*(y,n)Be®, 
assuming that the Be® nucleus consists of a Be® core 
plus a valence neutron in a P32 ground state. They have 
obtained a distribution of the form a+6 sin’, arising 
from electric dipole transitions to S and D states, with 
the ratio a/b depending on the respective transition 
probabilities. 


EXPERIMENTAL PROCEDURE 


The details relating to the formation of a collimated 
x-ray beam have been presented previously.’ In this 
experiment, an additional concrete wall 16 inches thick 
has been placed between the betatron and the target, 
about 2 feet from the target and 18 feet from the 
betaron. This new wall has cut the neutron back- 
ground by a factor of 5. 

The carbon and beryllium targets were cut in the 
form of 1-inch cubes. Neutrons were detected by a 
ZnS—paraffin plastic button® mounted on an RCA 
photomultiplier tube. The apparatus was arranged so 
that the photomultiplier tube could rotate about a 
center post on which was set the target. There was a 


‘ Fabricand, Allison, and Halpern, Phys. Rev. 100, 1249 (1955). 
5 E. Guth and C. S. Mullin, Phys. Rev. 76, 234 (1949). 

6 W. Czyz, Phys. Rev. 102, 1184 (1956). 

7 Halpern, Mann, and Nathans, Rev. Sci. Instr. 23, 678 (1952). 
8 W. S. Emmerich, Rev. Sci. Instr. 25, 69 (1954). 
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Fic. 1. Bias curve for neutrons from a Ra—Be source. Arrow 
denotes operating point in this experiment. 


distance of 16 centimeters between the detector and 
the center post, and the solid angle subtended by the 
detector was 0.083 steradian. The x-ray beam diameter 
was 1.8 centimeters at the target. 

For each angle, sample and background neutrons 
were counted for a fixed amount of irradiation as 
measured by an ionization chamber monitor. The 
monitor was checked frequently against a Victoreen 
thimble meter. Pulses from the photomultiplier tube 
were fed successively into a cathode follower pre- 
amplifier, a Model 100 amplifier, a single-channel ana- 
lyzer, and a scaler. Figure 1 shows an integral bias 
curve for this arrangement for neutrons from a Ra-Be 
source with the operating point used in this experi- 
ment shown. The efficiency of the button was 0.3% for 
Ra-Be neutrons. The electronic circuitry was checked for 
drift before and after each run by observing the neutron 
counts from a Ra-Be source located in a standard 
position. An x-ray beam pulse of 80 microseconds was 
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used to avoid pileup in the scintillator arising from 
scattered electrons and photons. 

Readings were taken at 15° intervals from 45° to 
150° and 160°. Pileup difficulties made more forward 
readings prohibitively long. Because of the low neutron 
yield from carbon, the signal was only about 4 the 
background giving an effective counting rate of 0.5 
counts per minute. For Be, the signal was about 3.5 
times the background. 


RESULTS 


The angular distributions obtained are 1+(1.35 
+0.88)sin’@ for carbon and (1.26+0.11)+sin% for 
beryllium. Geometrical corrections resulting from the 
finite sizes of the target and detector are negligible in 
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Fic. 3. Angular distribution of neutrons from beryllium bombarded 
with bremsstrahlung of 18-Mev maximum energy. 


this experiment. However, corrections are necessary 
for neutron scattering in the targets themselves. 

The scattering tends to make the observed distri- 
bution more nearly spherically symmetric than it 
actually is. The procedure followed assumed that the 
neutrons were produced in a small sphere at the center 
of the target. A small fraction of them, which depends 
on the total scattering cross section, is removed from 
each unit solid angle upon scattering. These scattered 
neutrons then redistribute themselves isotropically. It 
is expected that any error resulting from the scattering 
correction are well within the stated errors. 

The corrected curves and least squares fits of the 
data are shown in Figs. 2 and 3. 


DISCUSSION 


The observed carbon angular distribution is of the 
form a+b sin*#, which is the same as reported by 





ANGULAR DISTRIBUTION 


Johansson? for other, heavier elements and by Dixon” 
for carbon and other elements. In both of these experi- 
ments bremsstrahlung of higher maximum energy was 
used. 

Considerable emission of neutrons of nonzero angular 
momentum from C is indicated in this experiment. 
This fact seems to show that the photodisintegration 
does not proceed through a compound nucleus state 
but through independent-particle states.? As indicated 
in reference 2, an angular distribution of the form 
1+sin’@ would result from jj coupling in the carbon 
nucleus, while 1+1.5 sin’? would mean LS coupling. 
Both these distributions fall well within the limits of 
error of this experiment. Furthermore, an examination 
of the stated errors in the C"(y,p)B" angular distri- 
bution! shows that there, also, both types of coupling 
are consistent with the data. Therefore, no unique 
coupling assignment is possible on the basis of these 
two experiments. 

The difference in the (y,p) and (y,m) angular dis- 
tributions arises from interference between multipole 
absorption terms. In proton emission there is inter- 
ference between dipole and quadrupole absorption, as 
seen in the forward peak. This effect is not detectable 
for neutron emission because the neutron, for single- 
particle transitions, effectively acquires a charge only 
from the motion of the C" core (neglecting terms in- 
volving the spin). For quadrupole transitions the matrix 
element is reduced by a factor of 24 from that of the 
proton." 

If the small interference term in the (y,p) angular 
distribution is neglected, the (y,) angular distribution 
should be the same as the (y,p) angular distribution of 
Halpern, Mann, and Rothman,! on the assumption of 
charge independence of nuclear forces. This follows 
since, in both experiments, the ground and first excited 
states of B'' and C" are the only available residual 
states. A least squares fit of a curve of the form 


9S. A. E. Johansson, Phys. Rev. 97, 434 (1955). 

10 W. R. Dixon, Phys. Rev. 99, 1646 (1955). 

1 J. M. Kennedy and W. T. Sharp, Atomic Energy of Canada, 
Limited CRT-580, Chalk River, Ontario (unpublished). 
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a+ sin’@ to the (y,p) data yields the result 1+ (1.35 
+1.12)sin’@ in agreement with the angular distribution 
of this experiment. Therefore, the results of the two 
experiments are consistent with the charge-independ- 
ence hypothesis. 

The result of the present carbon experiment disagrees 
with the one reported earlier. This discrepancy may be 
the result of a shift in the maximum energy of the 
betatron. For the preliminary experiment, the maxi- 
mum energy was thought to be 22 Mev. Since no 
accurate calibration of the betatron in this energy 
range had been made at that time, it is possible that 
the maximum energy corresponded to a point on the 
low side of the giant resonance. For the final experiment, 
the betatron was modified by the addition of coils to 
increase the yield. For the present experiment, the 
maximum energy was known to be 23 Mev, which 
takes in the giant resonance. 

The angular distribution for beryllium is a super- 
position of distributions resulting from photons of all 
energies up to 18 Mev because of the continuous nature 
of bremsstrahlung energy. Transitions from the P3,2 
ground state to the S state, which predominate at 
photon energies just above threshold, give a large 
isotropic component to the distribution because of 
the preponderance of low-energy photons. Higher 
energy photons cause transitions to the D states with 
a resultant rise in the angular distribution at 90°. 

Hamermesh, Hamermesh, and Wattenberg” have 
observed an isotropic distribution of photoneutrons 
from beryllium for y-ray energies of 1.70 and 1.81 Mev 
and a 1.2+sin*@ distribution for 2.76-Mev y rays. The 
results for the lower energies correspond, as in this 
experiment, to the P-S transition. The distribution of 
this experiment agrees with that for the 2.76-Mev 
gamma rays. This indicates that the percentages of 
transitions to the D and S states for bremsstrahlung of 
maximum energy 18 Mev is about the same as for 2.76- 
Mev y¥ rays. 


12 Hamermesh, Hamermesh, and Wattenberg, Phys. Rev. 76, 
611 (1949). 
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The angular correlation/of the neutrons to the first excited state in Be’ and the associated 430-kev gamma 
rays has been measured. Energy selection of the neutrons was made possible by a time-of-flight spectrometer. 
The angular correlations were predominantly isotropic at bombarding energies below 600 kev, while above 
this energy the correlations showed a strong peaking in the beam direction. Analysis using stripping theory 
shows that the 430-kev state is very probably a J =}— state. The excitation function corrected for Coulomb 
penetration shows a resonance corresponding to an excited state in Be® at 22.6 Mev. 





I. INTRODUCTION 


HE reactions resulting from the deuteron bom- 
bardment of lithium-6 have been investigated by 
many workers.!? The reaction Li®(d,py)Li’ has been 
studied in some detail owing to the relative ease with 
which charged particle energies may be determined; 
and, from measurements of the angular distribution of 
the protons, of the associated gamma rays and of the 
correlation between them, it seems that the first excited 
level of Li’ isa J=}-— state. For high deuteron energies, 
8 and 14 Mev, the angular distribution of the protons 
shows that the reaction proceeds predominantly by a 
stripping process, the formation of the first excited state 
of Li’ proceeding by the capture of a p-wave neutron.* 
Even with deuterons of only 1-Mev energy, it is ap- 
parent that stripping plays a significant part.® 
The alternate reaction Li®(d,ny)Be’, leading to the 
mirror nucleus, has been investigated in a less conclusive 
way owing to the experimental difficulty of distinguish- 
ing between the various neutron groups formed. Thus 
the total yield of neutrons as a function of deuteron 
energy has been determined,®:’ but the excitation 
function so obtained corresponds to the total neutron 
yield from the three reactions: 


Li®+d—Be’+n, 
—Be'+n+7, 
—He'+ He®+n, 


Q=3.375 Mev, (a) 
E,=429 kev, (b) 
Q=1.792 Mev, —(c) 


or, where the Be’ activity is used as a measure of the 
yield,* to the reaction (a) plus (b). With deuteron 


* Present address: Suffield Experimental Station, Ralston, 
Alberta, Canada. 

tOn leave of absence at Australian National University, 
Canberra, Australia. 
as and T. Lauritsen, Revs. Modern Phys. 27, 77 
(988 Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 

). 

3 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 1032 (1953). 

* Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955). 

5 W. Whaling and T. W. Bonner, Phys. Rev. 79, 258 (1950). 

* Whaling, Evans, and Bonner, Phys. Rev. 75, 688 (1949). 

7L. M. Baggett and S. J. Bame, Phys. Rev. 85, 434 (1952). 

8 Hirst, Johnstone, and Poole, Phil Mag. 45, 762 (1954). 


energies of 3.5 Mev, the neutron angular distributions® 
indicate that both reactions (a) and (b) are predomi- 
nantly stripping in character proceeding by capture of 
p-wave protons. 

The fast-neutron spectrometer technique developed 
at this laboratory” uses time-of-flight for energy sorting. 
In this device, the time-of-flight distributions are con- 
verted with a new type of time sorter into pulse-height 
distributions which can be analyzed by a conventional 
pulse-height analyzer. This energy-selecting neutron 
detector has made possible the study of the single 
neutron group corresponding to the second reaction 
listed above. It was hoped that, from the angular 
correlation data, the spin and parity assignment of the 
first excited level in Be’ would be determined unequivo- 
cally and, in fact, the only assignment which satisfies 
all the data is J=}— for this level, as one would expect 
from the mirror nature of the Li’ and Be’ nuclei. Again 
with the bombarding energy range available to us we 
have been able to study the onset of the stripping 
process in this reaction. The results show that a com- 
pound nucleus process is adequate to account for the 
angular data at a deuteron bombarding energy of 
400 kev, but at 600 kev the stripping process has set in 
strongly and becomes the dominant mechanism at 
higher energies. 


Il. EXPERIMENTAL 


Figure 1 shows the position of the two stilbene scintil- 
lation counters with respect to the Li® target. Figure 1 
shows also the associated electronics in the form of a 
block diagram. The Li®, kindly supplied to us by 
A.E.R.E. Harwell, was in the form of isotopically pure 
metal, about 60 micrograms/cm? thick, and deposited 
on a thin platinum backing. Precautions were taken in 
the mounting of the target to ensure that the Li® re- 
mained in a pure metallic form. The target was heated 
during bombardment in order to minimize buildup of 
carbon from organic vapors introduced by the oil- 
diffusion pumps. 

Since the counting rate in the neutron counter was 
low, the background counting rate in it was reduced to 

9 F. Ajzenberg, Phys. Rev. 87, 205 (1952). 


1G. C. Neilson and D. B. James, Rev. Sci. Instr. 26, 1018 
(1955). 
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Fic. 1. Counter and target geometry and a block diagram of the electronics. The analyzed deuteron beam from the Van de Graaff 
generator is collimated by the gold stop in front of the Li® target. The two counters are free to rotate about the target in the plane of the 
paper. A detailed account of the time sorter and associated electronics has been published elsewhere.” 


as low a level as possible by lead shielding. In order to 
check the effectiveness of the mu-metal shielding of the 
photomultipliers and the over-all symmetry of the ar- 
rangement, the well-known angular correlation of the 
two cascade gamma rays from a metallic Co™ source 
was measured. In these tests, the Co™ source was placed 
at the target position and the angular correlation was 
measured with the beam-analyzing magnet on and off. 
In both cases good agreement with the established 
correlation indicated that there was no major asym- 
metry and that the counters were insensitive to stray 
magnetic fields. 

The response of a stilbene crystal to gamma rays is 
known to be linear to quite low energies, but, since the 
absorption is primarily by the Compton process [see 
Fig. 2(A)] in the medium-energy region, the side- 
channel discrimination is unfortunately not very selec- 
tive as to gamma-ray energy. The neutron sensitivity 
of the stilbene counter was calibrated by using the neu- 
trons from the D(d,n)He’ and the T(p,2)He’ reactions. 





a 





PULSE HEIGHT — VOLTS 


Fic. 2. Pulse spectra from a stilbene crystal. (A) Gamma rays 
from a Na® source. The Compton peaks from the 0.51-Mev and 
1.28-Mev gamma rays are indicated at 8 and 23 volts, respectively. 
(B) Proton knock-on spectrum for 2.67-Mev neutrons from the 
reaction D(d,n)He®. (A) and (B) are taken under conditions of 
identical gain. 


Figure 3 shows the response of the 4X4X2 cm stilbene 
crystal for various neutron energies as compared to the 
response for gamma rays from a Na” source, the 2-cm 
thickness being in the direction of the neutron beam. 
Figure 2(B) shows a typical proton-recoil spectrum. 


III. DELAYED NEUTRON SPECTRUM FROM 
Li®(d,ny)Be’ 

A typical spectrum of the delayed neutron-gamma- 
ray coincidences, taken in about half an hour at a 
deuteron bombarding energy of 600 kev and beam 
current of 2 ya, is shown in Fig. 4. In this case the 
gamma-ray counter was at an angle of —90° to the 
incident deuteron beam, i.e., in an anticlockwise direc- 
tion as seen from above, and the neutron counter at 
+90° and at a distance of 52 cm from the target. 

The delay time scale was calibrated by using the 
prompt coincidences between annihilation quanta from 
a Na” source and inserting known lengths of cable 
between one detector and the time sorter. The velocity 
of pulses along this Telcon ““AS48,” 90-ohm, cable was 
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Fic. 3. Relative pulse heights from a stilbene crystal as a func- 
tion of energy. (A) Gamma rays from a Na* source. (B) Neutrons 
(pulse height corresponds to the maximum pulse height in the 
proton knock-on spectrum). 
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Fic. 4. Neutron spectrum from the reaction Li®(d,ny)Be’. 


measured to be (2.39+0.02)X10-* meters per second. 
Thus the only neutron group seen at a delay time of 
2.20 10-8 second has an energy of 2.9 Mev and clearly 
corresponds to the group leading to the first excited 
state of Be’ which, according to the accepted Q value,! 
should have an energy of 2.95 Mev. No other groups 
were found and, since it is believed that any group of 
10% of the intensity of this single main group would 
have been detected, to this degree of sensitivity there 
are no transitions to other states in Be’ corresponding 
to energy levels from 300 to 2000 kev excitation above 
the ground state. 

The zero-delay peak arose from events in which a 
neutron was detected in the “gamma” counter close to 
the target and a coincident gamma ray was detected in 
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Fic. 5. Li®(d,wy) Be’ angular correlation of neutrons and gamma 
rays. Neutron counter at a fixed angle. 
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the distant “neutron” counter. The general background, 
about 15 counts per channel in Fig. 4, arose not from 
chance coincidences but from genuine coincident events 
such as neutron scattering between counters, competing 
(d,ny) processes from, for example, carbon in the 
magnet-box and on the target, detection of a slow 
neutron in the “gamma” counter and a coincident 
gamma in the “neutron” counter, double-scattering 
events from the surrounding shielding, walls, and so 
forth. 


IV. ANGULAR CORRELATION MEASUREMENTS 


With one counter in a fixed position, the other 
counter was moved in the plane containing the deuteron 
beam and the fixed counter. The fixed counter served as 
monitor and the correlation was measured as the ratio 
of the coincident counts in the neutron group minus the 
background to the total number of counts recorded by 
the fixed counter. As a check on this method of normali- 
zation, the coincident counts were compared to the 
integrated deuteron beam current falling on the target 
in any particular run. These two methods were found 
to be in accord within the statistical error on each 
point, showing that the target did not deteriorate 
appreciably during bombardment. 

(a) Angular correlation with the neutron counter at a 
fixed angle-—With this arrangement the correlation 
was isotropic within the experimental accuracy, and is 
to be compared with the isotropy found"-” with the 
mirror reaction Li®(d,py)Li’. A typical result taken at 
Ez=600 kev with the neutron counter 25 cm from the 
target and fixed at +45° is shown in Fig. 5. At this 
angle one might expect any influence of stripping to be 
noticed. This isotropy is also in accord with the meas- 
urement of Thirion™ on (m,y) coincidences in the reac- 
tion Li®(d,ny)Be’. 

(b) Angular correlation with the gamma-ray counter at 
a fixed angle-—A typical set of experimental curves 
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Fic. 6. Li®(d,ny)Be’ typical spectra for neutron 
counter at various angles. 


1 C. M. Class and S. S. Hanna, Phys. Rev. 87, 247 (1952). 
1 Burke, Risser, and Phillips, Phys. Rev. 93, 188 (1954). 
18 J. Thirion, Ann. Phys. 8, 489 (1953). 





STUDY: OF 
taken at E,=600 kev with the gamma-ray counter 
fixed at —90° and the neutron counter rotated at a 
radius of 25 cm from the target is shown in Fig. 6. 
From such data after normalization, the true angular 
correlation was obtained by making allowance for the 
change in energy of the neutron as the angle of observa- 
tion changed. The number of counts in each peak, after 
normalization, was multiplied by a factor f: 





E= ) i 
E.,(0°)—E,(b)/ o(n,p)’ 


where £,(0) is the neutron energy at the laboratory 
angle @ and E,(b) is the energy of the recoil proton 
corresponding to the fixed bias level of the side channel 
discriminator in the neutron counter side of the coin- 
cidence unit. The 1/o(n,p) factor takes into account the 
change in detector efficiency as a function of neutron 
energy. The other factor is based on the assumptions 
that the proton recoil spectrum has a rectangular shape 
and that the response of a stilbene scintillator to protons 
of energy greater than EF», about 1.6-Mev recoil energy 
with the normal bias used, was approximately linear. 
These assumptions were checked experimentally as is 
shown in Figs. 2 and 3. Within the accuracy of this 
experimental check, 10%, the data are in accord with 
the results of Taylor e¢ al."* and Fowler and Roos'* on 
the scintillation response of stilbene to low-energy 
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Fic. 7. Li®(d,my)Be’ angular correlation at 400 kev with the 
gamma-ray counter at a fixed angle. 


4 Taylor, Jentschke, Remley, Elby, and Kruger, Phys. Rev. 84, 
1034 (1951). 
16 J. M. Fowler and C. E. Roos, Phys. Rev. 98, 996 (1955). 


THE REACTION 
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Fic. 8. Li§(d,ny)Be? angular correlation at 600 kev with the 
gamma-ray counter at a fixed angle. 


protons, though these results indicate a rather more 
linear response above 1.5 Mev than would be expected 
from the proton results. 

In this manner the corrected angular distribution 
curves shown in Figs. 7, 8, and 9 were obtained at deu- 
teron energies of 400, 600, and 1500 kev. 


V. EXCITATION FUNCTION 


With the gamma-ray detector fixed at —90° and the 
neutron detector at +45° and at a distance of 25 cm 
from the target, the relative intensity was measured as 
a function of deuteron bombarding energy from 300 to 
1500 kev. Figure 10 shows the experimental yield curve 
corrected for the changing sensitivity of the neutron 
counter since the neutron energy changes with Ez. 

It is estimated that, under these conditions, the 
absolute cross section was 2 millibarns per steradian at 
E.=600 kev. This figure is only approximate, probably 
within a factor 3, because the absolute efficiency of the 
spectrometer has not been measured experimentally 
and the target thickness was not accurately known. 


VI. INTERPRETATION OF THE RESULTS 


The only reasonable way to explain all of the angular 
correlation data is to assume that the first excited state 
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Fic. 9. Li®(d,ny) Be’ angular correlation at 1500 kev with the 
gamma-ray counter at a fixed angle. 


of Be’ has a total angular momentum J=}3 and odd 
parity. Thus the isotropy of the angular correlation 
taken at Ez=600 kev with the neutron counter fixed, 
Fig. 5, would be expected both on the basis of a com- 
pound nucleus formation’® or a stripping process'’"!® if 
the excited state is a J=}— state. On this assumption, 
the direction of emission of the gamma ray is in- 
dependent of the direction of emission of the preceding 
neutron. 

Consequently, when the neutron counter was rotated, 
the angular correlation which was measured was just 
the differential cross section for neutron emission. The 
sharp forward peaking of the distributions at bombard- 
ing energies of 600 and 1500 kev, Figs. 8 and 9, is 
characteristic of a stripping process. It is known, 
moreover, that at rather higher deuteron energies the 
alternate reaction Li®(d,py)Li’ proceeds via a stripping 
process.’ Thus it is plausible to try to interpret Figs. 8 
and 9 in terms of stripping theory, and the theoretical 
distributions drawn in those figures are for angular 
momenta of the ingoing proton of /,=0, 1, and 2. These 


161. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

17G. R. Satchelor and J. A. Spiers, Proc. Phys. Soc. (London) 
A65, 980 (1952). 

1%8R. Huby, Progress in Nuclear Physics (Pergamon Press, 
London, 1953). 
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Fic. 10. (A) Experimental excitation curve. (B) Corrected for 
$-wave deuteron capture. 


curves were computed from the theory of Bhatia et al.,) 
using a nuclear radius for Li® of 6.0X10-* cm." It is a 
little surprising that these computed curves agree so 
well with the experimental data, since Coulomb and 
other corrections might be expected to be appreciable 
at the low energies of the present work.”! In this case 
agreement is good for p-wave proton capture, which 
would necessarily imply that the 430-kev state of Be’ 
has odd parity if we assume even parity for Li®. The 
capture of a p-wave proton together with the isotropic 
correlation of the gamma rays (Fig. 5) is sufficient to 
define the spin as J=}4. This assignment is not only in 
accord with the value of the spin for the corresponding 
state in the mirror nucleus Li’, but is also in accord with 
the isotropic angular distribution of the 430-kev gamma 
radiation. 

The isotropic character of the neutron-gamma cor- 
relation at Eg= 400 kev can be explained by a compound 
nucleus formation with s-wave deuterons and it is clear 
that while the stripping process is dominant at the 
higher energies, there is in fact an isotropic contribution 
even at these higher energies. The relatively rapid rise 
in cross section of the stripping mechanism compared to 
the compound nuclear formation is striking but is to be 
expected from stripping theory.” In this case the cross- 
over occurs somewhere just above Ez=400 kev, a 
rather low value. It may be noted that the measure- 
ments by Whaling and Bonner’ and by Krone, Hanna, 
and Inglis* of the angular distribution of the proton 
groups from Li®(d,p)Li’, Li at low bombarding energies 
are similar to ours and might similarly be interpreted as 
arising from the onset of the stripping process at a 
deuteron bombarding energy of about 650 kev. 

The excitation function is very similar to that for the 
alternate reaction Li§(d,py)Li’.5 It also has the same 


19 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 
2” S. T. Butler and N. Austern, Phys. Rev. 93, 355 (1954). 

21 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
2S. T. Butler (private caeniouen. 

% Krone, Hanna, and Inglis, Phys. Rev. 80, 603 (1950). 
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general shape as that obtained by Baggett and Bame’ 
who bombarded Li® with deuterons and detected all 
neutrons above 10 kev coming from the target with 
approximately equal efficiency using a boron trifluoride 
counter. It must be deduced, therefore, that either all 
three possible reactions have similar excitation func- 
tions, or that either or both of the other two reactions 
have a relatively smaller cross section. In order to 
determine the ratio of the intensities of neutrons result- 
ing from reactions proceeding direct to the ground 
state of Be’ to those to the first excited state, the spec- 
trometer was used in a different way. The first, close-up, 
crystal was biased to accept protons recoiling from 
neutrons scattered in it which were then detected by 
the second counter. While it was not possible to resolve 
the two neutron groups adequately by this technique, it 
appeared that the transitions to the first excited state 
predominated at Ez=600 kev. This result is in contra- 
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diction to the results of Gibson and Green™ using 
photoplate technique and working with E4,=930 kev. 

If it is assumed that the isotropic character of the 
correlation at Eg=400 kev arises from the capture of 
s-wave deuterons, then the excitation curve may be 
corrected for the Coulomb penetrability at the low- 
energy end. This leads to the resonance shown in curve 
B of Fig. 10 which would correspond to an excited state 
in Be® at 22.6 Mev in accord with previous work.®? 
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Using the 31.5-Mev alpha-particle beam of the Massachusetts Institute of Technology cyclotron, a 
study has been made of the angular distributions obtained in the (a,«) and (a,a’) interactions on Li®, C2, 
and Mg*. Separation of the alpha particles from other products of the alpha-induced reactions was 
accomplished by a dE/dx and E two-crystal technique developed at the cyclotron laboratory. The 
experimental inelastic angular distributions are shown to be in agreement with those predicted by the 
direct surface interaction theory. The experimental elastic angular distributions are compared with the 
diffraction of light by an opaque sphere. The probabilities of excitation of isotopic spin “forbidden” and 
“allowed” levels were also obtained for specified levels of Li’ and N“. 


I. INTRODUCTION 


T has long been recognized that a direct experimental 
study of the scattering of charged particles by 
atomic nuclei provides a valuable source of information 
concerning the force field of the nucleus. In recent 
years there has been a renewal of interest in the 
scattering of alpha particles, occasioned by the high 
energies to which they may be accelerated in the various 
types of particle accelerators. For the most part, these 
investigations have been confined to a study of elastic 
scattering phenomena,’ and relatively little informa- 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 
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3 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 
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tion®:* is available concerning the (a,a’) interaction. 
The stable 31.5-Mev high intensity alpha-particle 
beam of the M.I.T. cyclotron, used in conjunction with 
a particle selection technique developed by Aschen- 
brenner,’ has proven to be of great value in extending 
the scope of these investigations. 

The primary object of this experiment was to obtain 
information concerning the (a,a’) scattering process by 
a study of the inelastic angular distributions. Prelimi- 
nary data disclosed a well-defined structure, asymmetric 
in the center-of-mass coordinate system and quite 
suggestive of the angular distributions predicted for 
a direct surface interaction.* The objective of comparing 
experimental] data with this or any other theory imposed 
certain restrictions on the choice of target nuclei. 


5 Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 

°F. J. Vaughn, University of California Radiation Laboratory 
Report UCRL-3174, October, 1955 (unpublished). 

7F. A. Aschenbrenner, Phys. Rev. 98, 657 (1955). 

§ Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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Fic. 1. Schematic diagram of cyclotron and scattering chamber. 


First of all, the excitation energies and spins of the 
levels to be studied must be known. Furthermore, 
since it was desirable to investigate the scattering from 
at least two excitation levels of each nucleus, the 
energy resolution of the detecting equipment required 
that the first four energy levels be separated by at 
least 1 Mev. In addition, the targets could not be 
formed of compounds but must consist of a single 
element and, depending on the level structures, of a 
single isotope, to permit clean energy resolution of 
the separate alpha-particle groups. These requirements 
were all fulfilled by the four target nuclei Li®, C”, N™, 
and Mg", chosen for investigation in this experiment. 
The level structure and known quantum numbers*” 
of Li® and N* also permitted a measure of the validity 
of the isotopic spin selection rule in the (a,a’) interac- 
tions. Since the alpha particle and the ground levels of 
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Fic. 2. Schematic diagram of particle selective counter. 
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these two target nuclei all have 7=0, according to the 
isotopic spin selection rule the low-lying T=1 levels 
should not be excited appreciably. The experimental 
procedure of this investigation permitted a measure 
of the probability of excitation of these forbidden 
levels relative to the probability of excitation of the 
levels “allowed” by the isotopic spin selection rules. 
The angular distributions of alpha particles elastically 
scattered by Li®, C”, and natural Mg were also obtained 
in order to augment the available information"—* on 
the elastic scattering of alpha particles by light nuclei. 


Il. EXPERIMENTAL PROCEDURE 
A. Cyclotron and Emergent Beam 


The alpha particles used in this experiment were 
produced in the M.I.T. cyclotron“ by accelerating 
doubly ionized helium atoms to an energy of 31.5+0.4 
Mev. By means of a focusing magnet, the external beam 
is directed into the scattering chamber through a tube 
containing tantalum baffles which prevent small angle 
scattered particles from reaching the target. The 
baffled tube terminates in a defining and antiscattering 
slit system at the entrance to the scattering chamber. 
The focusing system produces, at the center of the 
target, a spot which is } inch wide and ;¢ inch high. 
A foil changer, located between the baffled tube and 
the slit system, makes it possible to insert aluminum 
foils in the alpha-particle beam to reduce the beam 
energy at the target. A schematic diagram of the 
cyclotron and scattering chamber is shown in Fig. 1. 


B. Scattering Chamber 


The scattering chamber was designed by Haffner.'® 
Its principal features are: 

1. The chamber contains mounting arms for two 
counters. Each arm can be rotated from 0 to +170 
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Fic. 3. Energy spectrum of alpha particles from Li* bombarded 
with 31.5-Mev alpha particles; counter angle 32 degrees. 
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Fic, 4. Energy spectrum of alpha particles from C" bombarded with 31.5-Mev 
alpha particles; counter angle 32 degrees. 


degrees with an accuracy of +0.3 degree. This provides 
versatility in that the arrangement is excellent for 
particle-gamma coincidence measurements and for 
angular correlation studies. 

2. The target holder has a capacity of four and can 
be rotated through 360 degrees. Target choice and 
angular position can be controlled remotely from the 
outside area. The targets can be raised into the bell jar 
hydraulically, in which position the scattering chamber 
is sealed off, and completely isolated from the bell 
jar, and targets can be changed without affecting the 
scattering chamber vacuum. In addition, an evaporator 
is contained in the bell jar permitting targets to be 
made and subsequently bombarded without exposure 
to air. 

3. The angular position of counter arms and target 
is measured by bridge circuits which contain precision 
helipots. This provides the positioning accuracy of 
0.3 degree previously mentioned. 

4. The angular position of counter arm or target 
and the choice of target can be controlled remotely 
from the outside area or from within the scattering 
chamber vault. The Plexiglas windows permit visual 
observation of the scattering chamber interior. 


C. Particle Selection Technique 


Identification of the charged particles which result 
from alpha-particle induced reactions was accomplished 
by the method described by Aschenbrenner.’ This 
technique is excellent in that it permits complete 
separation of reaction products of different charge 
and/or mass. However, due to the necessity of travers- 
ing the plastic scintillator, an undesirable restriction is 
imposed on the maximum angle at which a scattered 
particle has sufficient energy for detection at the NaI 
crystal. In order to improve the angular resolution in 
the present experiment, the particle selective counter 


was redesigned, as shown in Fig. 2, to allow an increase 
of target to counter-aperture distance within the 
confines of the scattering chamber. In addition, the 
energy resolution of the counter was improved by 
decreasing the plastic scintillator thickness to 20 
mg/cm?. Figures 3-5 show the intensities of the alpha- 
particle groups, observed at a laboratory angle of 32 
degrees, which result from the 31.5-Mev alpha-particle 
bombardment of Li’, C”, and natural Mg, respectively. 


D. Beam Energy Determination 


To determine the alpha-particle beam energy, a thin 
Li’ target is inserted in the beam at the center of the 
scattering chamber and a 274-mg/cm*? aluminum 
absorber is placed in front of the counter aperture. 
The particle-selective counter is then used to identify 
the two proton groups resulting from the reactions 
Li?(a,p)Be”, Q=—2.56 Mev, and Li?(a,p)Be™, Q= 
—5.94 Mev. If we define E, and E,, as the energies of 
the protons incident on the Nal crystal from the 
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ground and first excited levels of Be”, respectively, 
then the beam energy can be determined by the ratio 
E,/E, since this ratio varies rapidly with beam energy. 


E. Target Preparation 


All targets were 1} inches by 1} inches in size, 
self-supporting and free of any backing material, 
and were mounted in aluminum target frames. It was 
experimentally determined that a thickness of from 
1.0 to 2.0 mils, depending on the particular element, 
gave the best compromise between acceptable energy 
resolution and counting statistics. The magnesium 
target material was obtained commercially in 1.5-mil 
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Fic. 8. Experimental angular distribution of alpha particles 
scattered inelastically from the 4.43-Mev level of C¥. 


sheet form and, after removal of surface oxidation by 
lapping in rouge, was maintained under vacuum. 
Carbon targets of from 0.3 to 1.5 mils thickness were 
prepared from a colloidal dispersion of graphite in 
alcohol,’* by spraying the dilute dispersion on a glass 
surface with an artist’s air brush. When the glass 
surface is immersed in water, the thin target floats to 
the surface and can be picked up on the target frame. 
The separated Li® isotope was obtained in metallic 
form from the U. S. Atomic Energy Commission. 
Targets of from 1.0 to 1.4 mils thickness were prepared 
by rolling the lithium within sheets of thin aluminum 
between a set of micrometer controlled rollers. The 
material was rolled under dried mineral oil which was 
later removed in successive baths of dried naptha after 
which the target material was maintained under 
vacuum. Targets of N“ were lapped down from the 
3- to 4-mil thick pieces of the ‘‘flash” obtained in the 
moulding of a filler-free melamine formaldehyde resin.” 





100-3} -— T 


g 


10° milliborns 


Sterodion - atom 
8 


$2 Center of Mass 








Olvt 1 1 
oO 20 40 50 
© Center of Mass 





Fic. 9. Experimental angular distribution of alpha particles 


scattered inelastically from the 7.65-Mev level of C®. 


18 Dag 154, a product of the Acheson Colloids Company was 
used j 


17 Melmac 404, a product of the American Cyanamid Company 


was used. 
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Ill. EXPERIMENTAL RESULTS 
A. Angular Distributions 


The angular distributions of alpha particles scattered 
inelastically by Li®, C”, and Mg*™ are shown in Figs. 
6 to 11. The indicated errors include all uncertainties 
affecting a comparison of relative intensities. Where no 
errors are indicated, the uncertainty lies within the 
limits of the finite point size or the width of the curve. 
An additional error of 2% should be included to account 
for the uncertainty in absolute differential cross-section 
values. The positions of the maxima and minima for 
each observed inelastic angular distribution are indicated 
in Table I. 


TABLE I. Angular positions (in the center-of-mass system) of 
maxima and minima experimentally observed in the inelastic 
alpha-particle angular distributions. 
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The well-defined structure in the angular distributions 
of Figs. 6to 11 was quite suggestive of a direct interaction 
process; however, one must study the scattered 
intensity at large angles in order to determine whether 
or not any angular symmetry exists. To accomplish 
this, the plastic scintillator was removed from the 
particle selective counter and only the Nal scintillator 
was used for particle detection. This eliminated some 
20 mg/cm? of absorbing material and removed the 
previous limitation on the maximum permissible 
angle of observation. Since the response of Nal to 
protons, deuterons, and alpha particles is known!® it 
was possible to identify the alpha-particle groups 

18 Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 
84, 1034 (1951). 
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Fic. 10. Experimental angular distribution of alpha particles 
scattered inelastically from the 1.37-Mev level of Mg™. 


previously observed with the particle selective counter, 
by the percentage pulse-height change produced by 
inserting selected absorbers in front of the counter 
aperture. In the scattering from carbon, for example, 
it was determined by this expedient that the differential 
cross section for scattering of any detectable alpha- 
particle group at angles greater than 90 degrees was 
less than 0.8 mb/steradian-atom. From this it appears 
that, at least in the case of C”, the inelastic scattering 
is confined primarily to the forward quadrant. 

In the present experiment, the beam energy was 
known to vary as much as 0.4%, depending on the 
power level of the cyclotron, largely due to variations 
in the rf heating and the subsequent mechanical 
motion of the dees. The continuous reproducibility of 
data, regardless of the cyclotron power level, implied 
that the differential cross sections were not strongly 
energy dependent. To verify the insensitivity to small 
changes in beam energy, angular distributions of the 
alpha groups corresponding to the ground, first, and 
second excited levels in both C” and Mg™ were also 
taken with reduced beam energies of 30.9 Mev and 30.4 
Mev. Angular distributions obtained at both reduced 
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Fic. 11. Experimental angular distribution of alpha particles 
scattered inelastically from the 4.12-Mev level of Mg. 
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Fic. 12, Experimental angular distribution of alpha particles 
elastically scattered by Li®. 


energies fell within the experimental uncertainties of 
those taken at 31.5 Mev. 

The angular distributions of elastically scattered 
alpha particles are shown in Figs. 12 to 14 where the 
calculated Coulomb cross sections are indicated by a 


dashed line. 


B. Excitation of Isotopic-Spin-Forbidden Levels 


It is clearly evident from Fig. 3 that at 32 degrees, 
excitation of the T=1, 3.57-Mev level of Li® is quite 
small relative to excitation of the levels “allowed” by 
the isotopic spin selection rules. A study of the spectrum 
at all angles of observation indicates that excitation of 
this level occurs with a probability of less than 4% of 
that of either of the two “allowed” levels which were 
excited. Similarly, it was found that, over a range of 
from 14.8 degrees to 64.1 degrees, excitation of the 
2.31-Mev level of N“, which is “forbidden” by the 
isotopic spin selection rules occurred with a probability 
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Fic. 14. Experimental angular distribution of alpha particles 


elastically scattered by natural Mg. 


of less than 6% of that of the allowed 3.95-Mev level 
which was excited. 


IV. DISCUSSION 
A. Inelastic Scattering 


It is assumed that a contribution to the observed 
cross sections due to electric excitation would not be 
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13. Experimental angular distribution of alpha particles Fic. 15. Experimental data for the interaction Li®(a,a’)Li™, 
Q=-—2.19 Mev, compared with theoretical angular distribution. 
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of sufficient magnitude to permit detection. This 
assumption is believed to be valid for the following 
reasons: 1. The electric excitation mechanism is most 
important when the bombarding energies are below 
the Coulomb barrier, a condition not fulfilled in this 
experiment. 2. For bombarding energies above the 
barrier, the electric excitation effect would probably be 
masked by the large nuclear scattering. 3. If we optimize 
conditions of bombarding energy and order of multipole 
moment involved, the theoretical maximum {otal cross 
section for electric excitation is less than most of the 
differential cross sections obtained for excitation of 
the individual levels observed.’ 
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It is further concluded that no contributions to 
the observed angular distributions from compound 
nucleus interactions were experimentally observable. 
This conclusion is based on the evidence that the 
inelastic scattering is asymmetric in the center-of-mass 
coordinates, being confined primarily to the forward 
quadrant, and is further verified by the fact that the 
cross sections are insensitive to changes in beam energy. 

The direct surface interaction theory of Austern 
et al.8 proposes a mechanism in which the reaction 
proceeds by a direct interaction between the incoming 
particle and one of the nucleons at the surface of the 
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Fic. 17. Experimental data for the interaction C”(a,a’)C™, 
Q=-—4.43 Mev, compared with theoretical angular distribution. 


nucleus. The experimental data of the present investiga- 
tion are compared with the predictions of this theory 
in Figs. 15 to 20. It must be stated that, because of the 
approximations made in this theory, the predictions 
are expected to be most accurate at forward angles and 
the position of the first maximum is most desirable for 
determining the / value involved. 

Experimental difficulties prohibited observations at 
laboratory angles less than 14.8 degrees, an angle 
greater than the predicted position of the first maxima 
in most of the interactions. In all but one case studied 
here, however, the / values can be obtained since the 
quantum numbers of the levels involved have been 
determined in other experiments.” The theoretical 
curves were compared with the experimental data, 
using a value of R which gave the best fit with the 
first observable maximum and minimum. 

(a) Li®(a,a’)Li®*—The ground level of Li® has 
J=1, the 2.19-Mev level J=3, and the 4.5-Mev level 
J=2, all of even parity. In both cases the theory 
predicts an angular distribution which varies as 
| j2(KR)|?. The values of R required to fit the data are 
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Fic. 18. Experimental data for the interaction C(a,a’)C*, 
Q=-—7.65 Mev, compared with theoretical angular distribution. 
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Fic. 19. Experimental data for the interaction Mg™(a,a’)Mg™*, 
= —1.37 Mev, compared with theoretical angular distribution. 


quite large. However, this is not considered too serious 
since the “radius” of Li® is a rather nebulous concept. 
Using the relationship R=r,A? with ro=1.5X10-" cm, 
alpha-particle radii of 3.0 10-" cm, and 3.9X 10-" cm 
were required to fit the data for the 4.5 Mev- and 
2.19 Mev-levels. There is some evidence” for a large 
alpha-particle radius based on (n,a) scattering experi- 
ments; however, the values given above are considered 
excessive. The fit obtained is quite good, however, and 
is shown in Figs. 15 and 16. 

(b) C®(a,a’)C"*, O=—4.43 Mev.—The theory pre- 
dicts an angular distribution varying as | j2(KR)|? 
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# Bashkin, Mooring, and Petree, Phys. Rey, $2, 378 (1951). 
*R. K. Adair, Phys. Rev. 86, 155 (1952). 


WATTERS 


for excitation from the J=0+ ground level to the 
J=2* first excited level in C”. Figure 17 shows the fit 
with experimental observations and also illustrates 
the sensitivity of the spherical Bessel function to a 
small change in R. The value of R which gave the best 
agreement at forward angles required an alpha-particle 
radius of 2.5X10-" cm for ro=1.5X10-" cm. This is 
not incompatible with the previously mentioned 
evidence for a large alpha-particle radius. It is noted 
that the data deviate from the theoretical curve at 
angles greater than 50 degrees as expected from the 
discussion of its range of validity. 

(c) C®(a,a’)C*, 0=—7.65 Mev.—In this case, a 
| jo(KR)|? curve is predicted since the ground and 
second excited levels are both J=0+t. Agreement 
between theory and experiment is illustrated in Fig. 18 
where the fit is seen to be extremely good. The value of 
Ris the same as was used for the first excited level of C”. 
Since the first maximum shown is actually the first 
maximum occurring beyond zero degrees for the jo 
curve, agreement at larger angles should be somewhat 
better than in the previous case. This is illustrated 
quite well in Fig. 18. 

(d) Mg*(a,a’)Mg"*, Q=—1.37 Mev.—Because of 
the kinematics of the interaction, the center-of-mass 
angular range of observation is increased for interactions 
involving heavier target nuclei. For a ground level 
spin of J=0 and a J=2 excited level, both of even 
parity, the theory predicts a | j2(KR) |? angular distrib- 
tion. The experimental data fit the theoretical curve 
extremely well and this agreement continues past the 
third maximum of the spherical Bessel function (second 
maximum shown), as indicated in Fig. 19. With a unit 
radius ro>=1.5X10-" cm, an alpha-particle radius of 
2.1X10-" cm was required to fit the curve. By bom- 
barding magnesium with 42-Mev alpha particles, 
Gugelot and Rickey” have obtained almost identical 
results. Their data are approximated by a | j2(KR)|* 
curve and require a radius R= (1.5A#+2.21) X10-* cm. 

(e) Mg*(a,a’)Mg*, OQ= —4.12 Mev.—The level of 
excitation involved in this interaction is actually a 
doublet.” The lower level has been determined to be 
J=4+ for which the theory would predict a | j,(KR) |? 
angular distribution. However, the nuclear radius 
required to fit the data to this curve is too large to be 
considered physically meaningful. The agreement 
between experimental observations and a | j2(KR)|? 
spherical Bessel function, illustrated in Fig. 20, is 
seen to be extremely good. The theoretical curve was 
obtained by using a unit radius ro=1.5X10-" cm and 
an alpha-particle radius of 1.9X10-" cm. This result 
can be interpreted to indicate that the higher level, 
having a spin J=2, is excited and that in this interac- 
tion, excitation of the J=4 level is discriminated 
against because of the higher angular momentum 
transfer which would be involved. 


™ P. C. Gugelot and M. Rickey (unpublished). 





ELASTIC AND INELASTIC SCATTERING 


The inelastic scattering process has more recently 
been described for even-even nuclei in terms of the 
excitation of Bohr-Mottelson surface vibrations.” 
When this model is used, a simple Born approximation 
calculation shows that the angular distributions of 
scattered nucleons are identical with those predicted by 
the direct interaction model in the 0 to 2+ transitions.4 
In this collective description of the scattering process, 
the alpha-particle interacts with the nuclear surface 
and the necessity of a large momentum transfer to a 
single surface nucleon, a controversial feature of the 
direct interaction process, does not occur. 

In Table II, the experimentally obtained positions 
of maxima and minima are compared with those 
predicted by the direct surface interaction theory. 
These results show that a direct interaction picture at 
least represents the angular distribution data. If a 
collective model can be used to predict more quantita- 
tive results, one may better be able to understand the 
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Fic. 21. Relative intensities of protons, deuterons, and alpha 
particles from the 31.5-Mev alpha-particle bombardment of Li®. 


process primarily responsible for the inelastic scattering 
angular distributions. 


B. Elastic Scattering 


The reasons for the smooth cross-section variation 
from 60-78 degrees shown in Fig. 13 are not understood. 
The diffraction pattern is apparently masked by 
interference with some other process occurring in the 
interaction and this appears to warrant further investi- 
gation. A similar phenomenon was observed in the 
elastic scattering of 48-Mev alpha particles by carbon® 
and also in the elastic scattering of deuterons from 
oxygen.” 

The large (a,p) and (a,d) cross sections observed 
in this experiment (Fig. 21) have been reported by 
others and are interpreted as indicative that nuclei 
are opaque to high-energy alpha particles. In Table III, 


2S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) 
A68, 656 (1955); Progr. Theoret. Phys. Japan 14, 1 (1955). 

% Freemantle, Gibson, Prowse, and Rotblatt, Phys. Rev. 92, 
1268 (1953). 
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TABLE II. Angular positions of maxima and minima of the 
inelastic alpha-particle angular distributions. Experimental data 
compared with theoretical predictions for the direct surface 
interaction model. 





Excitation Maximum 
Target level or 
nucleus (Mev) minimum 


Center-of-mass angle (deg) 
Experiment Theort. 


Lié 2.19 min 34.5 35 
2.19 max 44 45 
4.5 min 42.5 41 
4.5 max 52 5 





min 32 
max 43 
min 66 
max 75 
max 24.5 
min 35 
max 46 
min 56.5 
max 


4.43 
4.43 
4.43 
4.43 
7.65 
7.65 
7.65 
7.65 
7.65 


1.37 
1.37 
1.37 
1.37 
1.37 
1.37 
4.12 
4.12 
4.12 
4.12 
4.12 
4.12 


min 
max 
min 
max 
min 
max 
min 
max 
min 
max 
min 


min 








the elastic scattering angular distributions of the 
present experiment are compared with those predicted 
for scattering from an opaque sphere. The theoretical 
curves were fitted, using values of R which gave an 
exact fit at the position of the first experimental 
maximum. 

If the nucleus is represented as being completely 
opaque out to the radius R, then the differences AR, 
between these values of R and the interaction radii 
required to fit the theoretical curves to the inelastic 
scattering experimental data, can be interpreted as 
indicative of the diffuseness of the nuclear surface. 
This model of the nucleus is similar to the optical 
scattering model which can be deduced from the 


TABLE III. Angular positions of the maxima observed in the 
elastic scattering angular distributions compared with those 
predicted for scattering from an opaque sphere. 





Natural Cc Lit 
c.m. angular Mg c.m, angular c.m. angular 
position of position of 
maxima (deg) maxima (deg) 
Expt. Opaque Expt. Opaque 
sphere sphere 
R=5.4 R=44 
10-8 cm X10" cr 


24 29 
41 50 
55 apes 69 

89 


position of 
maxima (deg) 
Expt. Opaque 
sphere 
R=4.5 
1078 cm 
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Fic. 22. Ratio of differential cross section to Coulomb differen- 
tial cross section for the elastic scattering of 31.5-Mev alpha 
particles from Li*, C”, and natural Mg. 


results of a recent survey* of total reaction cross- 
section data and is also compatible with the direct 
surface interaction model used to interpret the inelastic 
scattering data of the present experiment. The values 
of AR obtained in this comparison of elastic and inelastic 
interaction radii are: Li®, 1.7X10-" cm; C®, 1.3 10-" 
cm; Mg*, 0.9 10-" cm. These results are of the order 
of magnitude of the diffuseness of the nuclear surface 
estimated by Porter*® and the values of R required for 
a fit are comparable to those calculated by Shapiro”® 
for a totally black nucleus. 

™* H. G. Blosser and T. H. Handley, Phys. Rev. 100, 1340 (1955). 


26 C. E. Porter, Phys. Rev. 99, 1400 (1955). 
26 M. M. Shapiro, Phys. Rev. 90, 171 (1953). 


WATTERS 


The concept of a diffuse surface opaque nucleus, a 
model consistent with that employed in an analysis of 
the inelastic scattering data, predicts results in close 
agreement with the elastic angular distributions as 
indicated in Table III. This cannot be interpreted as 
verification of the validity of the model, however, 
since equally good agreement is obtained by comparing 
the experimental data with that predicted for scattering 
by a square-well potential on which the superposed 
Coulomb potential is cut off at the nuclear radius. 

A recent, and as yet unpublished, elastic alpha- 
particle scattering experiment was performed to 
study the angular dependence of 


OQ)... 


at 40 Mev over a range of elements from carbon to 
silver.?”7 A composite plot of these data shows the details 
of the gradual change from the diffraction to exponential 
behavior with increasing atomic number. The data of 
the present investigation are illustrated in this same 
form in Fig. 22 to facilitate a comparison of the behavior 
at the bombarding energy of 31.5 Mev used in this 
experiment. The general characteristics of both 
composite plots are quite similar. 
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A formula is derived for the moment of inertia of a freely rotating system. Although this formula is 
similar in form to the one derived by Inglis for a system of particles in an externally rotated potential, there 
are certain significant differences. The meaning of these differences is discussed and an attempt is made to 
clarify the question of the validity of the Inglis formula in the case of real nuclei. 





HE existence of bands of rotational states in 
nuclei has been verified recently in an appreciable 
number of cases. In each rotational band several states 
are found having energies given by 
h? 


v 
E=Ey+—J(J+1), 
29 


where £p is a constant for the particular band, J is the 
angular momentum of the state, and J is a constant, 
characteristic of each band, known as the “effective 
moment of inertia.’ All the states in a given band have 
apparently a common intrinsic structure; they differ 
from one another only in the amount of collective rota- 
tion present. The experimental evidence indicating this 
type of structure includes a number of independent 
observations in addition to the energy values: static 
quadrupole moments, £2 transition probabilities, and 
beta-decay branching ratios.'* Some of these observa- 
tions, such as branching ratios in beta decays leading 
to different members of the same rotational multiplet, 
require for their interpretation only the assumption of 
the separability of the internal motion from a collective 
rotation. Other observations require the evaluation of 
some intrinsic parameters from a more detailed model. 
In particular the separation in energy between states 
of the same rotational band depends upon the effective 
moment of inertia, whose evaluation depends upon 
further details of the nuclear model. 

One of the more successful attempts to account for 
the experimentally observed moments of inertia is due 
to Inglis,?* and is now known as the “cranking model.” 
The nucleus is represented by a system of nucleons 
moving in a deformed potential which is rotating with 
a given angular velocity. The energy of the system is 
calculated by perturbation theory to give a power 
series in the angular velocity; the coefficient of the 
quadratic term is interpreted as 39. The following ex- 
pression is obtained for the effective moment of inertia 
of a two-dimensional system in the state |0): 

0| L|k)|? 
9o=2 > Nt ae dl ; (1) 
kx Fy. — Ep 


1A. Bohr and B. R. Mottelson, in Beta- and Gamma-Ray S pec- 
troscopy, edited by K. Siegbahn (North Holland Publishing Com- 
pany, Amsterdam, 1955), Chap. 17. 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, 1 (1955). 

3D. R. Inglis, Phys. Rev. 96, 1059 (1954). 


where L is total angular momentum operator, |0) and 
|k) are states of the system of particles in the deformed 
potential, unperturbed by rotation, and FE, and Zp are 
the corresponding unperturbed energies. 

The validity of this approach may be questioned, 
since the rotation of the nucleus is an externally forced 
rotation imposed by “cranking” the external potential, 
while in actual nuclei collective rotations are free rota- 
tions resulting from the mutual interaction of the par- 
ticles themselves. Also, the limitations under which the 
use of “deformed shell-model” wave functions is 
justified are not clear. This point is of particular sig- 
nificance since the Inglis formula (1) as it stands re- 
quires the use of such functions and is not valid if the 
exact wave functions for the system are introduced. 
The latter must be eigenfunctions of L, since the total 
angular momentum of an isolated system is always a 
good quantum number; hence all nondiagonal matrix 
elements of ZL vanish, and the formula (1) gives a 
meaningless result. 

The use of the external rotation also introduces im- 
plicitly an extra degree of freedom into the system which 
is not present in the real nucleus. This problem has 
been discussed‘ and has certain implications which will 
be considered in a subsequent paper. 

In this note, a formula is derived for the moment of 
inertia of a freely rotating system, without the use of 
externally imposed rotation or additional degrees of 
freedom. This formula is similar in form to (1) and is 
valid when the exact wave functions and energy values 
are introduced. The treatment is applicable to freely 
rotating systems and also to systems oscillating freely 
in a potential well binding the system to a fixed ori- 
entation. In the latter case the new formula reduces to 
the Inglis formula (1) in first approximation. Certain 
similarities between these oscillating wave functions 
and deformed shell-model wave functions are discussed, 
but no rigorous justification for the use of the latter 
is given. 

Consider a dynamical system for which bands of 
rotational states are known to exist. For simplicity, a 
two-dimensional system is considered; the generaliza- 
tion to three dimensions does not involve any funda- 
mental difficulties. Let the system be specified by an 
angle ¢, describing the orientation of a set of moving 


‘ Lipkin, de-Shalit, and Talmi, Nuovo cimento 2, 773 (1955). 
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coordinate axes fixed in the system, and by a set of 
independent “intrinsic” coordinates and momenta q, 
and #;, describing the internal degrees of freedom of the 
system with respect to the moving axes. All the g; and 
p; commute with ¢ and with its canonically conjugate 
momentum L, the total angular momentum of the 
system. Assume that the Hamiltonian of the system 
can be written in the form proposed by Bohr and 
Mottelson,® consisting of a rotational energy, an in- 
trinsic energy, and a coupling term: 


i? 
H= Ba Tint Gb) + Hoan LiaaPi)- (2) 


The existence of rotational bands in the system 
implies a separation to a good approximation of the 
intrinsic motion from the collective rotation.?4 One can 
therefore assume that by a proper choice of the system 
of moving axes, the Hamiltonian (2) can be made 
approximately separable; that is, (1) Heoup: can be 
neglected ; (2) the off-diagonal elements of 1/9 can be 
neglected in the representation in which H is diagonal. 
The effective moment of inertia 9 is therefore an opera- 
tor whose expectation value depends upon the state of 
the system, but which does not mix different states. 
Let us assume further that the operator 9 depends only 
upon the intrinsic variables p; and q,.° These assump- 
tions necessary for the following treatment can be 
summarized in mathematical form as follows: 


(a) F coupi 7 0, 
(b) [H,s]=0, (3) 
(c) [L,9]=[¢,9]=0. 

The experimental value of the moment of inertia 
associated with a given rotational band is given by the 
expectation value of the operator g in any state of the 
rotational band. An expression for (9) can be obtained 
directly from the relations (3) and the identities 

(L,f() ]=—ihf’ (9), 
(0|LH,A ]|k) 


(4a) 


(0|A|k)= ; (4b) 


to— Ei 

where {(@) is any periodic function of @ with period 2x 
(i.e., single valued), A is any operator, |0) and |) 
two distinct eigenstates of the Hamiltonian (2), and 
Ey and E, the corresponding eigenvalues of H, as- 
sumed to be discrete and distinct. 

Using Eq. (4b) and the rules for matrix multiplica- 
tion, one obtains 


Ex.—Eo 


5A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, 16 (1953). 

*It must be emphasized that these assumptions are never 
exactly satisfied in any real dynamical] system, except that of the 
rigid rotator, because of the action of centrifugal and Coriolis 
forces which couple the intrinsic and rotational motions and which 
the moment of inertia as a function of the speed of rota- 


| CH,A]|k)|? 
OlCTH ALA} o)=2 5 t/a)? 
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To get an expression for (0|9|0), choose? A= sing. 
Then, using relations (3) and (4) 


[H,A ]= —ihLL cos¢+ (cos¢)L 1/2, (6) 
(0|8|0)=4 5 | (0| (cos$)L+L cos¢| k)| | 
k0 = (Ex— Ey) {0| cos*g|0) 


The expression (7) is by no means unique. Different 
expressions for the moment of inertia can be obtained 
by using any other periodic function of @ instead of 
sing in the expression for the operator A. The choice of 
sing is quite arbitrary and is mainly for simplicity. It 
should be noted that the expression (7) differs formally 
from the formula (1) only by the presence of the factors 
cosp. It is just these factors which make the relation 
(7) valid for eigenfunctions of a freely rotating system 
which are eigenfunctions of L. This can easily be verified 
by inserting the appropriate wave functions and energy 
differences in Eq. (7). The result, however, is trivial 
since the moment of inertia can be computed directly 
from the energy difference E,— Eo. 

The above derivation can be extended to apply to 
certain systems which are not in free rotation. For 
such systems the moment of inertia is not directly ob- 
tainable from the energy eigenvalues and the formula 
(7) is no longer trivial. 

Let a term depending only upon ¢ be added to the 
Hamiltonian (2) to obtain 

Li? 


H'= il Hint (QisP1) +H coups (L,gi,pi) + V(b). (8) 


and 





(7)8 


If the conditions (3) are still satisfied, then Eq. (6) is 
valid for the Hamiltonian (8) which differs from (2) 
only by a term commuting with 9 and ¢. Thus, the 
above derivation and Eq. (7) are valid for the system 
described by the new Hamiltonian (8). The states of 
the system are no longer those describing free rotation 
but are modified by the potential V (@). If this potential 
has the form of a well centered about ¢=0, the possi- 
bility exists of bound states in which the system oscil- 
lates about the equilibrium position ¢=0. If this bind- 
ing is sufficiently strong, the wave function describing 
the system is appreciable only in a small region about 
¢=0, where cos¢ can be taken as equal to unity. For 


tion. The treatment given here merely assumes that these effects 
are negligible to a first approximation. 

7 Special care should be taken in choosing A. Since explicit use 
is made of matrix multiplication, it must be guaranteed that the 
state A|k) remains in the space of the set of eigenfunctions |). 
As our functions are assumed to be single valued, they should be 
periodic in @ with period 27. Thus only operators which are 
periodic in ¢ with period 2x can be used for A. The simpler choice 
A=@, which leads to the Inglis formula (1) exactly, is thus er- 
roneous and leads to inconsistent results. 

8 This derivation of the expression for the moment of inertia 
resulted from a remark of A. Bohr (private communication) re- 
garding a possible derivation of the Inglis formula based upon the 
relation [H,¢]=(i/h)(L/9). The difficulties encountered in the 
interpretation of the relations obtained in this way are avoided 
in the présent derivation, as discussed in the note above. The 
authors would like to take this opportunity to thank Dr. Bohr 
for helpful discussions on this subject. 





MOMENTS OF INERTIA OF FREELY ROTATING SYSTEMS 


such a strongly bound system, the formula (7) reduces 
to the same form as the formula (1). 

It should be noted that the moment of inertia calcu- 
lated for the bound system (8) is exactly equal to that 
of the freely rotating system (2) which differs from it 
only by the absence of the potential V(¢). It is there- 
fore possible to calculate the moment of inertia of freely 
rotating systems by use of the Inglis formula (1) with 
eigenfunctions of a strongly bound oscillating system 
having the same intrinsic structureas the original system. 

It must be emphasized that there is another important 
difference between the new formula (7) and the Inglis 
formula (1), in addition to the purely formal difference 
involving the factors cos¢. The expression (7) refers 
directly to a freely rotating system, or to one having 
that certain type of bound rotation described by the 
Hamiltonian (8). The eigenfunctions and energy values 
of this system appear in the formula. The eigenfunctions 
and energies used in the Inglis formula (1) are those 
for a system of particles moving in a deformed potential 
well which is fixed in space. Two questions are suggested 
by this difference: (1) Can the derivation of Eq. (7) 
be extended to apply to systems described by shell- 
model wave functions; (2) What is the relation between 
the moment of inertia of the shell-model system and 
that of the real freely-rotating nucleus? 

Although the question of the validity of the use of 
shell-model wave functions is not rigorously answered 
in this paper, it can be somewhat clarified by examining 
the simpler analogous case of collective translation of 
the entire nucleus (motion of the center of mass of the 
system). 

The close analogy between the problems of collective 
translation and collective rotation has been discussed.‘ 
The treatment of rotation given above can be applied 
to collective translation simply by replacing the opera- 
tors L and ¢, respectively by the total linear momentum 
and the coordinate of the center of mass. The inertial 
parameter 9 given by the formula analogous to Eq. (7) 
is just the total mass of the system. This formula 
should be valid for systems moving in free translation 
and also for those oscillating in a potential binding the 
system to a fixed position in space. Since center-of-mass 
motion is well known, the analysis of this problem in 
the case of nuclei should shed some light on the validity 
of the use of shell-model wave functions in (7). 

The problem of center-of-mass motion in the system 
described by a shell model with a harmonic oscillator 
potential has been treated by a number of investigators.® 
It is shown that the states of this system describe a 
nucleus whose center of mass is bound to the origin of 
the coordinate system by harmonic oscillator potential, 
and which therefore undergoes harmonic oscillations. 
These collective oscillations are not coupled to the 
internal degrees of freedom of the system (Houpi=0). 

9H. A. Bethe and M. E. Rose, Phys. Rev. 51, 283 (1937); J. P. 
Elliott and T. H. R. Skyrme, Proc. Roy. Soc. (London) A232, 
“19 s H. R. Post, Proc. Phys. Soc. (London) A66, 649 
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It is therefore possible to use this model to study the 
intrinsic motion of a free unbound system which has 
the same intrinsic motion as the shell model; it is 
merely necessary to beware of the spurious effects of 
the center-of-mass oscillations which have no counter- 
part in the free system. 

The treatment of these collective translations is 
directly analogous to that of the rotational oscillations 
expressed by the Hamiltonian (8). The translational 
formula analogous to the Inglis formula (1) therefore 
gives exactly the total mass of the system when the 
shell-model wave functions and energies are introduced. 
The total mass of the shell-model system is of course 
exactly equal to that of the unbound system. 

However, difficulties are encountered if any potential 
other than the harmonic oscillator is used for the shell 
model. Exact separation between intrinsic and center- 
of-mass motions occurs only in the case of the harmonic 
oscillator potential’; in all other cases, Heoup: does not 
vanish and states of different intrinsic properties are 
mixed by center-of-mass motion. If the shell-model 
potential depends upon the particle momenta as well 
as upon the coordinates (e.g., a term of spin-orbit 
coupling), the equation analogous to Eq. (6) is no 
longer valid, and the Inglis formula no Jonger gives the 
total] mass of the system. 

Much of the treatment of the center-of-mass problem 
can be carried over to the rotational case. The shell- 
model potential used here is not spherically symmetric ; 
a typical example is the anisotropic harmonic oscilla- 
tor.*-!! The number of degrees of freedom of the shell- 
model system is equal to that of the original system; 
hence degrees of freedom corresponding to the rota- 
tional degree of freedom of the original nucleus must 
exist also in the shell model. The shell-model system 
does not rotate freely, nor is it held to a fixed orienta- 
tion; rather, it oscillates with small amplitude about 
an equilibrium orientation (these fluctuations in nuclear 
orientation can be shown by choosing some system of 
axes to specify the orientation of the nucleus, e.g., the 
principal axes of inertia, and by calculating the mean 
and mean square values of the Euler angles defining 
the orientation of these axes). 

By analogy with the center-of-mass case, one would 
expect the Inglis formula to be approximately valid for 
the rotational case, using shell-model wave functions 
and energies, if the following two conditions are satis- 
fied : (1) The collective oscillation described by the shell 
model must not be coupled too strongly to the intrinsic 
motion; (2) the effective “collective potential” binding 
the system to a given orientation must commute 
approximately with @. Methods for checking whether or 
not these conditions are satisfied in particular cases 
are being developed and will be reported in a subse- 
quent paper. 

1, Talmi, Helv. Phys. Acta 25, 185 (1952). 

1, Gallone and C. Salvetti, Nuovo cimento 10, 145 (1953); 


D. Pfirsch, Z. Physik 132, 409 (1952); S. G. Nilsson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 29, 16 (1955). 
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The excited states of Em*? were studied in connection with a survey of regularities in heavy even-even 
nuclei. Em*? was shown to have a second excited state of character 2+, 4+, or possibly 0+ at 448 kev. This 
result was obtained by confirming the existence of a weak + ray of 260 kev in the Ra®* spectrum, which had 
previously been observed by Stephens in coincidence with Ra”® a rays. This y ray was found to be in 
coincidence with the well-known 188-kev transition leading from the first excited state (2+) to the ground 
state. The intensity ratio Jy260: J-y1ss= 1:400. From this ratio and the known value of 5.7% for the a branch 
feeding the 188-kev state, the intensity of the a branch feeding the 448-kev state was found to be ~0.01%. 





|” Repeal (1620 yr) is known’ to decay mainly 
by an a-ray branch of 4.777 Mev leading to the 
ground state of Em™, while 5.7%? of the a rays feed an 
excited state of energy 188 kev. Conversion electron 
studies''* and a-y angular correlation measurements‘ led 
to the assignment 2+ for the 188-kev state. In addition 
to the 188-kev transition, K-conversion electrons from 
a 663-kev transition were observed in a diffusion 
chamber placed in a magnetic field.» The angular 
correlation of the electron tracks with the a-particle 
tracks indicated a 2+ assignment for the 663-kev 
state, based on the assumption that the 663-kev transi- 
tion leads to the ground state.* The ratio of the 
K-electron intensities reported was Jx(663 kev)/ 
Tx(188 kev)=0.47. This result is in contradiction 
with previous a fine-structure measurements? which 
showed that an upper limit of 0.1% may be given for 
any alpha-branch going to an excited state of Em™ 
with 300 kev< E< 800 kev. Recently F. S. Stephens, Jr., 
observed in coincidence with the Ra a rays a y ray of 
about 255 kev with a y intensity ~ 1/500 of the intensity 
of the 188-kev transition.’ 

A study of the patterns of nuclear level schemes® in 
this region of Z led us to search for higher excited states 
of Em”, For this purpose we prepared a Ra™* source by 
freeing ~ 200 microcuries initially of Ra D, E, and F by 
scavenging with lead sulfide in dilute nitric acid and 
transferring the solution to a glass cell with flat side- 
walls 1X8 cm and an interior thickness of 2 mm. This 
cell was equipped with one outlet tube and two inlet 
tubes: one inlet tube ended above the surface of the 
liquid while the second, drawn out to a capillary, 
penetrated to the very bottom of the cell. Passage of 
air through the second tube produced a steady stream 


* Under the auspices of the U. S. Atomic Energy Commission. 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). 

2 F. Asaro and I. Perlman, Phys. Rev. 88, 129 (1952). 

3M. K. Jurié and D. M. Stanojevi¢, Bull. Inst. Nuclear Sci., 
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7F. S. Stephens, Jr., thesis, University of California Radiation 
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of bubbles in the solution which swept out the radium 
emanation (Em*”) as fast as it was formed, and addi- 
tional air could be swept through the first tube to re- 
move emanation before it could decay in the air-space 
above the liquid. The flat, thin shape of the cell which 
was placed between two NalI(T]) scintillation counters 
permitted good geometry in the y-y coincidence studies. 
At “steady state,” a nearly complete decontamination 
(>99.9%) of radium from its decay products was 
achieved and held for many hours. Figure 1 shows the 
y-Tay spectrum observed after optimum conditions 
were established. Besides Em K x rays and the strong 
188-kev ground state transition as well as the remaining 
y-rays of 290 and 350 kev from the decay of Pb*!* and 
of 610 kev from that of Bi?4, a y ray at 260+5 kev is 
clearly seen, confirming Stephens’ result. A comparison 
of the areas of the 260- and 188-kev photoelectron peak 
yields, after correcting for counter efficiency and 
Compton background, the value J 266/J y1s3= 2.5 107%. 
If we use the value? 5.7% for the a branch going to the 
188 kev state and ato:=0.57 for the 188-kev transition,‘ 
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Fic. 1. NaI(TI) scintillation counter spectrum of the y rays 
from Ra” (1620 yr). The spectrum was taken after the intensities 
of the 290- and 352-kev y rays from Pb** (26.8 min) and of the 
610-kev y ray from Bi** (19.7 min) had been reduced to a 
minimum. 
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Fic. 2. Coincidence spectrum (@) recorded by counter B 
showing 260-kev y rays in coincidence with triggering 188-kev 
rays (counter A). In order to reduce the relative intensity of 
188-kev y rays, 1.2 g/cm* Pb absorber was placed between Ra 
source and counter B. (This absorber removed the Em K x-rays 
from the spectrum, replacing them by the characteristic K x-rays 
from Pb.) The lower curve (O), taken with counter A being 
delayed by 0.5 usec, shows a coincidence spectrum due to acci- 
dental coincidences. The resolving time of the circuit 27=0.2 
usec. 


we deduce an a-branching ratio of (5.72.5 10-°/1.57) 
X [1+at0r(260 kev) ]=0.0091[1+-at01(260 kev) 1% feed- 
ing the 260-kev transition. No other y rays were seen. 
In particular, the upper limit for a possible crossover 
transition of 448 kev may be given as [445 kev/J188 kev 
<1.210~*. The upper limit for y-rays from a 663-kev 
transition is found to be <10~‘ per 188-kev transition. 

In order to find whether the 188-kev y ray follows 
the 260-kev y ray, a coincidence spectrum was obtained 
by photographing the pulses recorded by counter B in 
coincidence with the 188-kev y ray registered by 
counter A® (Fig. 2). The resolving time of the coin- 
cidence output circuit was 0.2 ysec. In order to dis- 
tinguish the true coincidences from accidental coin- 
cidences, the measurement was repeated using a delay 


® The procedure used was described in more detail by Scharff- 
Goldhaber, der Mateosian, Harbottle, and McKeown, Phys. Rev. 
99, 180 (1955). 
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Fic. 3. Disintegration scheme proposed for Ra®*. The energy 
ratio E:/E,=2.38, indicating a near-harmonic pattern of the 
level-scheme.® 


of 0.5 usec for counter A. This precaution had to be 
taken in view of the high intensity ratio between the 
y rays of 188 and 260 kev which is responsible for a 
large number of accidental coincidences at 188 kev. It 
is seen that the 260- and 188-kev y rays are indeed in 
coincidence; this observation leads to the disintegration 
scheme shown in Fig. 3. The character of the 448-kev 
state is probably 2+" or 4+, or possibly 0+. Spin 1 
can be ruled out because of the absence of a crossover 
transition, and a spin 3 state of such low energy lying 
below a spin 1 state is most unlikely." If we compare the 
relative intensity of the a branch leading to the 448-kev 
level with the theoretical value” not using any spin 
correction factor and assuming that the 260-kev 
transition is predominantly £2, we arrive at an alpha- 
hindrance factor ~5. This value is of the same order as 
that for the a branches leading to the second excited 
(4+) states of the nuclei with slightly higher Z." 


1 Although the ratio J44;/7260<0.05, this does not exclude a 2+ 
state; e.g., in Pt!* the intensity of the transition from the second 
excited state, which is known to be 2+, to the ground state, is less 
than 0.01 of the intensity of the transition leading to the first 
excited state [D. Alburger (private communication) ]. 

4H. Morinaga [Phys. Rev. 103, 503(L) (1956) ] has recently 
made a survey of odd-spin states in even-even nuclei, showing 
that all known odd-spin states besides 1— states (occurring for 
Z=88) have energies of 1 Mev and higher in this region of Z. 

2 J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 575. 

13 F, Perlman and I. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157, Fig. 11. 
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Transmission measurements of Ag, Ta, and U™*® cross sections have been made with a resolution of 
0.17 to 0.05 usec/meter and resonance parameters are presented in the energy region from 10 ev to roughly 
300 ev. A brief description of the materials testing reactor fast chopper and its performance characteristics 
is included, and the resolution is demonstrated by resolving new resonances in Ta. Area analysis methods 


have been used with the primary objective being to determine values of I’, 


°/D. The values obtained are: 


Ag’, (0.40+0.16) X10; Ag*(0.82+-0.4) X10; Ta!®, (1.74-0.3)X10~!; and U%8, (1.55+0.5)X10~. 
These results agree reasonably well with values previously reported. 





I. INTRODUCTION 


HE application of neutron time-of-flight spectrom- 

eters to the study of levels in the compound 
nucleus in the energy region slightly above neutron 
binding energies is yielding important information 
about details of these levels. Analysis procedures useful 
for total cross section measurements made with time-of- 
flight instruments have been developed at several 
laboratories.’ Over the past few years, these methods 
have yielded sufficient data to show trends in the 
behavior of the various resonance parameters as 
functions of the number of nuclear particles. In partic- 
ular, information*~’ about the ratio [,°/D can be 
compared with theoretical predictions. 

The MTR fast chopper was constructed to utilize 
the high neutron flux available from the Materials 
Testing Reactor (MTR).® Since a similar chopper in 
operation at Brookhaven National Laboratories (BNL) 
has been described previously,!? the description of the 
chopper itself will be limited to brief discussions of 
various component variations. The neutron source of 
the MTR chopper is different, so the response of the 
total instrument will be discussed at greater length. 

The total neutron cross section of Ag, Ta, and U™* 
have been investigated in the neutron energy region 
from 10 to 3600 ev with the MTR fast chopper. In 
order to test the operation of the chopper, two standards 
and an unknown were measured. Ag and U™*® were 
selected for the standards and Ta for the unknown 
since no recent high-resolution measurements of its 
cross section existed. Due to improved resolution, 
additional information about all three has been 
obtained. 

t Work carried out under contract with the U. S. Atomic 
Energy Commission. 

1 Seidl, Pay oes Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, '476 (19 54). 

*F. G. P. Seidl, Brookhaven National Laboratory Report 
BNL-278 (5-46), 1954 (unpublished). 

a Havens, and Rainwater, Phys. Rev. 92, 772 
« Sailor, Landon, and Foote, Phys. Rev. 91, 53 (1953). 

- o Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
® Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 


™R. Cote and L. M. Bollinger, Phys. Rev. 98, 1162(A) (1955). 
8 J. R. Huffman, Nucleonics 12, No. 4, 21 (1954). 


The primary objective of these measurements has 
been to determine [',°/D, the ratio of the average 
reduced scattering width to level spacing per spin 
state, and thus emphasis has been placed upon deter- 
ming [,° and D. Other factors of interest such as the 
resonance absorption width, peak cross sections, and 
potential scattering have also been determined. 


Il. APPARATUS 


A schematic diagram of the fast chopper time-of- 
flight spectrometer*-” is shown in Fig. 1. The source of 
neutrons is the HB-6 horizontal beam hole in the 
MTR.® Aside from minor modifications, the MTR 
chopper is the same design as the chopper in operation 
at BNL.? The number of neutrons per unit time during 
the burst varies with time to give a triangular distribu- 
tion which has a calculated full width at half-maximum 
of 1.6 usec at 6000 rpm. The MTR instrument uses a 
light pulse timing system which traverses the rotor at 
45° to the neutron beam. Use of the same path as the 
neutrons, which would give exact timing, is limited 
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Fic. 1. A schematic diagram of the MTR fast-chopper time-of- 
flight neutron spectrometer. The drawing is not to scale and 
details have been simplified for clarity. 


9R. G. Fluharty, Phys. Rev. 95, 609(A) (1954). 
10 Fluharty, Simpson, and Simpson, U. S. Atomic Energy 
Commission Report IDO-16164, 1956 (unpublished). 
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since the quartz windows become opaque from radiation. 
The direct beam path is used for calibration of the 45° 
light system. 

Neutron flight paths of 16, 30, and 45 meters have 
been used, and provisions have been made for a 60-meter 
flight path. To reduce air scattering, the neutrons pass 
from the chopper to the detector through “‘drift tubes” 
filled with He at atmospheric pressure. 

Approximately 50 enriched BF; proportional counters 
are being used as a detector at the present time. A 
jitter of 0.5 wsec has been measured for these counters." 

The timing circuit” records the neutrons in 100 
equal-time channels. This circuit has a resolution or 
detection time of about 3-5 usec. Thus, many detector 
pulses per burst can be recorded. Channel widths of 
3, 1, and 5 usec have been used. 


III. OPERATIONAL CHARACTERISTICS 


The total open-beam spectrum at 30 meters as a 
function of time is shown in Fig. 2 by curve B. The 
resonance neutron spectrum is shown by curve A. 
The dips in the resonance spectrum are mostly due to 
Mn in the 2S aluminum windows in the collimator, 
drift tube, and detector. The source surface which is 
being used has a flux of 1X10" thermal neutrons/cm? 
sec, and the expected resonance to thermal flux ratio is 
1/31. The number of resonance neutrons passed by 
the rotor for each burst is 2.50.5 neutrons per ev at 
1 ev based upon both the observed counting rates and 
counter efficiency and calculated from the reactor flux. 

Figure 3 shows the background with the various 
fractional parts indicated by the labeled lines. The 
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Fic. 2. The MTR fast-chopper spectrum at 30 meters. Curve 
A shows the resonance spectrum (without sample), curve B the 
total detector counting rate, and curve C the difference, B—A, or 
the total background. The “open beam” curve shows an E71 
spectrum modified by the chopper cutoff with structure due to 
various materials in the beam collimation system. At 30 meters 
“overlap” neutrons, those from a previous burst, are indicated 
since curve A does not drop to zero. 


11 Q. D. Simpson, Phys. Rev. 95, 600(A) (1954); R. G. Fluharty 
and O. D. Simpson, U. S. Atomic Energy Commission Report 
IDO-16110, 1954 (unpublished). 

1222, R. deBoisblanc and K. A. McCollom, Phys. Rev. 95, 
609(A) (1954) and U. S. Atomic Energy Commission Report 
IDO-16159, 1954 (unpublished). 
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Fic. 3. The MTR fast-chopper background with a breakdown 
into its various parts. When the two constant backgrounds, curve 
II (the sum of the chopper and room backgrounds), are subtracted 
out, a prompt fast neutron background is found which has 
structure due to the variations in rotor thickness with angle or 
time. The capital letters correspond to the neutron paths labeled 
in Fig. 6. The “overlap” background is not included. 


total background is obtained by measuring the total 
counting rate as a function of the rotor angle with the 
rotor static. A duty cycle conversion is made to the 
corresponding time-angle position.” A boral filter is 
placed in front of the detector to reduce the general 
background and also to absorb the few thermal neutrons 
which leak through the rotor. 

The measured structure in the background is caused 
by changes in the rotor thickness as seen by the high 
flux of fast neutrons from the MTR. The BNL fast- 
chopper time-of-flight spectrometer does not show 
this structure in the background because of the fast- 
neutron component of its beam is smaller. The MTR 
beam comes directly from a highly concentrated 
enriched fuel source with 6 in. of Be between the open 
collimation system and the fuel. 

The time resolution function is similar to that 
described by Seidl et al.! However, in convoluting the 
various time functions, a measured value of counter 
“jitter”! has been used, and the detector lengths are 
different. The experimental transmissions for a thin 
sample of Ag at the 16-ev and 72-ev resonances are 
shown in Fig. 4 by the plotted points. The calculated 
transmission convoluted with the resolution function 
is given by the solid curve. The parameters given in 
Table I were used for the calculation. 

Figure 5 is a curve of the over-all instrument resolu- 
tion (full width at half-maximum) as a function of 
energy calculated for a detector length of 3 in. at 30 
meters. This minimum detector length was chosen 
since time delays are used between groups of counters 
where different groups are located at slightly different 
distances along the flight path.” 

The timing uncertainty can be reduced to about 0.5 
usec, but in the case of many individual resonances, the 
timing was not known that accurately. The timing 


48 Simpson, Fluharty, and McClellan (to be published). 
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TABLE I. Parameters for resonances measured in Ag by MTR fast chopper. The 1/g factor is assumed to be 2, and A is the Doppler 
width of the level. Errors in individual parameters are estimates of accuracy and are taken to about 3 times as large as the precision 


associated with the measurements. (1 mv=10™ ev.) 








(1/n) X10% 4 Area 


Eo 
(ev) Isotope cm?/atom (ev) (ev) 


Tn? 
(mv) 


oo ern Ty 
(kb) (mv) (mv) 





16.6+0.2 107 52.36 
2065 
26.53 
2184 
2184 
2065 


0.125 2.01+0.10 
0.26+0.02 
2.7+0.5 
0.27+0.10 
0.15+0.03 
0.17+0.03 
0.330.033 
1.58+0.08 
0.47+0.035 
1.18+0.06 
0.21+0.05 
1.41+0.07 
0.44+0.09 
0.49+0.09 
2.49+0.37 
1.40+0.35 
3.28+0.66 
1.03+0.52 
1.28+0.66 
9.68+1.45 
6.44+1.29 


30.8+0.3 0.172 
40.7+0.6 
42.4+0.6 
45.2+0.6 
52.2+0.6 


0.198 
0.202 
0.202 
0.216 


56.1+2.0 
72.2+2.0 


89.642.4 
136+5 
147+5 
176+6 
206+9 
21549 
251+11 
316416 


0.224 
0.262 


0.277 
0.36 
0.38 
0.41 
0.45 
0.45 
0.49 
0.55 


2.65+0.66 
3.5340.64 


2.6+0.3 
5.45+0.82 
3.540.8 
4.0+0.8 
0.85+0.13 
17.24+1.9 


6.81+1.5 


151+23 
121+13 


1.30.07 
2.0+0.3 


1.10.13 
1.230.25 
0.250.04 
3.17+0.35° 


3.630.80° 
3.47+0.76° 


0.59+0.12 
10.6+1.9 
3.441.5 
16.1+5.1 
2.1+1.1 
3.041.8 
30.6+9.2 
18.7465 


134* 
135* 
135* 
112+24 


216+85 


6.38+1.38 
1.31+0.54 


8.51+1.87 22.344.9 
2.80.6 
62+11 
20+9 
107+34 
15+8 
107+34 
243+73 
166+58 


65435 


134*® 
134* 
134* 
134* 
134* 
134* 
134* 
134* 











* Assuming Py =135+17 mv for Ag”? and Py =134+440 mv for Ag™. 
> Data indicates g =}. 
¢ Data indicate g =}. 


uncertainty is implied in the energy error that is 
assigned to an individual resonance. 


IV. ANALYSIS METHODS AND INTERPRETATION 


Transmission and area analysis procedures have been 
used with the main objective being to determine the 
ratio of the average resonance scattering width to level 
spacing [,°/D.'* Values have also been calculated for 
the potential scattering cross section. 
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Fic. 4. Transmission of a thin Ag sample at the 72-ev (top 
curve) and the 16-ev resonances. The points and crosses are 
experimental data, and the solid curves were obtained by convolut- 
ing the calculated resolution function (under each transmission 
curve) with a calculated transmission obtained from the resonance 
parameters given in Table I. In the top curve, the resolution 
function used gives a good fit to the points on the sides of the 
resonance. 


Procedures for relating measured areas to the 
Breit-Wigner (BW) resonance parameters, including 
Doppler broadening temperature effects, are discussed 
by Melkonian ef al. and Seidl et al.| The two methods 
which have been used here are more recent develop- 
ments which are felt to be simpler and quicker.*:"4 

Since gl',=ool'/4rA0?, the value of ool" is primarily 
desired from these measurements. One method used is 
designed to give ool’ directly, and if the sample is 
thin, the value obtained is relatively independent of 
the actual value of I’. Thus reasonable determinations 
of gl’, can be made without knowing I’, accurately.® 

For a single thin-sample resonance determination, 
I’, is assumed to have a value determined from the 
average of other resonances where I’, has been deter- 
mined. If I’,, is found to be comparable to I’,, reiteration 
can be used to determine the best value for ool’. The 
average I’,’s are also used in this paper where single 
thickness samples were measured. In most cases 
thick-thin samples are available and the data are 
presented as determined, but they can be readily 
reinterpreted in terms of the average I’, where the 
accuracy of the data may indicate a preference. 

Fairly accurate measurements of level widths are 
made in the 0-10 ev energy region by both crystal 
spectrometers and fast choppers where the level 
widths are large compared to the instrument resolution. 
Reasonably accurate values can also be determined for 
strong, well isolated resonances by area methods, and 
if this information is not available, extrapolated values 


“4 D—D. J. Hughes, J. Nuclear Energy 1, No. 4, 237 (1955). 
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are used from curves showing the I’, width as a function 
of the atomic number.'® 

Multiple reiteration procedures are often desirable 
in obtaining a relation between an area and the BW 
parameters since the corrections imply a knowledge of 
the resonance. The situation becomes more complicated 
when the effects of several resonances must be taken 
into account. Cases exist in Ta in which the effect of a 
very strong resonance appears to influence a large 
energy region covering many other resonances. 

In calculating the BW parameters, the following 
procedures were used in order to make the necessary 
corrections. 

(1) The original base line was drawn between regions 
where the transmission is varying slowly between 
resonances. In most cases this could be drawn to equal 
valued and constant transmissions on both sides of 
the resonance. If not, the base line was tilted to follow 
any trends in the transmission. The area was measured 
between Ey+AE and E)—AE in the usual manner.!-* 
Wing corrections were applied and the analysis made to 
determine ool”, where P is a constant which is obtained 
from the area method with a value between 1 and 2. 
Reiterations were made where large wing corrections 
were involved or where an appreciable value for I’, was 
found. If thick-thin samples were available, the 
process could be done independently, but where only 
one sample was available an assumed average value of 
I’, was required. Previous information about the level 
was used where possible. 

(2) The effect of the resonance was calculated in 
the wings where the original base line was placed and 
the base line redrawn removing the effect of the 
resonance from the transmission. The area was remeas- 
ured and the analysis repeated if the area change was 
appreciable. If the interference term was appreciable, 
the area measurement involved a subtraction of the 
area below the base line from that above. Thus, the 
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Fic. 5. The calculated resolution (full width at half-maximum 
in wsec/meter and energy uncertainty) as a function of energy. 
Experimental values are given by crosses. 


1H. H. Landon, Phys. Rev. 100, 1414 (1955); J. S. Levin and 
D. H. Hughes, Phys. Rev. 101, 1328 (1956). 
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interference term was assumed to have symmetrical 
contributions on both sides of the resonance except for 
sign. 

(3) The steps outlined in procedures (1) and (2) 
were repeated until the values obtained converged. In 
any given case a single reiteration for any factor was 
usually sufficient and frequently the various factors 
could be included in a single reanalysis. For some 
well-isolated resonances the base line could be drawn 
far enough away that reiteration was not required, but 
for other cases it was necessary to re-examine the data 
using several resonances before final results were found. 

By the foregoing approach, effects of adjacent 
resonances are automatically included in the base. As 
a check upon the method, the potential scattering, o>», 
has been calculated for the energies between the 
resonances for the cases in which the cross-section 
values appear to be resolved and Doppler effects can 
be neglected. If the potential scattering was found to 
be reasonably constant, it was interpreted as confirma- 
tion that the base was properly drawn. Unfortunately, 
a general procedure does not appear to be feasible in 
correcting for adjacent resonances, and strong res- 
onances appear to require special attention to obtain 
the best interpretation of the data. 

To determine o,, corrections for the resonance parts 
of the BW formula were made in two manners. First, 
sets of values at each energy were derived for adjacent 
resonances only. Second, corrections were made 
including all known resonances with measured param- 
eters and including other resonances by using average 
parameters and the average level spacing in a series 
approximation. Thus, two procedures were followed to 
see if a choice existed. 

The approach of correcting for all resonances will not 
work for the interference term because of the divergence 
of the interference series using average parameters 
needed to account for unmeasured resonances. The 
value of the interference due to all higher and lower 
energy resonances is indeterminant. Therefore, inter- 
ference corrections were made only for the two adjacent 
resonances, and the assumption was made that positive 
and negative effects would cancel out on the average if 
enough energy points were included. In the case of 
strong resonances, corrections were made symmetrically 
on both sides until the contributions were negligible. 
The transmissions and total cross-section curves were 
used as guides as to the need of correction for a given 
resonance. 

The above procedure also yields a value of a, which is 
of interest because of its relation to the nuclear radius. 
This measurement was not included in the original 
objective, and therefore, optimum sample thicknesses 
were not used. A measure of o, by this method will not 
be extremely sensitive unless regions are found where 
the resonances have little effect. Approximate initial 
values of 7,’ must be used to correct for the resonances, 
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Fic. 6. Experimental transmission curves for normal Ag. The 
solid lines are visual averages and are representative of those 
used for the area analyses of the resonances. 


and the final o, must be approached by a reiteration 
procedure. 


V. RESULTS 
Silver 


A fairly extensive series of measurements has been 
made using normal silver. Resolutions used varied 
from 0.17 to 0.05 ysec/meter. The samples had a 
purity of 99.9%, and the isotopic assignments of 
resonances are those given by Seidl.! Typical transmis- 
sion curves are shown in Fig. 6. 


TasBLe II. A summary of the average parameters for Ag as 
obtained at BNL! and at MTR. The values T,°/D for the individ- 


ual isotopes are the actual ratios of [',° to D, while (T.9/D] 
for the element is obtained by the method given in Fig. 8. 








Agwr 

MTR BNL 
r,(mv) 135417 130 134+40 
T,°(mv) 1.50.6 2.1 2.8+0.8 
D (ev) 3846 50 3443 
([,°/D)X10' 0.404016 0.16 0.82-+40.4 
Average I’,°/D for element = (0.61-++0.2) X10, 
Average [T',°/D]] for emement = (0.54-40.2) X 10. 


Agios 
MTR 











A summary of the derived parameter values is given 
in Table I. The average level spacing reported in 
Table II was obtained by averaging the known level 
spacings and using estimated values for the upper and 
lower limit spacings. For Ag the lower limit spacing 
was estimated to be 25.2 ev, and the upper spacing 
was taken as (136—90)/2 ev. Correspondingly, values 
of (136—52)/2 and (16+5) ev were assumed for the 
upper and lower spacings for Ag'’. Information about 
the 5.2-ev level in Ag’ was used from crystal spectrom- 
eter measurements of Wood.'* In Wood’s work a 
negative level between —1 and —10 ev is proposed, 
and this evidence forms the basis of the lower spacings 
quoted above. 

A plot of the number of resonances below energy 
E for normal Ag as a function of energy is shown in 
Fig. 7. Since levels are being missed above 90 ev, I,” 
and D are based on the averages of the resonances 
below this energy in Table I. The deviations for the 
average values, I,° and D, are deviations of the mean 
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Fic. 7. The number of resonances below the energy E as a 
function of energy for normal Ag. This curve indicates that 
resonances are definitely being missed above 90 ev. 


obtained from the mean square deviations of the 
individual values. For the average absorption width, 
[,, each value has been weighted according to the 
accuracy of the determination so the 5.2-ev level value 
dominates the Ag™ average. Although the individual 
values of I’, show fairly wide deviations, the accuracy 
does not conflict with the assumption that I’, is constant 
for each level. The I’, for the 72-ev level is low, but if 
the BNL’ thick sample area is combined with the MTR 
thin sample area, a value of 145-55 mv results. 

The sum of the I’,,’s up to energy E as a function of 
E is plotted in Fig. 8 for both isotopes. The slope should 
give 4X[T,°/D]}"" where in this case [T,,°/D] is an 
average for the two isotopes of the element since the 2 
isotopes (each with 2 spin states) have almost equal 


16 R. E. Wood (private communicatio 
17The use of square brackets _ T.°/pD, (f.°/D], is 
intended to imply that the average has been determined from 


the curve of ZT,,° vs energy. 
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abundance. Since thick samples have been used above 
90 ev where the resonances were not resolved, the 
low-energy points have been weighted heavily in 
determining the slope. If the resonances are not single, 
the T,° values would be too large (A? «o I). The 
reciprocal of the statistical factor, 1/g, is assumed to 
be 2 except where a preference is indicated. 

Table II is a summary of the parameters as obtained 
here and at BNL. The differences between MTR and 
BNL averages are primarily due to the choice made in 
determining D, the use of preferred values of g, and 
disagreement on the parameters for the 72-ev level. 
It is seen that the limited number of levels measured 
allows considerable latitude in the procedure resulting 
in additional uncertainty about the final value. The 
average [I’,°/D] for the two isotopes or the element 
indicates that the Ag’ value may be high. All values are 
within the errors so that significant changes are not 
justified without higher resolution information and more 
levels. A recently reported'® technique, which averages 


NEUTRON ENERGY (ev) 


Fic. 8. The sum of the I’,”s found up to the energy E 
as a function of E for normal Ag. 


many levels, gives [',°/D for the element Ag as (0.3 
+0.1)10~. 

To calculate the potential scattering between levels, 
an initial value of the potential scattering must be 
assumed. For this purpose initial values, indicated by 
primes, of ¢,'(107)=7.3 barns and o,’(109)=4.7 barns 
as given by Wood (the average is quoted as 6.0+0.5 
barns) have been used. The various values obtained 
and the average are summarized in Table III. Since 
the data were not reiterated to give a best fit of a», the 
final value is.not independent of the initial a,’ values 
used. Reiteration is indicated by the large difference 
between the final and initial values, but the absolute 
accuracy of the total cross sections does not justify it 
The absolute error is indicated in the final result quoted. 

The primary interest was to observe the constancy 
of o, as a measure of the validity of the metheds used 


18 DE, J. Hughes and V. E. Pilcher, Phys. Rev. 100, 1249(A) 
(1955). 
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TABLE III. The average potential scattering calculations for 
Ag at energies between resonances with assumed values op’(107) 
=7.3 barns, op’(109) =4.7 barns. 








E o% op 
(ev) (barns) (barns) Summary of ¢p from column 3 
23.7 5.8 oa 
35.7 6.0 Le 


41.6 not resolved 





Average op=5.1 barns. 
Deviation of individual 
values=0.5 barn. Devia- 
tion of mean=0.1 barn. 
The best value is op=5.1 
+1 barns, with the error 
including an estimate of 
accuracy. 








in the analysis. Aside from the value at 54 ev, which is 
two standard deviations from the mean, the individual 
values are constant within the accuracy expected from 
the parameters. The most consistent set was found by 
correcting for the adjacent resonances only, but this was 
very insensitive in the case of the resonance term. The 
calculated value of o, from the equation, 


op=4n(1.45A'X 10-*)?, 
is 6.0 barns. 


Tantalum 


Table IV summarizes the resonance parameters for 
Ta!8!_ The resonances at 56, 85, 89, 136, and 147 ev 
have been reported,” and the fact that two sets of 
levels exist in the 23- and 35-ev regions were discovered 
in this investigation.*:® The 4.3- and 10.4-ev resonance 
parameters have been taken from the literature.*'® 
Other work on tantalum in a corresponding energy 
region has been done,*-”*.*! but the results here are more 
nearly in agreement with those given by Harvey et al.® 
It is to be noted that the individual values of ', appear 
to be remarkably constant. Strong levels at 39 and 99 
ev are worthy of special note. 


2. 
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Fic. 9. The number of resonances below the energy E as a 
function of energy for Ta. The average level spacing per spin 
state, D, is twice the reciprocal slope of the straight line shown. 
This curve indicates that Tooele are being missed above 65 ev. 


( — Fluharty, and Simpson, Phys. Rev. 99, 610(A) 
1955). 

2” R. L. Christensen, Phys. Rev. 92, 1509 (1953). 

1 Gaertner, Yeater, and Albert, U. S. Atomic Energy Commis- 
sion Report KAPL-1084, 1954 (unpublished). 
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TABLE IV. Parameters for resonances measured in Ta'*! by MTR fast chopper. The 1/g factor is assumed to be 2, and A is the Doppler 
width of the level. Errors on individual parameters are estimates of accuracy and are about 3 times as large as the precision associated 
with the measurements. [',°=1.88+0.3 mv; D=7.8-+2 ev; I',°/D=(1.740.3)X107; T=4943 mv. 








Eo (1/n) X10 A Area 
(ev) cm?*/atom (ev) (ev) 


oS 


(b —ev) 


T° 


oo arn T'y 
(kb) (mv) (mv) (mv) 





14.0+0.15 35.83 0.093 0.7432-0.030 
1356 


0.1030.009 
20.5+0.2 35.83 0.113 0.671+0.040 
1356 0.07250.0160 
22.940.3 35.83 0.119 
24.340.3 0.123 


0.357 0.064 

235.0 0.703=0.084 
29.50.3 0.136 
35.340.6 0.149 


0.309+0.034 
0.3380.046 
36.1+0.6 0.150 
39.340.6 0.156 


0.156+0.031 
0.181+0.036 
1.555+0.233 

49.2+0.7 0.17 

55.9+0.8 0.17 

57.9+0.8 0.18 


0.365+0.051 
0.1980.044 
63.2+0.9 0.19 
76.941.2 0.21 


0.145+0.072 
0.145+0.072 
82.7414 0.22 
84.7414 0.22 


0.533+0.120 
1.121+0.280 
89.4+1.9 0.23 
91.4+1.9 0.23 


0.651+0.228 
0.298+0.135 
98.8+2.0 0.24 
105+2.0 0.25 


0.345+0.170 
0.1710.085 

114+2.0 0.26 

125+3.0 0.27 


2.32+0.46 
0.971+0.240 
136+3.0 0.28 
147+3.0 0.29 


235.0 
235.0 
235.0 
235.0 
235.0 
235.0 
235.0 
235.0 
235.0 
235.0 
235.0 
235.0 


1.29+0.36 
1.11+0.27 
1.34+0.33 
0.586+0.20 


104+15 
70+15 


14.6+3.3 
410+60 


12.1+2.4 
473478 
560+93 
1755+350 


35.448.9 
4.4+2.2 
4442.2 

150+35 

729+182 

176462 

56+28 

66+33 

294-15 

1880+376 

410+103 
694+.208 

4704118 

658+165 

137+4.8 


0.30+0.06 
0.24+0.06 


0.054+0.012 
1.56+0.24 


0.050.012 
2.3220.54 
2.58+0.42 
8.4418 


0.188-+0.047 
0.027+0.013 
0.027+0.013 
0.91+0.23 
4.8+1.14 
1.21+0.44 
0.39+0.19 
0.47+0.23 
0.21+0.11 
14.30.28 
3.22+0.78 
5.6+1.69 
4.02+1.07 
5.84+ 1.46 
1.24+0.44 


0.560.006 
0.54+0.09 


0.130.03 
3.80.6 


0.14+-0.03 
6.441.5 
7.741.2 
26+6 


0.66+0.16 
0.10.05 
0.10.05 
3.60.9 
2.1+5.0 
5.5+:2.0 
1.80.9 
2.2+1.1 
1.0+0.5 
71414 
17+4 
3049 
2347 
34+9 
7.5+3.0 


48+15 
$2415 


2.2+0.9 
1.4+0.6 


7143.3 5024 


19.1+6.9 








A plot of the number of resonances with an energy 
less than £ as a function of E is given in Fig. 9, and 
the value of D indicated is 7.8+2 ev per spin state. 
If the size distribution for ’,° is assumed to be exponen- 
tial,® the slope of the integral distribution curve gives 
r,.°= 1.88+0.3 mv for the levels below 65 ev. The ratio 
obtained from these values is f',.°/D=2.4X10—. 

A plot of the sum of I,"’s up to E as a function of 
energy is shown in Fig. 10. Line C has been chosen as 
the best choice which gives [T,°/D]=(1.7+0.03) 
X10~. This value agrees well with the value 1.8 10~ 
which has been reported previously.'* The other lines 
drawn represent possible interpretations that are 
considered much less likely. Line A has a slope con- 


is! 
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Fic. 10. The sum of the I’,’s ovserved up to the energy E as a 
function of E for Ta. Curve A has a slope which agrees with the 
value of I’,°/D obtained from the arithmetic average values of 

n° and D. The preferred value (see discussion on Ag) is given by 
curve C with limits given by curves B and D. 


sistent with the value of [,°/D given above from [,° 
and D, and is clearly too high. Line B is also considered 
high since the samples used for the high-energy 
resonances were not truly thin. Line D is considered to 
be low since it fails to give sufficient weight to the 
large resonances. Lines B and D are selected as limits 
for the preferred curve C. 

From the discrepancy between curves A and C, 
arrived at by different approaches from the same data, 
it would appear likely that the interpretation of the 
size distribution curve placed undue weight upon strong 
resonances. And as an isolated case, this isotope does 
not show good agreement with an exponential distribu- 
tion for the number of levels investigated. Also the 
foregoing arguments indicate that weak levels are 
possibly being missed. Higher resolution measurements 
with a larger number of levels are indicated before 
such conclusions are given great significance. 

The potential scattering calculations for Ta at 
energies between resonances are given in Table V. 
The statistical variations correcting only for adjacent 
resonances demonstrate the need for including the 
effect of resonances several spacings away. In particular, 
corrections are needed for the 39-, 36-, and 35-ev 
resonances. Reiteration using the derived a, does not 
improve the constancy of o, or change its value. It is 
quite likely that the analysis assumptions do not fit 
this case precisely or that the errors are slightly larger 
than predicted since the expected precision is smaller 
than the observed spread in o, values. The agreement 
is considered to be satisfactory for the purposes of 
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TaBLE V. The potential scattering calculations for Ta at 
energies between resonances. Corrections are made for the 39-, 
36-, and 35-ev resonances several resonances away from Eo. 








E ot op 
(ev) (barns) (barns) Summary of ¢p from column 3 





Average op=9.1 barns. 
Deviation of individual 
values = +0.6 barn. Devia- 
tion of the mean=0.25 
barn. The best value is 
o»=9.1+1 barns, with the 
error including an estimate 
of the accuracy. 
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obtaining averages. The data presented here show 
no preference as to whether the correction for the 
resonance term in the Breit-Wigner formulas include 
only adjacent or all resonances. The potential scattering 
obtained using 4rR? with R=1.45X10-" A? is 8.5 
barns which is in good agreement with the value in 
the table. Wood!* reports 7.01 barns. 


Uranium-238 


The uranium measurements have been made with a 
resolution of 0.1 wsec/meter, and a summary of the 
analysis is given in Table VI. Harvey et al.,® using 
0.07 usec/meter, reports levels at 90 (very weak), 146, 
and 166 which are not seen in these results. Also, other 
levels up to 418 ev are reported. Aside from these 
differences which can be attributed to the differences 
in resolution used, the agreement is excellent. Also the 
agreement with other measurements made with the 
fast chopper at the Argonne National Laboratory is 
good.” 

Average values of the observed spacings and scatter- 
ing widths have been used analogous to the treatment 
used for Table I for Ag since the number of levels are 


Ta, U?38 1785 
limited, and statistical methods did not appear advis- 
able. Information for the 6.7-ev level has been used 


from work by Levin and Hughes.!® 


VI. CONCLUSIONS 


The data presented show that the MTR chopper 
results are in agreement with other chopper measure- 
ments. The resolution of 0.05 to 0.17 usec/meter is 
demonstrated by the splitting of the 42.4- and 45.2-ev 
levels in Ag and by the discovering of additional 
levels in Ta. 

A method for determining potential scattering 
between resonances is indicated for Ag and Ta. The 
procedure has been used here primarily as a check upon 
analysis methods, but the values obtained for oc, are of 
interest as well. Corrections are required for adjacent 
resonances and, in some cases, for large resonances 
several level separations away. 
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TABLE VI. Parameters for resonances measured in U** by MTR fast chopper. The 1/g factor is assumed to be 1, and A is the Doppler 
width of the level. Errors on individual parameters are estimates of accuracy and are about 3 times as large as the precision associated 


with the measurements. 








Area 


(ev) 


Eo 
(ev) 


(1/n) X10% A 


ol 
cm?/atom (ev) (b —ev) 


rn® 
(mv) 


70 e0n 
(kb) (mv) 





0.768+0.108 
0.146+0.028 
1.087 +0.076 
0.254+0.056 
0.858+0.051 
0.413+0.054 
0.209-+0.050 
1.270.102 
0.636+0.095 
0.603+0.084 
2.87+0.40 
2.62+0.47 


307 
10639 
460.5 
10639 


21.2+0.3 0.096 
37.0+0.6 
66.0+2.5 


80.2+2.0 
101+3.0 


115+3.5 
181+7.0 
200+8.0 


0.125 
0.169 
0.188 76.522 
0.212 
0.223 317+84 
0.28 

0.294 


1266+250 
2310+670 
10054220 


1786+500 


2235560 
1940+600 


2.2+0.8 
5.3543.2 
3.12.0 


25.94+12.0 
27.7424.0 
39.1+26 


10.3+2.0 
32.6+9.0 


35.0413 
38.4+18 
15.6+7.0 25.4+7.0 


0.26+0.16 
6.85+4.0 


2.34+0.8 
69.0+20.0 


14.0+4.0 
155+40 
148+46 


19.2+11.0 24.0+26.0 
1.3+0.8 
23.0+6 
2147 


P,=29.3410.0 mv; [,°=2.8+0.9 mv; 
D=18+2ev; [',°/D=(1.55+0.5) X10. 








2 Bollinger, Cote, Dahlberg, and Thomas (private communication, 1955). 
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Nuclear Moments of Inertia due to Nucleon Motion in a Rotating Well* 


D. R. INGLIs 
Argonne National Laboratory, Lemont, Illinois 


(Received May 31, 1956) 


A model of a deformed nucleus in which the spheroidal collective field is steadily cranked about a fixed axis, 
as introduced in previous papers, serves as a convenient approximation expected to reproduce some of the 
dynamic inertial properties of the collective motion. The independent-nucleon behavior in a rotating har- 
monic oscillator potential, deformed by the presence of the open-shell nucleons, gives the rigid-rotation 
moment of inertia and is discussed here with an attempt at graphic clarity. This result is much larger than 
observed and attention is here focused on the shortcomings of the harmonic oscillator approximation, 
although, as suggested by Bohr and Mottleson, the discrepancy may also be largely due to the internucleon 
interactions which have not been calculated adequately and are here neglected. The 1d—2s shell is treated as 
a tractable illustrative case. The characteristic harmonic-oscillator degeneracy of the undeformed levels 
within the magic-number groups, such as the 1d and 2s levels, profoundly affects the perturbation calculation 
of the moment of inertia through the energy denominators. Removing this degeneracy by lowering the states 
of high / (as required in heavier nuclei for the magic numbers) has the effect of increasing the calculated 
moment of inertia above the rigid-rotation value in most cases near the beginning of the shell and reducing it 


in most cases near the end of the shell. The preponderance of prolate deformations is also discussed. 


HE effective moment of inertia of a distorted 
nucleus may conveniently be investigated by 
constraining the fictitious potential (first approximation 
to a self-consistent field) defining the wave functions to 
rotate with constant angular velocity 2 about a fixed 
axis in space.! This procedure gives a rotational angular 
momentum of the form! 


WL 2)o= 2h? Y | (i|L2|0)|*/(EO-E), (1) 


arising from the admixture of excited states i in a 
perturbation theory by a relatively small Coriolis term 
—hL,Q in the Hamiltonian. The essential approximation 
in this model is the neglect of ‘“‘recoil’’ fluctuations in the 
angular velocity of the distorted effective potential 
contributed by the collective behavior of the many 
nucleons, leaving the angular momentum not strictly a 
constant of the motion. This may be accepted as an 
alternative to the approximation involved in assuming 
the “interaction” or “fluctuations” to be small in other 
treatments which in other manners formulate the sepa- 
ration of the internal and collective aspects of the 
motion.?~“ 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. R. Inglis, Phys. Rev. 96, 1059 (1954). Erratum: For a 
correction in the method of deriving the expression for the 
rotational energy, see Appendix. 

2 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1955). See also S. A. Moszkowski, 
Phys. Rev. 103, 1328 (1956); G. Liiders (to be published). 

3 A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 26, 
No. 14 (1952) ; Rotational States of Atomic Nuclei (E. Munskgaards 
Forglag, Copenhagen, 1954). 


Early calculations! with this model have employed 
three-dimensional harmonic oscillator potentials and 
wave functions, elongated or flattened along an axis 
perpendicular to the axis of rotation. The method was 
first applied to artificially distorted closed-shell nuclei, 
and it was shown! that the closed-shell nucleons in this 
approximation contribute only the small moment of 
inertia characteristic of irrotational fluid flow.’ In actual 
nuclei the distortion is due to the presence of additional 
open-shell nucleons and the observed moments of 
inertia are, in most cases, about five times that large so 
it appeared on this basis that the closed-shell nucleons 
contribute much less than their proportionate share of 
the moment of inertia. 

Extending the treatment to include the contribution 
of open-shell nucleons, Bohr and Mottelson? (without 
pausing to present an explicit derivation, which is indeed 
quite simple, as we shall see) give the very interesting 
expression for the moment of inertia 


h (we—ws)* 
I,= ————— } (m+n+1) 
2wws3! wetws 
(wo+ws)* 
+———— }(n—m)}. 


We—- W3 


(2) 


4H. A. Tolhoek, Physica 21, 1 (1955) ; F. Coester, Phys. Rev. 99, 
170 (1955); Bull. Am. Phys. Soc. Ser. I, 1, 194 (1956); Lipkin, 
de-Shalit, and Talmi, Nuovo cimento 2, 773 (1955) ; S. Tomonaga, 
Progr. Theoret. Phys. Japan 13, 467 (1955); F. Villars (to be 
published). The related vibration problem is treated by J. M. 
Araujo, Nuclear Phys. 1, 259 (1956). 
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Here /, m, and n are the quantum numbers in the three 
dimensions defining the single-nucleon states, we is the 
oscillator frequency in the x and y directions and w; the 
oscillator frequency in the z direction. The last sum 
containing >> (~—m) is zero for distorted closed shells 
(w2%ws) and contains the small energy denominator 
h(w2—w3)—which vanishes for a spherical nucleus— 
corresponding to admixture of nearby states excited up 
in one dimension and down in the other, making a large 
contribution of the open-shell nucleons. The first sum 
corresponds to the contribution of more remote states 
excited up (or down) in both relevant directions, and 
gives the aforementioned irrotational-flow result for 
distorted closed shells. 

If the distortion is attributed to a few open-shell 
nucleons by minimization of the total energy of the 
oscillators with volume-preserving distortion, the dis- 
tortion increases with additional nucleons through the 
first half of the shell, and the contributions of the indi- 
vidual terms in the second sum decrease through in- 
crease of the energy denominators which depend on the 
distortion. In this independent-nucleon approximation 
with oscillator functions, one finds the somewhat 
surprising result that these large contributions from the 
last few nucleons (which are individually larger the 
fewer the nucleons) bring the angular momentum and 
hence the moment of inertia up to the very large value 
corresponding to rigid rotation of the whole nucleus, 
closed-shell nucleons and all. 

In one sense, the rotational angular momentum is 
thus not a collective property at all. It is contributed 
almost entirely by the individual enterprise of the last 
few nucleons outside closed shells, which are, to be sure, 
moving in a collective environment. 

By the extreme assumption of independent nucleons 
in an oscillator potential, one has thus overshot the 
experimental result, the rigid result being from two to 
five times larger than observed. It seems very plausible, 
especially as one looks at the details of the derivation, 
that any tendency to limit the freedom of independent 
motion of the nucleons would limit their freedom to 
make these large contributions. It is thus not disturbing 
that the simple result should be too large, but it is of 
interest to investigate the deviations from this simple 
behavior. 

Bohr and Mottelson? have suggested as one, and 
perhaps the most important, limitation on the freedom 
of the nucleons, the interaction between the pairs of 
open-shell nucleons such as give rise to energy separa- 
tions within the ground configuration in a spherical 
nucleus. In a brief discussion of the very special case of 
two p nucleons, which is simple and yet qualitatively 
representative, they introduce the parameter 


v= U/hw, 


where U is the energy separation between J=2 and 
J=0 states induced by the pairwise interaction and wo 
is the oscillator frequency of the undistorted nucleus, 
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and find that the moments of inertia observed in much 
more complicated cases correspond to the result ob- 
tained for this simple case with »~}. It thus seems 
rather likely that interactions of a reasonable magnitude 
may come close to modifying the simple result enough to 


account for the observed results. 


SINGLE-NUCLEON BEHAVIOR IN A ROTATING 
HARMONIC OSCILLATOR POTENTIAL 


The treatment of reference 1 applies explicitly to a 
many-nucleon system, summations over excited states 
extending over only those states not excluded by the 
Pauli principle, in which individual nucleons are excited 
upward in energy. The Coriolis perturbation (3) isa sum 
of single-nucleon terms and the nucleon states thus 
contribute individually to the moment of inertia. It has 
been suggested by Villars that one may instead first 
treat in a similar manner the Coriolis influence on 
individual-nucleon properties, and then make up the 
wave function of the system from these modified single- 
nucleon wave functions. This simplifies the formulation 
considerably. 

As in reference 1, we consider an ellipsoidal zeroth- 
order potential V symmetrical about the 2’ axis cranked 
so as to rotate slowly about the coincident x and x’ axes 
with angular speed 2. The Coriolis perturbation term in 
the wave equation is 


HY = — (hl)-Q= —Al,Q, (3) 
and for V we take the harmonic-oscillator simplification 
V=$Alor(E*+n")-+0st", (4) 


where £’= (Mw2/h)*x’, etc. The distortion from spherical 
shape is carried out without change of volume, w2’ws; 
=wo'=const. [In reference 1, a single distortion 
parameter a= (w2/w3)"/® was used. | The single-nucleon 
wave functions Uimn(é’,n’,¢’) are then products of three 
factors u:(é’)= H,(é’) exp(—&/2), etc., involving Her- 
mite polynomials. By virtue of the familiar matrix 
elements of £ and 0/dé, Eqs. (10) and (11) of reference 
1, the angular momentum operator 


1,= — iL (ws/w2)'y'0/ 9’ — (w2/ws)*t’8/dn'] (5) 
has the matrix elements 


(l, m+1, n+1{1,|/mn) 
= —}i(m+1)}(n+1)!(we—ws)/(waws)! (6) 


and 


(1, m+1, n—1|1,|lmn) 
= —}i(m+1)!n} (wet+ws)/(wws)!. (7) 


The type (6) connects states differing in energy by 
(we-+ws)%, while the type (7) connects states differing by 
an excitation upward in one dimension and downward 
in the other so that their energy difference (w2—ws)h is 
relatively small. With the perturbed wave function 
written Ya= Mat), Cats, where a denotes |, m, n, and 
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Cpa= —hQ(B\1,|a)/(Ea— Eg), we may evaluate /,: 


rie f Ye"Ladr= 200. (a|12|8)(B|2<|0)/(Es— Es) 


= (Q/2waws){L(m+1)(n+1)—mn] 
X (w2—ws)?/ (wetws) +L (m+1)n—m(n+1) ] 
X (w2+ws)*/ (w2—ws)} 
= (Q/2waws) { (m+n+1) (w2—ws)*/ (wets) 
+ (n—m) (wo+ws)*/(we—ws)}. (8) 


We now define the moment of inertia by equating 
hil.) .=9,2, and have the result (2) when applied to a 
single nucleon. 

For a system of many nucleons, we might write a 
wave function as an antisymmetric sum of products of 
the ¥, with the sets a chosen to describe a number of 
closed shells and a few other nucleon states to make up 
the composite ground state, for example. The composite 
angular momentum operator L, is a sum of the indi- 
vidual /,, and its expectation value L, is thus a sum of 
the (/,)4, as given by (8), with sums over the quantum 
numbers, }-(m+n+1) and }°(n—m), as in (2). The 
first sum then contains the many small terms that add 
up to the irrotational result, as in reference 1, for 
distorted closed shells, and the second sum contains the 
large terms with small energy denominators. 

A rigid rotation of the mass distribution described by 
these functions has the classical moment of inertia 


Srigia=M DY (y? +2") w=ALd (0) m/w2t DX (6) m/ws ] 
=D (m4+43)/w2td (n+4)/ws]. (9) 


Let us see in detail how (8) gives this result. The 
motivation for the distortion is to be found in an 
asymmetric distribution of the open-shell nucleons— 
more excitation of the quantum numbers in one direc- 
tion than the others. Opposing the distortion is the 
energy it costs to distort the closed shells. We write for 
the energy 


E=[2u2 Do) (m+})+ws D (n+4)], (10) 


with the assumption that the states are populated to 
preserve the symmetry about 2’, that is, >> /=>° m. Ina 
distortion with w.’w3= constant to conserve volume, we 
have dw2/dw3= —we/2w3, and with this condition mini- 
mization of the energy,’ dE/dw;=0, gives 


Li (m+) = (ws/w2)d (n+4), (11) 


5 The definition (10) for the energy in the oscillator is at best 
quite arbitrary, and justified only as a simple model. It even has 
the wrong sign, and one thinks of subtracting a constant to make it 
correspond more nearly to what one would get if one could satis- 
factorily calculate the energy with, say, phenomenological nuclear 
interactions [as suggested on pp. 704-705 of a recent paper: D. R. 
Inglis, Phys. Rev. 97, 701 (1955) ]. The potential V of Eq. (4) 
contains parameters which could be used to minimize an energy so 
calculated, rather than to minimize (10). Equation (10) taken 
literally implies that we consider it to give the average potential 
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whence 


LX (m+n+1)=> (n+) (wrtws)/we, 
LX (n—m) =X (n+4) (w2—ws)/we. 


These sums in the last line of (8) lead to some interesting 
cancellation, which in the latter term means, as sug- 
gested above, that a very small excess population in the 
z direction [>> (n—m) ] leaves the energy denominator 
so small that the individual terms are large enough to 
contribute a large total angular momentum: 


a> allz)a= (AQ/2w2?ws)d) (n+ 3) 
X[(we+ws) (w2—ws)?/ (w2+ws) 
+ (wo— ws) (w2+ws)"/ (we—ws) } 
= (WQ/wo*ws)d? (n+4) (ws'+w2*) 
=AS (m+ 3) /ootd (n+ 4) /w |=09 rigia. (13) 


Thus, when the deformation is attributed to the ex- 
pansiveness of the last nucleons outside closed shells, the 
moment of inertia has the large rigid value. It arises 
both from the remote states through (6), contributing to 
all the nucleons the small irrotational-flow result, and 
from the nearby states which through (7) give nothing 
for closed shells, but make exorbitantly large contribu- 
tions for the few open-shell nucleons. The separation 
into small terms from (6) and large terms from (7) has 
been lost in the final expression (13), but the angular 
momentum still comes mainly from the large terms and 
from the open-shell nucleons. 
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CLASSICAL TREATMENT 


A graphic description of this striking effect may be 
derived from the classical equations of motion, 


i'+uzy’= 202, 


14 
2! +-w32a' = — 20y/, (14) 


where the inhomogeneous terms on the right represent 
the familiar Coriolis acceleration 2vXQ. A model for a 
particle moving in such a rotating distorted harmonic- 
oscillator potential may be made by hanging a pendulum 
bob from a Y-shaped string suspension, as for a demon- 
stration of Lissajou figures, but hung from a horizontal 
stick cranked steadily about a vertical axis through its 
center. Equations (14) are the same as for coupled 
oscillators except for a phase shift of 90° introduced by 
the time derivative in the coupling terms on the right, 
and the method of solution is just the same. Without 


plus kinetic energy within an additive constant. Nilsson (reference 
6) points out that this counts the interactions twice, if V; is the 
average potential felt by one nucleon, i, due to all the others, 
Vi= Z;(Vis)av, since each term appears again in 2, V;. Since 
oscillators have mean kinetic equal to mean potential energy, this 
suggests a factor } on the right side of Eq. (10), as giving perhaps a 
better approximation to the dependence of the energy on the 
parameters, as it should be calculated. The argument is compli- 
cated by considerations of saturation. The factor } would not 
affect the minimization leading to (11), which depends on competi- 
tion between oscillator energies only. It would require a change of 
scale of the competing energy introduced in Eq. (19) in the 
modification below, but is ignored there because D is arbitrary. 
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rotation the solutions have the double periodicity of 
Lissajou figures, but with rotation we seek the singly- 
periodic solutions corresponding to normal modes, with 


(15) 


whence (w2?—w*)A — 2QwB=0, etc. The secular determi- 
nant set equal to zero then gives for the normal fre- 
quencies 


y’=Acoswt, 2’=B sinat, 


w= (we? w3?-+ 40? a? + wo’ws? = 0, 
w= (we? ws? + 40") /2+[ (w2?—w;*)/2 
+29? (w2?+-w3")/ (w2?— ws?) ], 
in the approximation in which the rate of rotation Q is 
considered small. With the plus sign, we have a normal 


frequency somewhat larger than the larger frequency 
we, Say, as is familiar for coupled oscillators, 


w? = wo"[ 14+ 40?/ (w2?—ws*) J, 
in which the ratio of the amplitudes is 


B/A = —2Q2/ (cos? — w;°), 


(16) 


(17) 


rather small, and (15) corresponds to a retrogressive 
motion near the y’ axis as in Fig. 1(a). With the minus 


wre wt 


Fic. 1. Classical orbits for a particle in a rotating spheroidal 
harmonic oscillator field, (a) with higher frequency and retro- 
gressive circulation; (b) with lower frequency and forward circula- 
tion; (c) Coriclis deflection with rotation but without restoring 
force; (d) Lissajou figure without rotation of the system. 


sign in (16), we have instead 
w = ws3"[ 1— 40?/ (we?— ws") |, 


; ph ah (18) 
B/A = (wo?—w 3") /2Qws, 


which represents an orbit circulating in a forward sense 
near the 2’ axis as in Fig. 1(b). 

We may go one step further in anschaulichkeit and 
dispense with even these simple equations. Consider 
various ways we might start the particle at the bottom 
of Fig. 1(b). If we start it up along the 2’ axis, the 
Coriolis force alone makes it curve toward the right 
(corresponding to motion along a straight line in space), 
Fig. 1(c). If without the rotation we start it toward the 
right along the orbit drawn, it would not follow that 
orbit but, because of the relatively stronger restoring 
force in the y’ direction, would cross the z’ axis before 
reaching the top of the figure, describing the first loop 
of a Lissajou figure, Fig. 1(d). The greater the y’ 
amplitude, the greater is the force involved in this rapid 
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return to the 2’ axis. With rotation, it is possible to 
select the initial velocity y’ and thus to select the y’ 
amplitude in such a way that the Coriolis force arising 
from the z’ motion just compensates the excess of 
restoring force in the y’ direction, thus permitting the 
return to the z’ axis to coincide with the upper extreme 
of the 2’ motion and bringing about an elliptical motion 
as drawn in Fig. 1(b). (This compensation is exact 
during the entire half-cycle and not just an average 
effect because of the simple harmonic way in which the 
y’ displacement and the z’ velocity vary, in phase with 
each other.) Since this approximates the lower-frequency 
original oscillation along the 2’ axis, this is the lower- 
frequency normal mode and when quantized is the first 
one to be filled beyond a closed shell. Its forward rota- 
tion (in the same sense as {2) thus contributes additional 
angular momentum to the system, and it is clear that 
the orbit is fatter and the contribution greater, the 
smaller the disparity between the y’ and 2’ restoring 
forces. It is similarly required that the higher-frequency 
motion approximating the y’ oscillation be retrogressive, 
in order that the Coriolis force may make up for the 
deficit of restoring force in the 2’ direction, as in 
Fig. 1(a). 


DEPARTURE FROM OSCILLATOR POTENTIAL, 
REMOVING THE d-s DEGENERACY 


The insight given by the classical description makes 
it clear that the possibility of obtaining so striking a 
result depends sensitively on the simplifying assumption 
that the effective nuclear potential may be approxi- 
mated by a three-dimensional harmonic-oscillator po- 
tential. An orbit bouncing from the walls of an elliptical 
box is not so simple to modify as a Lissajou figure, for 
example. In wave mechanics one may have the feeling 
that the wave functions are not very sensitive to the 
detailed shape of the potential, so the shape should not 
make much difference. We have seen, however, that the 
interplay of angular momentum operators and energy 
denominators is crucial to the derived result. The energy 
denominators are sensitively affected by the simple 
degeneracies introduced by the harmonic-oscillator 
assumption. 

A complete departure from the harmonic-oscillator 
shape entails greatly complicated analysis, but a simple 
departure which in the spherical limit merely removes 
the / degeneracy is instructive. Following a suggestion 
made by Nilsson in another problem,® we introduce an 
additional term in the Hamiltonian: 


i = DP 


for each nucleon. Djwill ordinarily be taken as negative 
to depress the levels with highest /, as required in the 
magic-number scheme for the heavier nuclei of principal 
interest. The additional ‘term, although velocity-de- 

6S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 


Medd. 29, No. 16 (1955). See also K. Gottfried, Phys. Rev. 103, 
1017 (1956). 


(19) 
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pendent, has an effect similar to a lowering of the bottom 
of the potential function near the outside edge of the 
nucleus, leaving it in effect intermediate between 
harmonic oscillator and square well. 


To see this, consider a depression of the potential in the form of 
a thin spheroidal shell of the form V=—Bé(p’—po), with 
p’=([£2+n2%+n"]}!. This has matrix elements (200| V|200) 
=((4/5)po'— (4/3)po?+1 Jand (200| V |020) =[(4/15)pot— (4/3) po? 
+1], each with a factor 2x~'Bpo* exp(—po*) omitted. These have 
the same ratio as the corresponding matrix elements of 3C®, 
namely, 4/(—2) as listed in Eq. (21) and used in the subsequent 
calculation, for po= (3/2). On the same scale of length, u(t) has 
its node at £=(1/2). The ratio remains negative between the 
values po=0.96 and po=2.02, and a broad depression of the 
potential in this general region would be expected to give results 
qualitatively similar to those that follow. 


In order to illustrate the type of influence that this 
effect can have on the moment of inertia, let us consider 
the simplest relevant case (even though it comes in a 
region of light nuclei where rotational states are not 
observed), the originally degenerate 1d and 2s functions, 
formed of the oscillator functions having /+-m-+n= 2. 

For these states the energy without rotation is given 
by 
(i | HO+5C2 | )) 

=h(3w2+4ws)5;, ;-+D(i|nd+P| 7), (20) 


with d=h(w3—w.)/D. The term in in the last line is the 
same for all six states, and the matrix of the second term 
is, to a sufficient approximation,’ in the simple /, m, n 
representation : 


Imn Uy Ue Ua Ue Uy 
uy020} 4-20 0 0 —2 
ue200;|;|-2 40 O 0 —2 

_#110; 0 06 O 0 0 

te O11 0 O006+d O 0 

un101; 0 00 0 6+d O 

02|;-2-20 O 0 4+2d 


Ua 


P+nd Rey es 


a 


The states a---f are arranged in order of ascending 
energy, the high states at the top, for the prolate case in 
which w2>ws; and d is positive, D being negative. 

The only nondiagonal elements connect tq, “,, and u,;. 
As a first step in diagonalizing, one may remove the 
degeneracy of «, and “,, and obtain for this part of the 
matrix: 

v= (uet+u,;)/v2 xz 0 —2v2 


P+nd=y.=(ue—us)/V2| 0 6 O, 
Va=Ua —2v2 0 442d 


(22) 


all other nondiagonal elements remaining zero. We then 
eliminate the remaining nondiagonal element by setting 
o=CWatcw;. The resulting two-row determinant gives 


7 The matrix for /,? may be constructed from Eq. (7) and for /,? 
and /,* by permutation, then /? as the sum. The terms from /,” and 
17, but not /,*, are multiplied by (1+e«+---), with e=(A/2w)? 
=[(w3—we)/2w }*, from the factor (wo+ws3)*/4waws in Eq. (7). The 
small terms in ¢ are neglected in this section. 
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the diagonal elements 


t= 3+4+d+ (#+2d+9)!, (23) 


and the coefficients are 
Ca*=([8/(A+—2)*+1}-4, 
cst= F[1+ (A+—2)?/8 1. 


We let the plus sign in A* define da=cathatcstyy, 
which is the lower state (the factor D being negative) in 
a prolate deformation or the depressed 1d state having 
A*+=/(1+1)=6 without deformation, and the minus 
sign define ¢,, which is the 2s state with A~=0 in the 
appropriate limit. With ¢.=y. and the other three 
¢:= 4, we then have a set of six states ¢; in which the 
energy is diagonal and for which the matrix of /,, 
according to Eq. (6), is given by 


(24) 


oy | 

Pe 

- _ oa 
1./ip= 

eae’ 


= 
| 


o> 
Pa 0 


Here p= (wo+ws)/2(waws)! and ct=V2cq+—c,s+. The 
corresponding energies are 


E.=\D, Es=E.=(6+4)D, 


Ea=E.=6D, E;=)-D. (26) 


In the evaluation of the angular momentum (/,); in 
Eq. (8), we found small contributions from the states 
excited upward (or downward) in two dimensions, and 
large contributions from the states excited upward in 
one dimension and downward in the other, that were 
originally degenerate before the deformation. In order to 
isolate the principal modification introduced by 3C®, we 
may confine our attention to the large contributions by 
summing only within this group of six “originally 
degenerate” states: 


(dz)i= fottodr=210 | (i|7,|B) |?/(Es— E;). (8’) 


In this approximation the angular momenta (divided by 
h) for the six individual states are 


(lz) = A (W2e4-—c7~)*/[ 34+ (P+2d+9)!], 

(lz)e= (l:)a= A/d, 

(lz)e= =a [(le)at+(le)e+ (lz) ;], 

(lz),= —(1z)a= —A/d, 

(lz)a= A (V2eq+—c *+)?/[3— (P@+2d+9)!]. 
Here A= 2Qp?/D and again d=h(w3—we)/D. 

The solid lines in Fig. 2 display the angular momenta 

(27) for the six states a, b, c, d, e, f as functions of the 
ratio d of distortion energy to 1d—2s splitting, the left 


side corresponding to large distortion energy #(w2—ws), 
the right side to large D. It is apparent from the defini- 
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tions of (/,), and (/,). in (27) that the total angular 
momentum of the closed shell consisting of the sum of 
these states is zero, just as for the case with D=0, the 
large term containing >> (m—m) in (2) vanishing. 

The smali contribution which arises from summing 
the terms in (m-+n-+1) in the last line of Eq. (8) and is 
not included in our calculation, is indeed small enough 
to be neglected. These terms are not expected to be very 
sensitive to D, because of their already large energy 
denominators. The ratio of the sum of the small terms 
to the sum of the large terms, as given by (8) for D=0, 
is 


[ (we—ws)/ (wetws) P= [> (n—m)/> (m+n+1) P, (28) 


which for one nucleon in the shell (O'”) is (2/27)?=0.005 
and for the worst case of a half-filled shell (Si? with four 
nucleons in each of states a, b, and c) is (12/56)?=0.05. 

The D=0 values on the left side of Fig. 2 thus give the 
rigid-rotation result derived from Eq. (8) within 5% or 
less (which we neglect), and the departure of the curves 
in Fig. 2 from their D=0 limit indicates the ratio by 
which they deviate from the rigid-rotation moment of 
inertia, insofar as we may neglect the influence of D on 
the distortion [a refinement discussed further below and 
formulated in Eq. (35) ]. 

In the comparison of the prolate and oblate cases, the 
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Fic. 2. Angular momentum of a nucleon in the 1d+2s shell, as 
dependent on the ratio of the deformation to the depression of the 
1d below the 2s states, which are degenerate at the left side. To 
give the component of angular momentum along the axis of 
rotation, the ordinate is to be multiplied by the constant (—#A /d) 
=[0Q%/2 (wows) ][ (w2+w3)?/(w2—w;) ] which is positive for the 
prolate case shown by full lines. The six states of the shell are 
labeled a- - - f in order of ascending energy for the prolate case. The 
broken lines, with labels in parentheses (a)---(/), refer to an 
oblate spheroidal deformation. 
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Fic. 3. The energies as functions of the same abscissa as appears 
in Fig. 2. The broken lines again refer to the oblate case. The 
energy scale is inverted for the prolate case w2>w; and upright for 
the oblate case. 


energies (26) play an important role and are shown in 
Fig. 3, with solid lines for the prolate case and with 
dotted lines and labels in parentheses for the oblate 
case. The energy differences vary only gently in the 
prolate case, but there is a disturbing crossover of 
curves (a) and (0,c) in the oblate case at D=4h(w2—w3). 
Accordingly, the curves for (/;);a) and (/z);-) blow up, as 
shown in Fig. 2, because of the vanishing of an energy 
denominator in Eq. (8’). In our present approximation 
this would correspond to enormous values of the moment 
of inertia over a rather wide range of parameters, if the 
state (a) or (c) should be filled with an oblate deforma- 
tion. But at the same time our present approximation, 
being a perturbation treatment with the Coriolis per- 
turbation assumed smaller than the energy denomi- 
nators, becomes invalid. There enter large terms in the 
angular momentum not only proportional to the first 
power but also to higher powers of 2, thus making the 
concept of an effective moment of inertia inapplicable, 
and the proportionality of the rotational levels to /(/+-1), 
as observed so strikingly in many cases, would not be 
expected. This proportionality is thus not obvious and 
one should be alert for similar difficulties in other 
approximations. 


ORDER OF FILLING THE d-s SHELL 


The simple deformed oscillator model with D=0 
gives the result that prolate nuclei are stable in the first 
part of the shell and oblate for the more-than-half-filled 
shell. At first sight this seems contrary to what one 
might believe in view of the simple expectation that a 
single particle (with its orbit concentrated near a plane 
normal to I) should give a negative quadrupole moment, 
either alone or in the deformation it induces, and 
similarly that a single particle lacking from a shell 
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Energy comparison for prolate and oblate 
partly-filled shell. 
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12 

10 0.0008 
8 0.0039 
6 0.01108 
4 0.010 
2 0.0086 








should give a positive moment. However, because of 
the degeneracy, / is not a constant of the motion. For 
projection quantum number k=0, the d and s states 
mix giving a low state that is filled first and favors the 
prolate shape. 

First we minimize the energy E to obtain the stable 
intrinsic deformations. In the simple oscillator model in 
which we leave the 1d and 2s states degenerate by 
putting D=0 in (20), we have, approximately, 


E A= Qwo+ Bw, (29) 


with 


and 


a=) (l+m+1) @=>" (n+3). 
By putting we’w3=w* and w3—w2= A, we have 


E/h=}g1(2wet+ws)+ god 
= gw 1+ (A/3w)*]+g2A, 
Z:=@A+6, g2=(28—@)/3. 


By minimizing with respect to A, we obtain 


E=hwgi(1+hk:), 


ki=— (3g2/2g,)*= —[(@— @/2)/(@+@)}. (31) 


The results of filling the shell with a pair of neutrons, 
say, in each state, with no protons, are shown in the 
columns headed —&, in Table I. It is seen that with one 
state filled the distortion contributes four times as much 
to the stability cf the prolate shape as of the oblate 
shape, and that for just one state empty the opposite 
tendency is just as pronounced. For two states filled (or 
empty) the tendency is not nearly so strong, one 
exceeding the other by about 50%, and at the half- 
filled shell the prolate and oblate shapes are degenerate. 
These tendencies extend also to cases with both protons 
and neutrons present. This example is typical of 
harmonic-oscillator results in the larger shells of heavier 
nuclei.® 

The filling of the d—s shell may be considered to 
proceed as indicated by the examples listed in Table II. 
The comparison with the rigid-rotation result is indi- 
cated by the ratio Icaic/Grigia listed in the last two 
columns for the sample 2d—1s separations given by 
D=}3 and D=1, corresponding to values taken from the 
left half and the middle of Fig. 2, as compared to values 
at the left edge. For D=0 the ratio is, of course, unity 
for all cases. 
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The reason for filling the degenerate states b and c 
equally in Table II, with one neutron in each rather 
than two in one of them, is that this corresponds to 
filling states characterized by a definite projection 
K=+1, formed by taking the combinations ¢’4. 
= (ua+u,)/V2. Such states may be filled without violat- 
ing the requirements for axial symmetry as represented 
by our assumption that > /=>° m. With these states, 
the matrix (21) has more nondiagonal elements, but the 
result is the same. 

The two cases marked (prolate), in parentheses, are 
cases in which the simple approximation of Eq. (31) and 
Table I indicates an oblate shape as more stable. The 
next approximation indicates that the prolate shape is 
stable in these cases also, as is shown in Eq. (34) and 
Table III. We thus avoid encountering the divergence 
difficulty characteristic of certain oblate cases such as 
the next-to-last line of Table II, involving states (a) and 
(c). The difficulty is perhaps similarly avoided in heavy 
nuclei. 


DEFORMATION AS INFLUENCED BY LIFTING 
THE DEGENERACY 


We have discussed the influence of lifting the de- 
generacy on the energy denominators and thus on the 
calculated angular momentum, for a given deformation. 
We now consider the effect on the deformation and 
thence on the angular momentum. For this purpose it is 
necessary to have the energies E,:--E,; expressed a 
little more accurately than implied by the matrix (21), 
with the terms in e= (A/2w)* explained in reference 7 
now included. The diagonal elements of (21) have added 
to them 4e, 5e, 5¢, 2e, 2e, and 2e, respectively for ua: - -u, 
and the two nondiagonal elements near the corner, those 
involving %, are multiplied by (1+¢). Thus 5De is 
added to FE, and E, and 2De to Eq and E, of (26), and 


t= 3(1+6)+d+ |[(d+1+6)?+8(1+6)?}| 
~3(1+e¢)+d+|[d+1+e+4/d]|, (32) 


the latter expansion being valid for |d|>>1, as we begin 
to remove the degeneracy. In this case, with the 1s and 
2p shells filled and a number of nucleons in the 1d—2s 


TABLE II. Calculated moments of inertia compared to the 
rigid-rotation value for various numbers of nucleons in the d—s 
shell. 








Ratio to rigid 
D=} D=1 


No. in states 
Shape , ¢ #£ € 


No. in shell 
Neutrons Protons 





0.50 


io) 
0.05 
0.33 
1.7 
0.68 


9 
4 
5 
5 


10 oblate 0.41 
8 oblate 
10 (prolate) 
8 (prolate) 
2 prolate 

prolate 
2 prolate 
2 


Ke ohh > > 
Re Noh > Pp > 


prolate 
prolate 


10 
10 
10 
10 
10 
6 
4 
4 
2 
2 
1 


prolate 
prolate 5 
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TABLE III. Coefficients k; for the energy and A, for the inverse deformation expanded for small values of the parameter (D/hw) 
representing the lifting of the degeneracy. The moment of inertia contains a factor w/MAmin=1+h2(D/hw)+h3(D/hw)*. The values for 
= prolate (pro.) and oblate (ob.) cases are listed side by side. Concerning the order of filling states (a) and (/) in the oblate cases, see 
reference 8. 








No. Last state (half) 
40. ot filled with 
iene te neutrons ke 


shell ob. pro. pro. ob. 


10 de de 0.0008 0.790 0.228 
8 (de) (b,c) 0.004 0.692 0.302 
6 b,c 7 0.011 0.574 0.300 

d,e 


—ks hi he hs 
pro. ob. ob. pro. ob. 


—11.833 5.916 840 =:105 
—5.333 4.266 85.3 43.7 
—3.166 3.166 20.1 20.1 
—3.333 4.166 26.7 0 
—3.583 7.166 38.5 0 


pro. 


1.334 
0.672 
0.458 
0.540 
0.668 


pro. 


1.014 
0.773 
0.474 
0.360 
0.209 





2 a 0.009 0.190 0.280 


4 (b,c) 0.010 0.408 0.482 
(d,e) 














shell, V, in state da, Va in dp, etc., the energy obtained 
by summing equation (20) over the nucleons takes the 
form 


E/h= gw[ 1+ (A/3w)* ]+g2A 
+ (D/h)L gst+gs(A/2w)? J+ gsD*/h?A+ ---, 
g1= 36+ (7/2)(NatNotNet+NatN.+Ny), 
ge= (4/3) Nat 3(Not+N.)—F(Nat Ne+N)), 
83> AN, +6(Nst+N.)+6(NatN.)+2Ny, 
ga= AN ot+5(No+N.)+2(NatN-+Ny), 
25= 4N .—4N;. 
The g; are here expressed for positive d, applying to the 
prolate shape with D negative. Minimizing with respect 
to A, we find, to order (D/fw)’, 
Emin= hog 1+ kitk2(D/hw)+k3(D/hw)* |, 
k\=- (3g2, 2g)", giko= gst ga(9ge, ‘4g,)°, 
Siks= —[gs(2g1/9g2)+ (gogs)?(9/421)* ], 
w/Amin= hil 1+h2(D/hw)+h3(D/hw)*], 
hs= (gs/g2)hi’. 


(33) 


(34) 


(35) 


hy=— 2g, 9g2, ho= 84 2, 


Besides confining our attention to moderate deforma- 
tions, Aw, but still definitely greater than zero, we 
have specialized for D«hA in expanding (32), thus 
looking at only the initial effect of beginning to lift the 
degeneracy, in order to avoid the necessity of a separate 
numerical minimization for each nucleus considered. We 
thus seek an energy minimum near the one known from 
the D=0 case, but there is unfortunately no guarantee 
that another minimum instead could not be the one 
analogous to the situation in real heavy nuclei. (This 
question might bear further investigation.) 

In order both to evaluate this influence of lifting the 
degeneracy on the calculated moment of inertia, and to 
compare the stability of the prolate and oblate deforma- 
tions, the coefficients 4; and k; of Eqs. (34) and (35) are 
listed in Table III, for a sequence of ways of populating 
the d—s shell with neutrons.° 


8 In the oblate case, d is negative (for negative D), and in this 
expansion for large |d| the absolute value sign in the second line of 
(32) becomes relevant to the distinction between states (a) and 
(f). In evaluating the g; in (34), we have made algebraic combi- 
nations ignoring the absolute value sign, which means that we have 


The moments of inertia as formulated in Eqs. (25) 
and displayed in Fig. 2 are calculated with inclusion of 
the effect of D (the lifting of the degeneracy) entering 
through the secular problem (which is the main effect), 
but with the influence of D on the deformation being 
neglected. That is to say, only the first term /; of Eq. 
(35) was taken into account. Since Amin appears in that 
calculation of J in the denominator (as an energy 
denominator), the terms in /2D/hw and h3(D/hw)* 
modify the calculated moment of inertia as fractional 
corrections. The immediate effect of introducing a small 
negative D is to reduce Jeaic slightly, through the posi- 
tive 42, but at least in the prolate case it takes only a 
rather small value of D/fw, of the order of 1/20 or even 
considerably less for the nearly-filled shell, to enable the 
hs term to compensate this and increase Ieaie above the 
values such as given in Table II. The behavior of this 
simple expansion is suggestive of a rather involved 
result from a more extensive calculation, but it is 
perhaps likely that it would increase 9.1, in the region 
just beyond the validity of this expansion, and it shows 
little promise of decreasing Jcaie by the substantial 
factor needed in most cases to agree with experiment. 


GREATER STABILITY OF PROLATE DEFORMATIONS 


The values of (—&;) listed in Table III contribute to 
stability and as in Table I show that with D=0 the 
prolate deformation is favored in the first half of the 
shell and the oblate with the shell more than half-filled. 
If D is negative, as we assume it must be for heavier 
nuclei, the larger values of k» listed favor stability, and 
one notes that they slightly favor the oblate shape near 
the beginning of the shell and strongly favor the prolate 
shape with the shell half-filled or more. On the other 
hand, the values of (—ks) as listed favor the prolate 
shape throughout the shell, rather strongly toward the 
beginning and end if D be large enough to make this 
term matter. For the cases of two and four neutrons 
near the beginning of the shell, the contribution ke 
begins to challenge the favoring of the prolate shape by 
k, when D/fw becomes as large as about 1/20 or 75, 


interchanged the labels (a) and (f). Rather than to rewrite (34), 
the simplest way to compensate is to invert the order of filling 
states (a) and (f) in this special calculation, and this has been 
done in Table III. 
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but with these values the &; contribution is already 
large enough to tip the balance in favor of the prolate 
shape. With the shell half-filled or more, values of 
D/hw of only 1/100 suffice to overwhelm the small 
values of k; and make the prolate shape the more stable. 

In this connection it should be recalled that D is 
assumed to be negative for the sake of investigating the 
1d—2s shell as a simplified analog of heavier nuclei, in 
which the lifting of degeneracies is expected to involve 
more complicated manifestations of these same effects. 
If experimental progress should ever suggest application 
of these results to the fairly light nuclei to which the 
calculation explicitly applies, a positive value of D 
would presumably be more appropriate, in keeping with 
the appearance of the 2s level only 0.87 Mev above the 
*d, ground state of O'’, well below the “center of 
gravity” of the two levels of the *d. With small positive 
values of D/ftw, the oblate shape is favored through at 
least the last half of the shell in this approximation. 
Such a variation in the sign of D would correspond to 
having a central depression of the potential (contributed 
perhaps by the 1s shell which is still an appreciable part 
of the nucleus) in the region just above O"*, and having 
heavier nuclei better approximated by a well with a 
flatter bottom than that of the oscillator potential, in 
keeping with the approximate constancy of nuclear 
density. 

Thus, with D negative, with 1d below 2s, we obtain 
the result that the prolate shape is stable in this ap- 
proximation. The extension of this stability to the more- 
than-half-filled shell comes from the nonlinear terms, 
arising from expansion of the square root in Eq. (32), in 
the energy E, of the state a which is a mixture of the 2s 
state and the 1d state with 7, quantum number k=0 (in 
the representation appropriate for large D). The prolate 
energy is low because just these two k=O states can 
mix, and the projection k=0 favors the prolate shape. 
The reason for the prolate deformation is then the same 
as already pointed out by Moszkowski,° explicitly in a 
discussion of the next higher shell consisting of 1f and 
2p. In that case, and with spin-orbit coupling taken into 
account, he shows that it is the depression of the 
1 fzy2(k=4) by admixture mainly of the 2p;(k=4) that 
accounts for the stability of the prolate shape near the 
middle of the shell. 

It is gratifying to have this availability of more states 
of lower projection quantum number k to be mixed 
with each other as a qualitative explanation of the 
preponderance of prolate deformations. It is not clear 
that this is the main reason. According to Mottelson 
and Nilsson and others, the large stable deformations 
which start just above neutron number V =88 involve 
crossover between the magic number groups. It is 
possible, too, that pairwise interactions of particles, here 
neglected except in the average potential, make an 
essential contribution to the prolate stability in a calcu- 


*S. A. Moszkowski, Phys. Rev. 99, 803 (1955). 
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lation carried far enough to include correlations of 
nucleon positions and spin directions. That the effect 
should be in that direction is made plausible by the 
consideration that the bulge on the surface of a sphere 
associated with spheroidal deformation represents a 
clustering of particles (opposed to the dissociation 
represented by a depression in the surface), and that 
with a prolate deformation the bulge has twice the 
amplitude and about half the surface area as has an 
equal oblate deformation, thus representing a more 
compact clustering. Insofar as the few particles in the 
cluster can correlate their spins in such a way as to take 
advantage of the saturation properties of nuclear inter- 
actions, this is a favorable situation for stability. This is 
related to, but not quite the same as, the consideration 
that the cubic terms in the expansion of the surface- 
tension energy favor the prolate deformation.” There is 
also a Coulomb influence in the same direction.” These 
are presumably all initial manifestations of the fact that 
fission takes place by way of a prolate distortion, not by 
way of a ring. 
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APPENDIX 


An expression for the moment of inertia in a rotating 
spheroidal oscillator potential was derived in reference 1 
from the rotational energy, but may be derived more 
simply in that treatment without appeal to the rota- 
tional energy by setting the angular momentum," % 
times Eq. (14) [equation references in this Appendix are 
to reference 1], equal to 9,2, which yields for closed 
shells 


I2= (h/4w)(?—a*)? De’(m+1)(n+1), (36) 


just as was obtained from the rotational energy, 
Eq. (15). 

There is, unfortunately, a difficulty in the treatment 
of rotational energy presented in reference 1, as was 
very kindly pointed out by Maria Goeppert Mayer. It 
involves two errors which exactly compensate (and thus 


10S. A. Moszkowski and C. H. Townes, Phys. Rev. 93, 306 
(1954). Note that in the droplet model one expects an oblate 
deformation at the very beginning of a shell. 

1 That this is angular momentum in the space-fixed system is 
seen from Eq. (2), which shows that the linear momentum 
operator refers to this system. 
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seem to have hidden) one another and leave the equa- 
tions used, such as Eq. (15), correct. The equation for 
E®, which we might call Eq. (8a) [appearing between 
Eqs. (8) and (9) }, should have the opposite sign to give 
the familiar result that interacting states repel one 
another in energy. This compensates an error in the 
interpretation of the meaning of E, of which E® is a 
part. & is the energy of the motion relative to the 
rotating system, not relative to the space-fixed system 
as it was taken to be, and to emphasize this it should 
have been called E’. We have derived a Hamiltonian in 
terms of the rotating coordinates x,’ which differs from 
the usual one in the «; only by the perturbation term 
5¢, and we have made the transition to the Schrédinger 
equation just as we would in the x; system with this 
additional term. When we do it in the «,’ system," the 
operator 0/0¢ appearing in the Schrédinger equation 
means differentiation with respect to the time with the 
x; held fixed (or considered as independent coordi- 
nates), and when we seek a stationary solution 


12 Or when we, alternatively, transform the Schrédinger equa- 
tion from the space-fixed to the rotating system, which means 
transforming the time-derivative operator (0/dt);=(0/dl). 
+ 2(dx'/dt)2d/dx' = (A/dt) .-+2(2'd/dy' —y'd/d2’). 
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v(x.) expl(i/h)E’t], the constant E’ thus comes to 
mean energy in the x,’ system. 

The Coriolis force on a particle is normal to its velocity (in the 
rotating system) and thus does no work (in this system) and the 
first-order energy E™’ vanishes. The fact that E®’ for the ground 
state is negative indicates that the Coriolis force makes possible a 
mode of motion with a lowered energy (for example, by pressing 
toward the center where the potential is lower when the circulation 
is in a favorable sense). 


By altering the sign of Eq. (13), to correct for the 
error carried through from Eq. (8a), and comparing 
with Eq. (14), we see that the magnitude of this energy 
depression may be written 


E®’ = —n(L,)0/2. (37) 


The energy in the space-fixed system, as in the problem 
of a gyroscope on a merry-go-round, differs from the 
energy relative to the rotating axes by the term #(L,)Q 
which, when added to this E®’, amounts to the same 
thing as changing its sign: 


E® = E®’4+HL,)Q=nL,)O/2. (38) 


This represents the rotational energy and agrees in sign 
and magnitude with Eqs. (13) and (15). 
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The beta and gamma radiations from 110-min A“ were investigated with a 180° and a lens-type magnetic 
beta spectrometers and a NaI(T]) scintillation spectrometer. Two beta groups are observed with end points 
of 2.48+0.04 Mev and 1.199+0.008 Mev with relative intensities of 0.88% and 99.1%, respectively. The 
beta spectrum of the upper energy group exhibits an a shape in agreement with shell model predictions for 
the spins of the involved levels. The log fit of this transition is 8.50. The gamma-ray energy is 1.290+-0.005 
Mev. This results in a mass difference of 2.489+-0.010 Mev between the ground states of A*' and K“. A 
procedure is described for determining the background contribution in the region of the very weak, high- 
energy group due to the scattering of beta and gamma radiation. 





INTRODUCTION 


HE complex decay of A* has been investigated 
with two magnetic beta-ray spectrometers and 
a NaI(TI) scintillation spectrometer. Previous measure- 
ments! have been reported in which the radiations were 
measured by cloud chamber and absorption techniques. 
Brown and Perez-Mendez? have measured the intense, 
low-energy beta spectrum with a 180° spectrometer. No 
measurements of the shape of the beta spectrum of the 
forbidden ground-state to ground-state transition have 
been reported.* 

Since the spin of K“ is known‘ to be 3, the degree of 
forbiddenness of the beta transition to the K“ ground 
state can yield information on the spin of A“. The 
simple shell model prediction in this region of 21 to 
27 odd-nucleon number is f72 for the A“ ground-state 
configuration. Within this subshell, all the nuclei whose 
spins are known have this spin except os5Mngo. If the 
prediction of the simple shell model that the three odd 
neutrons in the f7/2 shell couple to give a spin of 7/2 is 
correct, then the high-energy beta spectrum of A® 
should have the unique a shape characteristic of first 
forbidden transitions with AJ = 2, yes. 

The abundant low-energy spectrum was measured 
with a 180° and a thin-lens-type beta-ray spectrometer. 
The end points obtained from both of these measure- 
ments are in excellent agreement. This newly deter- 
mined maximum energy, however, is different from the 
previously reported end point,? which is probably in 
error. 

During the course of this research, Kluyver and Van 
der Leun® reported measurement of the A* gamma-ray 
energy and inferred the A*'W—K* mass difference from 
this measurement and the low-energy beta end point of 
Perez-Mendez and Brown. The A* decay energy is the 


t This work was partially supported by the U. S. Atomic 
Energy Commission. 


1 eet Perlman, and Seaborg, Revs. Modern Phys. 25, 469 


2H. Brown and V. Perez-Mendez, Phys. Rev. 78, 649 (1950). 

* Preliminary results of this work were reported by Schwarz- 
schild, Rustad, and Wu, Bull. Am. Phys. Soc. Ser. II, 1, 30 (1956). 

‘Jj. HL. Maniey, Phys. Rev. 49, 921 (1936). 

Cc Kluyver and C. Van der Leun, Physica 21, 604 (1955). 
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only measured mass connection from A“ to a series of 
measured masses in this region. Our gamma-ray energy 
measurement is in agreement with that obtained by 
Kluyver and Van der Leun; however, because of the 
previously reported incorrect low-energy end point, 
their K*'— A* mass difference must be revised. 


PRODUCTION OF A* 


A“ was produced by neutron irradiation of natural 
argon (99.6% A) in the Brookhaven reactor. Tank 
argon (99.5% pure) was passed over hot calcium, 
through a dry ice trap, and collected in an evacuated 
quartz ampoule. For each of the spectrometer runs, 
10 cc of argon (N.T.P.) were irradiated for 5 hours at 
a flux of 210 neutrons/sec cm?. For the gamma-ray 
measurements, 1 cc (N.T.P.) was irradiated for 10 
seconds. It was unnecessary to remove the gas from the 
quartz irradiation tube during the gamma measure- 
ments since the very weak Si*! activity from the quartz 
contains no gamma rays in the energy region of concern. 
The logarithmic decay curve of the active gas was 
linear for 4 half-lives with a half-life of 111+1 min. 
This is in agreement with the value of 109+1 min 
reported previously by other experimenters’; and, 
therefore, confirms the purity of the activity. 


GAMMA-RAY ENERGY MEASUREMENTS 


A Nal(T]) crystal, 2 inches in diameter and 2 inches 
thick, was used to measure the gamma-ray energy. A 
DuMont 6292 photomultiplier tube, an Atomic linear 
amplifier, and an Atomic 20-channel pulse-height 
analyzer were the main components of the gamma-ray 
spectrometer. 

The pulse-height distribution of the gamma photo- 
peaks of A“, Co®, and Na” are shown superimposed in 
Fig. 1. The A* gamma energy lies in the 0.055-Mev 
interval between the 1.277-Mev gamma ray® of Na” 
and the 1.332-Mev gamma ray’ of Co™. Since this 
energy difference is so small, it is possible to obtain very 
high accuracy for the energy of the A*' line by measuring 


D. E. Alburger, Phys. Rev. 76, 435 (1949). 
7 Lind, Brown, and DuMond, Phys. Rev. 76, 591 (1949). 
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Fic. 1. Scintilla- 
tion spectra of the 
photopeaks due to 
the gamma rays from 
Co®, Na”, and A#, 
The three spectra 
have been superim- 
posed on a common 
energy scale deter- 
mined by using the 
two Co® lines for 
calibration. 
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only the difference between the Na” and the A“ gamma 
energies. Because of the resolution width (9% at 1.3 
Mev) of the scintillation spectrometer, it was impossible 
to resolve the lines of Na”, A“, and Co when all these 
sources were placed simultaneously in the spectrometer. 
Therefore, the three sources were measured separately. 
In such a procedure, it is important to determine if 
there exists a rate dependent calibration shift® of the 
phototube for the different measurements. The photo- 
tube was selected for rate-independent gain, and tests 
showed no detectable shift of the A“ energy for a factor 
of 10 change in source intensity. As a further precaution, 
sets of curves of the gamma spectra from A“, Co, and 
Na” were taken with different total counting rates. A 
typical set is shown in Fig. 1. For each set of curves, a 
calibration line was drawn on the basis of the 1.172-Mev 
and 1.332-Mev lines’ of Co®. In all the sets, the value of 
1.277 for the Na” gamma-ray energy agreed within 
0.004 Mev with the calibration curve. For each set, the 
energy difference between the A“ and Na” lines was 
calculated; and from the seven sets of curves, a value 
of 0.013 Mev for this difference was determined. The 
probable error of these seven measurements is +0.0006 
Mev. Because of the possibility of systematic error in 
location of the Na” and A* peaks, the final spacing 
error is estimated at less than 0,002 Mev. 

The A‘ gamma-ray energy is 0.013+0.002 Mev 
higher in energy than the gamma ray of Na”. The value 
1.277+0.004 Mev for the Na” gamma-ray energy was 
measured by Alburger® using photoelectric conversion 
with a magnetic spectrometer. Thus, the A“ gamma 
energy is 1.290+0.005 Mev, in agreement with the 
recent measurement of 1.298+0.010 Mev obtained by 
Kluyver and Van der Leun.*® 


BETA SPECTROMETERS 


The 180°, uniform-field beta spectrometer was of 
conventional design. The magnetic field was measured 


8 Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
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Fic. 2. Radioactive gas source volumes: (A) for the 180° 
spectrometer; (B) for the lens type spectrometer. The dashed 
lines indicate the envelope of the accepted trajectories. 


by determining the induced voltage in a coil which 
rotated in the spectrometer gap. Extensive measure- 
ments of the field shape, the efficiency characteristics, 
and the calibration of this spectrometer have been 
previously reported. The known spectra of Au!%, P®, 
In", and Cu®™ were measured. Each showed allowed 
shape and are in excellent agreement with accepted end 
points. A thin-lens spectrometer was kindly lent to us 
by Dr. D. E. Alburger. For the purpose of spectral 
shape measurements, a new baffle system was con- 
structed to reduce scattering effects.’ 

Both spectrometers were calibrated with the 0.9759 
Mev" and the 0.477-Mev internal conversion lines of 
Bi’, Tests showed that the calibration of the spec- 
trometers for gaseous sources is the same as for a thin 
source placed at the gas volume aperture. The resolution 
of both spectrometers was adjusted to 2.8%. 


SPECTROMETER SOURCE VOLUMES 


Schematic drawings of the gaseous source volumes 
for the 180° and thin-lens spectrometers are shown in 
Figs. 2(A) and 2(B), respectively. Each had a defining 
aperture, which formed the virtual source for the 
spectrometer, and a thin film for the rear wall of the 
volume. The volumes were lined with polystyrene 
machined in such a way that beta particles which had 
scattered from the polystyrene walls could not enter a 
trajectory of the spectrometer which terminated at the 
counter. This can be seen in the figure from the dashed 
envelope of the accepted rays. In both source volumes, 
accepted rays can originate from the back surface of the 

®A description of these measurements is given in the Pupin 
Cyclotron Laboratories progress reports CU-143, CU-134, and 
CU-131 (unpublished). 

1 A description of this baffle will be presented by Kistner, 


Schwarzschild, and Rustad (to be published). 
1 —. E. Alburger, Phys. Rev. 92, 1257 (1953). 
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Fic. 3. Kurie plot of 1.2-Mev beta spectrum of A“. The very small 
| contribution due to the high-energy group has been subtracted. 


volume. For high-energy measurements taken with the 
lens spectrometer, this surface consisted of a 0.001-inch 
sheet of aluminum backed finally by air. For the 180° 
spectrometer, the backing was 1 mg/cm? aluminized 
Mylar film which itself was backed by an auxiliary 
vacuum space and finally a polystyrene cover. This 
construction reduced backscattering, which becomes 
increasingly important at low energies. 

In the 180° spectrometer, the source and counter 
windows were 0.5 mg/cm? rubber hydrochloride. The 
spectrum of the high-energy group was measured with 
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Fic. 4. The beta spectrum of A“ as measured with the lens 
spectrometer. The scale has been enlarged by a factor of 20 in the 
region of analysis of the high-energy group. 
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the thin lens because of its higher transmission. The 
source window was 0.85 mg/cm? Mylar and the counter 
window was 3.5 mg/cm* mica. The active A* was trans- 
ferred from the quartz irradiation ampoules to the 
source volume of the spectrometer and adjusted to a 
pressure of 10 cm Hg. The maximum gas density was 
0.8 mg/cm? in the direction of the trajectories for both 
spectrometers. 

BETA SPECTRA 


The low-energy spectrum was measured with the 180° 
iron core spectrometer which had thinner windows on 
the counter and source. Analysis of this group can be 
shown to be virtually independent of the shape of the 
very weak, upper energy beta group. The upper energy 
group, which affects the low-energy end point by less 
than 0.002 Mev, and the background from the gamma 
ray, which amounted to less than 1% of the spectrum 
peak rate, were subtracted from the data. After correc- 
tion for source decay, a Kurie plot of the resulting 
spectrum was constructed. This plot is shown in Fig. 3. 
The Kurie plot has an end point of 1.199+0.008 Mev 
(estimated maximum error). The spectrum has an 
allowed shape down to 0.150 Mev where the counter 
and source windows begin to attenuate the low-energy 
electrons. Kurie analysis of the upper end of the low- 
energy group as measured in a similar manner with the 
lens spectrometer yielded an end point of 1.196 Mev. 

The momentum plot of the A“ spectrum taken with 
the thin lens spectrometer is shown in Fig. 4. The data 
have been corrected for source decay, and the small 
natural background has been subtracted. It can be seen 
that there is a large “background” past the end of the 
spectrum. This background extends below the end 
point ; and in order to subtract it properly, its shape as 
a function of energy must be determined. 
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Fic. 5(a). Beta spectrum of P® including the region above the 
P® end point. (b). Spectrum due to a Co™ source placed in the 
source volume of the magnetic spectrometer. A small natural 
background has been subtracted from both curves. 
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It was assumed that this “background” may be 
attributed to two distinct sources: (1) the scattered 
beta particles from the intense, low-energy group; and, 
(2) Compton electrons produced in the walls of the gas 
source volume and the baffle system, as well as scattered 
gamma rays. Sources of P** and Co® were used to simu- 
late these two sources of background separately. By 
measuring the effect of these two sources in the spec- 
trometer, information can be obtained of the shape of 
the “background” under the A* spectrum. A 1.5-mC 
source of P®, a pure beta emitter, was deposited on a 
thin film which was placed in the median plane of the 
gas source volume. The spectrum was measured with 
special attention paid to the region above the end point. 
This spectrum is shown in Fig. 5(a) and indicates that 
the “background” of scattered beta particles above the 
spectrum end is only 0.05% of the peak rate for P**. To 
determine the second contribution to the background, 
a 10-mC source of Co® was covered with a sufficient 
thickness of aluminum foil to stop its beta rays and 
placed in the gas source volume. The spectrum of the 
Compton electrons and gamma rays as a function of 
the magnetic field is shown in Fig. 5(b). It should be 
noted that the aluminum cover on the source used to 
eliminate beta particles represents only a very small 
proportion of the total surface from which Compton 


electrons can originate. The Co® gamma rays have an . 
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Fic. 6. The “background” subtracted from the spectrum of the 
A“! upper energy group. The circles indicate the counts recorded in 
the spectrometer with the natural room background subtracted. 
The energy indicated by the arrow at B is the end point of the low- 
energy group. The curve D is the normalized P® curve and indi- 
cates the “background” resulting from scattering of low-energy 
beta particles from the intense, low-energy group of A". The curve 
C is the normalized Co Compton curve and indicates the “back- 
ground” due to the gamma rays of A‘. Curve A, the final back- 
ground subtracted from the experimental points, is the sum of 
curves C and D. 
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Fic. 7. Kurie plots of the beta spectrum of the high-energy 
group of A“, (a) Uncorrected spectrum. (b) Spectrum corrected 
for a-shape. The upper curve has been corrected by the unique 
first forbidden correction factor and normalized in slope. The 
arrow and bars marked 2.489+0.010 Mev indicate the end point 
and its error expected for this group from the sum of Fnax for the 
low-energy beta group and the gamma-ray energy 


energy very close to that of the A” gamma ray. The 
curve shows that the region of interest of the high- 
energy A‘! beta spectrum, above 1.3 Mev, does not in- 
clude the Compton peak and that the “background”’ 
to be subtracted from the A“ spectrum is almost linear. 

These curves, representing the “background” re- 
sulting from the gamma rays and scattered beta rays, 
were normalized to the A data in the following manner. 
The P® spectrum was contracted in the momentum 
scale to correspond to a spectrum with a 1.2-Mev end 
point, and then was normalized in area to the low- 
energy group of A‘. The resulting spectrum gives the 
contribution to the “background” due to the low-energy 
beta group both at zero field and beyond the end of 
this group. The Co® gamma-Compton curve was 
normalized to account for the remainder of the back- 
ground in the region above the end point of the high- 
energy group. The validity of this procedure was 
checked at zero magnetic field, where the counting rate 
actually observed from the A“ source was found to 
agree within a few percent with the sum of the two 
normalized “backgrounds.” A curve showing the rela- 
tive contributions of these backgrounds to the actual 
A" spectrum is shown in Fig. 6. 

After the subtraction of these backgrounds, as indi- 
cated in Fig. 6, a conventional Kurie plot was con- 
structed which is shown in the lower half of Fig. 7. It 
may be seen that this curve approximates a straight 
line; however, the end point is much higher (6 times 
probable error) than that indicated by the sum of the 
low-energy beta and end point and the gamma-ray 
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Fic. 8. Fierz plots of the upper energy group. The upper points 
are the uncorrected data, and the lower points have been corrected 
for a-shape. The energy Wo has been taken as 2.489 Mev; i.e., the 
sum of Emax for the low-energy beta group and the gamma-ray 
energy. 


energy. Also, one may note that the two highest-energy 
points on this plot are low, a typical characteristic of 
unique first forbidden, a-shape spectra. A plot of the 
higher energy beta spectrum corrected for the a shape is 
also shown in Fig. 7. The end point is now in excellent 
agreement with the value, 2.489+0.010 Mev, obtained 
from spectrum of the lower group and the gamma-ray 
energy. This spectrum is weak, statistical fluctuations 
are high, and only a small portion of the spectrum is 
available for analysis. However, since the end point is 
known from other parts of the decay scheme, a Fierz 


plot of 
P(n)}! 
|---| / (W.-W) 
7 fC 


versus W may be much more useful than the conven- 
tional Kurie analysis for determining its shape; this 
quantity should be a constant independent of energy if 
C is the properly chosen shape factor. 

In Fig. 8, these plots are shown for C=1 (allowed or 
nonunique first forbidden) and C= p?+¢? (unique first 
forbidden). On this type of plot, the points very near 
the end point of the spectrum become unusually 
sensitive to the choice of Wo. Since their statistical 
errors are also relatively large, they are not useful to 
interpret the spectrum shape and are not shown on the 
curves. An a shape for the spectrum is clearly indicated 
by these curves. 


CONCLUSION 


The decay scheme for A“ is shown in Fig. 9. The 
relative intensities of the two beta groups are 0.88% 
and 99.1% for the high- and low-energy groups, re- 
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Fic. 9. Decay scheme of A*!, 


spectively. These were determined by extrapolation of 
high-energy group to low energies assuming an a shape 
for this group. The value of log fot for the low-energy 
group is 5.00, and for the upper energy group log fot 
= 8.34 and log /;t=8.50, where’ 


100 f1/ fo=5.1(€o?— 1) —5.2(eo— 1) = 1.40. 


A tabulation of the logfi¢ values for a (AJ=2, yes) 
transition"® shows that the average value is 8.53 for 
odd-A nuclei with only two of the nine known cases 
having log/,¢ outside the limits 8.1 <logfit<8.6. The 
ft values of nonunique first forbidden transitions are 
from one to two orders of magnitude lower. This 
confirms the degree of forbiddenness of the high-energy 
spectrum as determined from its shape. It is concluded 
from this evidence and from the Fierz plots that the 
ground-state transition is an unique first forbidden 
type (AJ=2, yes). 

The spin of the K“' ground state has been measured 
directly by molecular-beam techniques.‘ The parity is 
inferred from the shell model configuration of dy for 
this state. From the (A/=2, yes) nature of the beta 
decay, the spin and parity of the ground state of A“ is 
inferred to be (7/2—) in agreement with the simple 
shell model prediction for an f7/2 configuration. The spin 
of the excited state of K“ has been determined by 
Engelder" and by Elliot'® from the multipolarity (1/2) 
of the gamma-ray transition which they deduced from 
the 6.6X 10-*-sec half-life of this state. This spin assign- 
ment is consistent with the ft value of the beta transi- 
tion to this state. 

The mass difference between A* and K“ on the basis 


12 J. P. Davidson, Jr., Phys. Rev. 82, 48 (1951). 
3 C. S. Wu in Bela- and Gamma-Ray Spectroscopy, edited by 


K. Siegbahn (Interscience Publishers, Inc., New York, 1955), p. 
333 


“T. C. Engelder, Phys. Rev. 90, 259 (1953). 
6 L. S. Elliott, Phys. Rev. 85, 942 (1952). 





DECAY 


of the sum of the 1.199-Mev beta end point and the 
1.290-Mev gamma energies is 2.489+0.010 Mev or 
2.673+0.011 mMU. 
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Coulomb Excitation of Elements of Medium and Heavy Mass* 
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Yields of gamma rays from thick targets of In, I'?’, Ta!*, 
Re85,187, Ty191,193, Ff 9198, 199,200,202 Th and U were investigated under 
proton or alpha-particle bombardment in the energy range 2 to 4 
Mev. By using the theory for electric excitation, reduced matrix 
elements for all electrically excited radiations were computed and 
compared with single-particle estimates. The results are inter- 
preted in terms of the strong-coupling collective model of Bohr 
and Mottelson and compared with the systematic trends in the 
region of the closed shell at 126 neutrons. 

A 512-kev gamma ray excited in In by proton bombardment 
must result from a nuclear reaction. From excitation curves, 


INTRODUCTION 


OULOMB excitation has recently been exploited 

to produce a large volume of experimental data 

on the properties of low-lying excited states of nuclei 
throughout the mass table.' Because the nature of the 
electromagnetic interaction is well understood, one can 
make quantitative deductions of the magnitudes of 
radiative matrix elements from the experimental data. 
These results may then be compared with the same 
quantities deduced from direct radiative lifetime 
measurements. The theory of Coulomb excitation has 
been treated semiclassically’ as well as rigorously.? The 
semiclassical approximation developed by Alder and 
Winther? is sufficiently accurate for the work reported 


*Supported by the U. S. Atomic Energy Commission and the 
Wisconsin Alumni Research Foundation. 

+ Now at the Rice Institute, Houston, Texas. 

t Now with Department of Atomic Energy, Government of 
India, Bombay, India. 

§ Now with Lockheed Aircraft Corporation, Van Nuys, 
California. 

1 A review paper by Alder, Bohr, Huus, Winther, and Zupancic 
Revs. Modern Phys. (to be published) summarizes the experi- 
mental results. See also summary papers by G. Temmer and N. 
Heydenburg, Phys. Rev. 100, 150 (1955) and Huus, Bjerregaard, 
and Elbek, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
30, No. 17 (1956). P. H. Stelson and F. K. McGowan, Phys. Rev. 
99, 112 (1955) and McClelland, Mark, and Goodman, Phys. Rev. 
97, 1191 (1955). 

2K. A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 ig K. Alder and A. Winther, Phys. Rev. 91, 1578 
(1953) ; 96 , 237 (1954). 

3G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954); 
Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955). 


gamma rays in I?’ at 60, 208, 392, 438, 631, 751, and 941 kev 
appear to arise from Coulomb excitation. No cascade radiations 
are observed. The radiations from Ta, Re, Ir, and Hg show the 
effects of a transition from the strong collective rotational motion 
to a collective vibrational nuclear motion or single-particle 
excitation as one approaches the closed neutron shell. Only the 
first excited states of Th? and U* were excited with alpha 
particles. No evidence for other levels was observed with proton 
excitation. The results agree within experimental error with 
other excitation measurements and with radiative lifetime meas 
urements. 


here. Coulomb excitation studies have provided a 
striking confirmation of the predictions of the unified 
nuclear model of Bohr and Mottelson.* That model is 
most successful in the regions between closed shells 
where the collective effects in the nucleus produce large 
distortion, enhanced quadrupole moments, and en- 
hanced radiation matrix elements. 

Some of the experiments reported here were under- 
taken to supplement investigations of level properties 
by inelastic neutron scattering.® At the present time, 
inelastic neutron scattering cannot be used to determine 
spins and parities, although it can excite a much wider 
variety of states than can electric excitation. I'?? was 
selected because the results from (,n’) scattering were 
quite ambiguous and it was hoped that Coulomb 
excitation would clarify the problem. 

Verifications of the theory for excitation had been 
made® for some medium-mass elements and it was 
generally assumed that the direct nuclear interaction 
would not play any appreciable role in nuclei as heavy 
as In when bombarded with protons in the energy 
range 2-3 Mev. After startling deviations from theory 
were observed in indium, excitation studies were made 


*A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) ; A. Bohr, dissertation, 
Copenhagen 1954 (unpublished) ; also A. Bohr and B. Mottelson 
in Beta- and Gamma Ray Spectroscopy, edited by K. Siegbahn 
(Interscience Publishers, Inc., New York, 1955), Chap. 17. 

@ - J. van Loef and D. A. Lind, Phys. ’Rev. 101, 103 (1956). 

( M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 

1954). 
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Fic. 1. Top view 
of target chamber 
and detector assem- 
bly. The extensive 
shielding was neces- 
sary to cut out the 
room background. 
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on I'*? as well as the heavier elements to verify that 
excitations were actually by the Coulomb field. The 
elements Ta, Re, Ir, and Hg were selected because they 
span a range of neutron number approaching a closed 
shell. Data were not available on several of these 
elements. Ta provided a check of our techniques 
because the results for it are well known. These elements 
cover the transition from the well-developed rotational 
states* to the vibrational collective modes expected to 
exist near the closed shells.” Systematics® of the level 
schemes and transition probabilities made in the rare- 
earth region could be extended to the closed shell at 
126 neutron number. Th and U lie in the next strong- 
coupling region and were expected to show the well- 
developed rotational spectrum. In addition, a vibra- 
tional mode with spin 2+ should lie at an energy 
sufficiently low to be excited by protons of the energy 
available. There is also evidence from alpha-decay 
studies’ for a low-lying 1— state in these nuclei. An 

7A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, a (1952); K. W. Ford and C. Levinson, Phys. Rev. 100, 
' rt W. Sunyar, Phys. Rev. 98, 653 (1955); G. M. Temmer and 


N. P. Heydenburg, Phys. Rev. 99, 1609 (1955). 
® Stephens, Asaro, and Perlman, Phys. Rev. 100, 1543 (1955). 


unsuccessful attempt was made to observe either of 
these states in Th and U. Our results on the first 2+ 
state are reported, however. 


EXPERIMENTAL PROCEDURE 


The experiment consisted simply of bombarding a 
target with charged particles and measuring the 
intensity of the de-excitation gamma-ray spectrum 
with a scintillation spectrometer. The charged-particle 
beam accelerated by the Wisconsin electrostatic 
generator was analyzed with 0.1% resolution by an 
electrostatic analyzer."° The arrangement of the target 
area is shown in Fig. 1. The flat targets were positioned 
at 55° to the beam so that the gamma rays could be 
observed at 90°. This position seemed most suitable 
from the standpoint of keeping to a minimum the 
absorbing material between target and detector. It 
would have been preferable to observe at 55° or 145°, 
where the Legendre polynomial P2(6) becomes zero 
and the intensity is very nearly the average value over 
the sphere. Corrections were made for anisotropy, 
using data obtained here for angular distributions or 


%” Warren, Powell, and Herb, Rev. Sci. Instr. 18, 559 (1947). 
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published elsewhere." The target crystal distance was 
set at 4.4 cm in order to make variations in the source- 
detector distance have negligible effect on the absolute 
observed yield. Excitation curves were taken at 1.8 cm 
because only relative yields were needed.’For angular 
distributions, the crystal was suspended from above 
with its axis at 10 cm from the target so it could be 
rotated through +135° inside the lead shield house. 

Thick targets were used throughout the experiment, 
except in the case of In where yields from thick and 
thin targets were compared. These consisted of metallic 
foils when possible or of powders contained in shallow 
0.010-inch tin cups 0.5 inch in diameter. The powders 
were melted or pressed to produce a compact target 
which would not disintegrate under bombardment. 
Target materials of the highest available purity were 
used but some difficulty was always experienced because 
of the presence of foreign material in or on the target. 
A diffusion pump and liquid air trap were connected 
between the last beam-defining aperture and the target 
to minimize organic deposits at the spot where the beam 
strikes the target. Graded filters were placed between 
the target and detector to reduce the bremsstrahlung 
and x-ray background. 

The gamma spectrometer was a conventional NaI (T1) 
crystal 4.4 cm in diameter by 5 cm long mounted on a 
Dumont 6292 photomultiplier. The spectrometer was 
calibrated for gamma detection efficiency with the 
following gamma sources: Ce'*, Hg?*, Na”, and Cs’. 
The absolute strength of the sources was determined 
by measuring the number of pulses under the complete 
pulse-height spectrum when a narrow collimated beam 
of radiation was passed through the Nal detector. The 
detector was sufficiently long so that 80% or more of 
the beam was absorbed; thus the errors in the absorp- 
tion coefficients” introduced little error into the final 
result. A Co® standard prepared in this way was com- 
pared with a Co® standard source obtained from the 
National Bureau of Standards ; the agreement in 
strength was within 5%. The Na* sources were checked 
independently by eiaien gamma-gamma _coinci- 
dence rates. All the intensity measurements were 
internally consistent within 5% but a larger uncertanity 
of 12% has been assigned because a check of source 
strengths made at the Oak Ridge National Laboratory" 
failed to agree within the expected 5%. 

Data were taken with alpha particles or protons, 
depending on the level being excited, and in some cases 
the same levels were observed with both particles. 
Excitation curves were taken for almost every line 
investigated. When one is certain that the radiations 


1 F, K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 

2G. R. White, National Bureau of Standards Report 1003, 
1952 (unpublished). 

18 We are indebted to Dr. P. H. Stelson of the Oak Ridge 
National Laboratory for providing us with an independent 
calibration of our sources. The method used there was to measure 
the intensity in a known geometry with Nal detectors for which 
the efficiency had been computed. 
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Fic. 2. Spectra of natural iridium metal and an enriched target 
under proton bombardment. Contamination is responsible for the 
lines at 205, 430, and 550 kev as well as the general increase in 
background for the enriched target. The machine background was 
from 5 to 10% of the spectrum shown. 


observed are Coulomb-excited, this is not necessary, 
but the data presented here bear out the fact that this 
precaution should always be observed. 


ANALYSIS OF DATA 


Gamma-ray intensities were determined by com- 
paring the full-energy peak area with the photopeak 
efficiency curves obtained experimentally with the 
standard sources. The machine and bremsstrahlung 
backgrounds were obtained by making runs with tin 
or lead targets, both of which have a low yield of 
Coulomb-excited line radiation. The entire spectral 
intensity, after subtraction of background and proton 
bremsstrahlung, could be accounted for by the photo- 
peaks and associated Compton spectra of the various 
radiations excited in the target. The photopeak widths 
were dictated by the energy versus resolution curves. 
Even when lines were not resolved, it was frequently 
possible to carry out a unique separation. 

Figure 2 shows the spectra obtained from the Ir 
targets. The similar level schemes of Ir™ and Ir'® 
cause unresolved groups of photopeaks at about 140, 
220, and 360 kev. These peaks are too broad to be 
accounted for by single gamma rays and are resolved as 
shown in Fig. 3, where only the parabolas representing 
photopeaks are drawn. The line at 115 kev follows a 
Coulomb excitation function and agrees with the 
isotopic enrichments, but is probably spurious; the 
205-kev line is an impurity line and is not Coulomb- 
excited. The results from the enriched target bear out 
this analysis and aid in the identification of the isotope 
responsible for each line. It should be noted that in some 
cases the isotopic enrichment factors were used to 
determine relative magnitudes of the composite photo- 
peaks. This was done only after it had been verified for 
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Fic. 3. Resolution of composite photopeaks in the Ir spectrum 
into constituent photopeaks. The positions and magnitudes of 
the photopeak parabolas were adjusted to give the best fit. In 
some cases it was necessary to use the isotopic abundances also, 
but in most nuclei they merely provided a check on the quanti- 
tative decomposition. The excitation curve of yield versus proton 
energy permits one to eliminate the spurious line at 205 kev. 


lines excited in the different isotopes that the intensities 
followed accurately the reported enrichment factors. 
The energies of the lines making up a composite peak 
compared well with the values available from other 
experiments on the level structure of the element. 

The actual thick-target gamma-ray yields per micro- 
coulomb of bombarding ions are given in Table I. The 
accuracy of the results ranges from 20 to 35%. The 
error in the efficiency is 15%; the error in the separation 
of the photopeak yield may be 5-10%. An isotropic 
distribution was assumed unless data were available to 
correct for the anisotropy. In no case was the correction 
more than 12%. 


Calculation of Transition Probabilities 


The reduction of experimental yields to transition 
probabilities was carried out by using the semiclassical 
expression of Alder and Winther? for o,.x. If the cross 
section is expressed in terms of the incident projectile 
energy, £, in the laboratory system one has 


_ (4a) Mik(RE— AE) 
tx(E)= (—) ——___~Bex(E2)g52(8), 
25 Zieh* 


(1) 
ZZ 20" m 4 1 1 
tid ean deat 
w \2/ 1(kE-AE)! (RE)! 


where B(E2) is the reduced matrix element for an £2 
transition and g(t) a tabulated function; k= M,/ 
(M,+M:), and M,; and My are the masses of the 
projectile and target, respectively; AZ is the excitation 
energy. The observed thick target yield is given by 





Bs ex E 
Y(E)=KN, f = aE, (2) 


os(E) 


where NV, is the number of particles incident on the 
target ; K is a factor which gives the fraction of the exci- 
tations of a specified state which lead to the gamma rays 
under observation, and os(£) is the stopping cross sec- 
tion for the target material. Values of os(E) were 
obtained from the compilation of Fuchs and Whaling.“ 
Interpolations were made by assuming that os(Z) varies 
as Z'/*, and the energy dependence was obtained from 
Rosenblum’s formula,'® but the values are known to no 
better than 10%. The theoretical thick-target yield 
curves were computed from os(£) and Eqs. (1) and (2). 
With the exception of a few cases noted in the discus- 
sion, all excitation curves agreed quite well with the 
theoretical values. In odd nuclei in which two levels are 
excited, the contribution of cascade transitions from 
higher states to the observed yield must be accounted 
for. Usually this contribution was sufficiently small to 
be undetectable in the excitation curves. Excitation 
curves provide a check on the accuracy of the spectral 
decomposition techniques since the relative intensities 
of different lines vary widely with bombarding energy. 

The calculations of the value of B(E2) can be made 
from the slope of the thick-target yield curve and the 
value of os(E) once the value of the factor K in Eq. (3) 
is known. Total internal conversion coefficients needed 
to compute K were taken from tables prepared by Rose 
and collaborators.!* However, these have been cor- 
rected, as suggested by both theoretical and experi- 
mental work,"’ for the finite nuclear size. Data on con- 
version coefficients from radioactivity studies and from 
measurements of conversion electrons in Coulomb 
excitation’® have been used, together with the theo- 
retical values corrected for finite nuclear size and 
shielding, to arrive at values which are most consistent 
with all the data available. These are listed in Table I. 
In some cases the estimates of Sunyar’® have been 
adopted to facilitate comparison with measured life- 
times. It may also be noted that much better agreement 
is obtained for E2 to M1 mixing ratios from conversion 
coefficient data and branching ratios or angular distri- 
butions when the nuclear size corrections are adopted. 


RESULTS 


The results are compiled in Table I. The gamma-ray 
energies and the bombarding particle are indicated ; the 


“4 R. Fuchs and W. Whaling (unpublished compilation, 1954). 

15S. K. Allison and §. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953); S. Rosenblum, Ann. Phys. 10, 408 (1928). 

16 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). See M. E. Rose in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers Inc., New York, 
1955), Chap. 14; also circulated tables, ““Z Shell and Low-Energy 
K Shell Conversion Coefficients,” by Rose, Goertzel, and Swift, 
1955 (unpublished). 

117A. H. Wapstra and G. J. Nijgh (private communication) ; 
L. A. Sliv, Z. Eksptl. Theoret. Fiz. 21, 770 (1951); L. A. Sliv and 
M. A. Listengarten, Z. Ekspt!. Theoret. Fiz. 22, 29 (1952). 

18Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

19 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
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TABLE I. Summary of results. Values for the yield are given for several bombarding energies. See text for discussion of the excitation 
functions. a is the total internal conversion coefficient. Column 9 gives the ratio of the observed decay transition matrix element to the 
single-particle value B(E2),,. ry(E£2) is the mean radiative lifetime for the £2 contribution to the transition computed from B(E2)ex. 
Qo is the intrinsic quadrupole moment of the ground state computed by assuming the Bohr-Mottelson collective model with strong 


coupling. 
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* Gamma-ray yields were computed from intensities measured at 90° to the beam by assuming isotropic angular distribution. 
O7. 


b Error +50%. 


© Yields corrected for angular distribution with data given by F. K. McGowan and P. H. Stelson, reference 11. 
4 Computed from the 425+7 kev gamma ray observed in natural Hg. The yield was 3.02 X104 gamma rays/ uc for proton energy of 3.20 Mev (see 


Hg!%. 202 discussion). 
¢ Internal conversion coefficient adopted from Sunyar, reference 19. 


errors in the gamma-ray energies arise in part from 
instrumental effects and in part from the decomposition 
of complex spectra. The observed yields at specified 
bombardment energies are given. The excitation cross 
sections and the reduced matrix elements, calculated 
under the assumption that electromagnetic excitation 
is responsible, are also shown. In indium and perhaps 
in I'?? the assumption of pure electric excitation may be 
invalid. Excitation curves were taken for most of the 
radiations investigated, and the agreement with the 
theoretical electric £2 curves is indicated by the fact 
that B(E2),. is independent of bombarding energy. 
7(E2) is the mean radiative lifetime for the E2 contri- 
bution to the transition. It is the reciprocal of T(£2), 


the radiative transition probability, which is given by 


4r\ 1 /w\* 27,41 
T(E2)= ()-(-) B(E2)ex, (3) 
757 h\ cF 21;+1 


where w is the angular frequency of the radiation, and 
I, and J; are the spins of ground state and excited state, 
respectively. The ratio of the reduced matrix element 
for decay to the single-particle estimate given by Blatt 
and Weisskopf” is presented. No statistical factors have 
been incorporated into the single-particle estimate, but 


2” J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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TABLE IT. Results on mixing ratios computed from crossover to cascade intensities. The experimental intensity ratio is given as R. 
The values of Qo are taken from Table I. y, is the magnetic moment in nuclear magnetons. gx is the intrinsic particle gyromagnetic 


ratio, and gr the ratio for the rotational motion. 








R 
Cascade to 
crossover 


Io intensity ratio 


aK 
(single 


|gex —gr| particle) 





7/2 1.52 


5/2 8.17 


5/2 
3/2 


5.36 
1.09 


3/2 0.316 


0.45 0.49 


(gz/2) 


1.92 
(ds)2) 


1.92 


1.08 


115 


0.47 0.08 


(ds/2) 


0.02 0.08 








® 512? is the E2/M1 intensity for cascade transitions. 


> Values of magnetic moments are taken from H. Kopfermann, Kernmomente (Akademische Verlags, Frankfurt am Main, 1956). 
© We have taken sign of |gx —gr| positive (00/5 >0) to give a smaller value of gr except for Ir isotopes where both values are shown. 


the ratio B(E2)4/B(E2),, provides a measure of the 
collective nature of the nuclear oscillation. The con- 
version coefficients used are also listed. The values of 
the static quadrupole moment, Qo, are computed from 
the reduced matrix elements using the results of the 
collective model of Bohr and Mottelson.‘ 

The intensity ratio for crossover to cascade radiation 
from the second excited state of odd-A nuclei provides 
a means of computing the E2-M1 mixing ratio of the 
cascade radiation. One must assume that the collective 
model gives the ratio of the crossover to cascade 
probabilities for E2 radiation correctly. The agreement 
between values of Qo derived from excitation of first 
and second states substantiates that assumption. In 
Table II are listed these data and values of 6,.?, the 
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ratio of intensities of E2 to M1 radiation. The values 
of the gyromagnetic ratios for the collective motion, 
gr, and the intrinsic motion, gx, are calculated as well. 
Because one can determine only |gx—gr| in this 
manner, the positive value was assumed because it 
gave the most consistent value of gr except in the cases 
of Ir’, For those isotopes both signs were used. 
Equation (4) gives the relation used. 
] 


3 1 
for I+1-—], IpX1/2. The values of gx for a single 
particle are incorrect since they are calculated for a 
spherical well. The spheroidal well wave functions 
appropriate for these nuclei should be used to calculate 
these values. 


[ QoAE My 
20 I(1-+2)Lh?(¢x—gr) 


= 





(4) 


Tantalum 


Tantalum was studied to check the experimental 
technique. The three well-known gamma rays at 
137+3 kev, 165+-4 kev, and 302+4 kev were observed. 
The thick-target yields were compared with those 
obtained by Stelson and McGowan.' The absolute error 
in our yield measurements is 15-20% while they assign 
an error of 10-20%. The observed yields are consistently 
15 to 30% lower than their values. It has been estab- 
lished that this discrepancy arises entirely from the 
method of absolute calibration of the gamma detector. 
The ratio of cascade to direct transitions from the 
303-kev state was found to be 2.9 as compared to the 
value of 3.37 which they found. However the value of 
the E2:M1 mixing ratio 6?=0.19 is in excellent agree- 
ment with the result from angular distribution 
measurements. 

Indium 

Thick and thin targets of natural indium (isotopic 

abundances: In™—95.8%, I'8—4.2%) were bom- 
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bombarded by protons. The 
region on the low-energy side 
of the 208-kev line suggests a 
possible cascade from the 392- 
kev level to the 208-kev level. 
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composition of the spectrum 
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barded with protons and the single gamma ray at 
512+12 kev, was observed. Temmer and Heydenburg” 
and Mark, McClelland, and Goodman” have reported 
a gamma ray at 500 kev in the proton bombardment 
of In which they assign to In"®. Varma and Mandeville” 
have established a level scheme from the decay of Cd", 
They find a level at 595 kev but none in the region of 
500 kev. The yield and angular distribution of the 512- 
kev radiation were measured and an excitation curve 
was obtained from which the excitation cross sections 
shown in Fig. 4 were computed. Cross sections obtained 
from thick and thin targets agree. The experimental 
and theoretical electric excitation curves normalized 
at point N show a startling discrepancy. No other 
electromagnetic interaction would give a better fit, so 
the cross section for a (p,2) reaction was calculated 
assuming the statistical model for nuclear reactions.” 
The cross section is given by the relation 


o(pn) =o, (5) 
where 


o,p=mh? >, (2/+1)Ti, 


and £ is a sticking probability; , is the cross section for 
compound nucleus formation and 7; is the transmission 
factor for the /th partial waves. ¢. was computed for 
protons assuming a nuclear radius R=1.5A"*x10-* 
cm. The sticking probability £=0.22 was chosen to 
make the cross section agree with experimental value 
at the normalizing point. The experimental excitation 


21G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 


(1954). 
2 Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 


(1955). 
% J. Varma and C. E. Mandeville, Phys. Rev. 97, 977 (1955). 
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curve indicates that the reaction proceeds via the 
compound nucleus. If this is true, the only likely 
reactions would be (p,m) or (p,y) reactions in In", 
Sn"”° and Sn'"® are stable so no activities would be 
produced. At the present time no assignment can be 
made for this line. 


Iodine 


Six gamma rays of energies 208+7, 392+8, 438+ 10, 
631+10, 751+ 25, and 941-450 kev were observed from 
as under proton bombardment of PblI targets. See 
Fig. 5. Gamma rays at 60+2 kev and 201+4 kev were 
pen observed when iodine was bombarded with 
alpha particles. Excitation curves for all the gamma rays 
of iodine have been obtained and are shown in Fig. 6. 
With the exception of the lines at 392 and 941 kev, the 
agreement with theory is sufficiently good to indicate 
that electric excitation is probably responsible. The 
energy level scheme for I'?’ is not well understood, so a 
clear interpretation of the spectra is impossible. How- 
ever, inelastic neutron scattering data® indicates that 
levels at energies equal to the observed gamma-ray 
energies are present in I'?’. No appreciable intensity of 
cascade radiation has been observed. Bergstrém™ and 
Mathur,” studying the beta decay of X”’, have ob- 
served levels at 56, 202, and 365 kev with cascade 
radiation between the three excited states. Possibly the 
anomaly on the low side of the 208-kev line is cascade 
radiation from the 392- to 208-kev levels. The intensity 
of cascade transitions may be low because they are 
highly converted. A search was made for neutrons from 


“T. Bergstrom, Arkiv. Fysik. 5, 191 (1952). 
*°H. B. Mathur, Phys. Rev. 97, 707 (1955). 
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Fic. 6. Observed yields of gamma rays from I under proton 
bombardment compared with theoretical thick target yield curves 
for E2 excitations. The normalization is at the point NV. Except 
for the 392- and 941-kev lines, the agreement is quite good and 
suggests at least that Coulomb interaction and not direct nuclear 
interaction is responsible for the excitation. 


a possible (p,m) reaction but none were found. Further- 
more, the radiations obtained by neutron and proton 
bombardment are the same; this indicates that they 
must arise from [*’, Excitation cross sections and 
reduced radiative transition matrix elements were 
calculated for all the transitions observed. The ratio of 
the reduced matrix element to the single-particle 
estimate range from the order of 1 to 30 and more. It 
is suggested that perhaps different levels are excited in 
the beta decay and in these observations. The dis- 
crepancy between 365 kev observed by Bergstrém and 
the value of 392 kev is too great to assign to instru- 
mental error. Furthermore, levels at 370, 418, and 655 
kev are reported” in the beta decay of Te’?’. It is quite 
possible that the level scheme is much more complicated 
and that the resolution is not sufficient to see any but 
the most intense lines. It is certain, however, that the 
lines observed are not the result of cascade transitions 
from higher levels. 


Re!® 


Energy level diagrams for the Re, Ir, and Hg isotopes 
which were studied are shown in Fig. 7. The spin 
assignments in brackets are made on the basis of the 
strong-coupling rotational model. Only the low-lying 
states and transitions observed in electric excitation 
experiments are shown. We observed levels at 125+-4 
kev and 280+ 10 kev. These levels have been electrically 
excited previously by McClelland ef al.! and Huus 
et al! The ratio of the excitation energies is within a 


2¢J. W. Starner, Los Alamos Scientific Laboratory (private 
communication). Note added in proof—See Knight, Mizo, 
Starner, and Barnes, Phys. Rev. 102, 1592 (1956). 
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few percent of the ratio expected for rotational levels 
in the strong coupling approximation. Although the 
values of Qo determined from the two excited states, 
4.2 and 5.0X10-* cm’, respectively, are consistent 
within the estimated experimental error, they are 
somewhat below the spectroscopic value of 7.9 10-* 
cm? given by Mack.?’ From excitation of the first state, 
McClelland ef al.! give a Qo value of 4.3X10-* cm? 
while Huus ef al. set limits of 4.4 and 8.1 10-** cm’, 
depending upon the M1 and £2 mixing ratio. The ratio 
of the number of cascade to crossover gamma rays is 
8.2+2.0 from which a value of 5;.?= 0.008 was obtained. 
The results obtained here are in reasonable agreement 
with recent results of Bernstein and Lewis** and Fagg.” 


Re!*’ 


Studies” of the radioactive decay of W'*’ indicate 
a level at about 134 kev; both conversion electrons and 
radiations from this level have been studied.!7%” 
Another level at 320 kev has also been observed. In 
the present work, electrically excited levels were 
identified at 13544 and 300+10 kev. The ratio of the 
level energies is that expected for rotational levels. The 
values of Qo, 5.1 and 5.5X10-* cm*, calculated from 
the two levels are to be compared with the spectro- 
scopic value of 7.3 10-** cm?. McClelland et-al.! quote 
a value at 4.1X10-* cm? for Qo, determined from the 
first excited state, and Huus ef al.’ give a value of 
5.2X10-* cm’. The ratio of crossover to cascade 
gamma intensities, 5.36-+1.5, is in good agreement with 
the results of other workers.”*! 


Ir}%! 


Composite gamma rays with energies of 133, 219, 
and 360 kev have been observed by Temmer and 
Heydenburg® in their electric excitation study of 
natural Ir. Huus et al.' give a measured value of 129 
kev for the first excited state and assign a value of 
3.3X 10-*4 cm? to Qo. In the present experiments, levels 
were excited at 133-4 and 3568 kev which agree with 
earlier electric excitation experiments as well as with 
radioactive decay studies.” The ratio of the excitation 
energies differs by about 10% from the ratio predicted 
for rotational levels. Sunyar’s value of 4.4 for the 
internal conversion coefficient is considerably larger 
than the value adopted here. The K/L ratio of 3.9 for 
the 133-kev radiation obtained from observations of 
conversion electrons** leads to the value we have 
adopted. This result is consistent with a mixing ratio 

27 J. Mack, Revs. Modern Phys. 22, 64 (1950). 

28 E. M. Bernstein and H. W. Lewis, Bull. Am. Phys. Soc. Ser. 
II, 1, 41 (1956) and private communication. 

L. W. Fagg (private communication) and Wolicki, Fagg, and 
Geer, Phys. Rev. 100, 1265(A) (1955). 

% Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1955). 

31H, Mark and G. Paulissen, Phys. Rev. 99, 1654 (1955). 

8G, M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 906 
(1954). 
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®=0 and is in agreement with the similar result from 
the cascade to crossover intensity ratio. The value of 
Qo computed from the lower state was 3.1 10-* cm? 
while that from the upper state was 5.3 10-* cm?. The 
difference is somewhat greater than the experimental 
error. The quadrupole mean radiative lifetime for the 
133-kev state, r(Z2)=5.7X10~ sec, is consistent with 
the upper limit of 2.3 10-8 sec given by Sunyar.'® The 
intensity ratio of cascade to crossover radiation from 
the second state is 1.09+0.25. 


Ir1% 


Gamma rays were observed at 143+4, 230+6, and 
368+8 kev, and their excitation curves were in good 
agreement with theoretical electric excitation curves 
for an E2 transition. The energies are consistent with 
those reported by Temmer and Heydenburg.” Cork 
et al.® report a 139-kev level from Os' decay studies. 
For the first excited level, Huus et al. determined a 
Qo of 2.7X10-* cm? which is somewhat below the 
values of 3.2 and 3.4X10-* cm? found in these experi- 
ments. The cascade to crossover observed intensity 
ratio is 0.32+0.08. This value is not consistent with 
that found for the other odd-A nuclei in this region. 


Hg'9s.203 


Excitation of the isotopes of mercury was studied 
using targets of HgO, Hg amalgamated on the surface 
of spectroscopically pure Pb, and HgO enriched to 
65% in Hg’. The known first excited states of the even 
isotopes of Hg are listed in Table III. The excitation 
of the first two levels of Hg'® was observed in the en- 
riched target. A line at 368 kev and a composite line at 
425 kev were observed. The 368-kev line was assigned 
to Hg and the 425-kev line was assumed to be a 
composite line of 411 kev from Hg'* and 439 kev of 
Hg’. Since this work was completed, Barloutand, 
Grjebine, and Riou at Saclay have reported an investi- 
gation of Hg using separated isotopes.** Our matrix 
elements B(E2)/e? are approximately one-half the values 
they obtain. The small abundance of Hg! and the 
absence of evidence for excitation of Hg * permit the 
assignment of the observed lines to Hg'®*, Hg’, Hg 


TABLE III. Known first excited states in even Hg isotopes. 








Natural abundance 
percent 


Level 
Isotope kev 


Hg 426 0.146 
411 10.02 
368 23.13 
439 29.8 
6.85 











% Cork, LeBlanc, Nester, Martin, and Brice, Phys. Rev. 90, 
444 (1953). 

os“ Grjebine, and Riou, Compt. rend. 242, 1284 
(1956). 
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Fic. 7. Level schemes for isotopes of Re, Ir, and Hg. Transition 
arrows indicate gamma rays observed under proton bombardment. 
Other known levels in the same energy region are included. The 
425-kev gamma ray from natural Hg is assumed to be a composite 
of 411- and 439-kev gamma rays from Hg!* and Hg™, respectively. 
The bracketed spin values are assigned from the systematics of 
rotational states. 


and Hg*”. The composite yield at 425 kev was separated 
by placing known photopeak profiles at 411 and 439 
kev and adjusting the heights to fit the composite peak. 
Known abundances were also used to calculate the 
cross sections. The error in the cross section may be 
50% or more. Metzger and Todd* give a value of 
7(£2) equal to 3.2X10-" sec for the 411-kev level in 
Hg**, and the value determined in the present experi- 
ments is 8.7X10~" sec. For the 439-kev level in Hg*, 
Metzger®® gives 7r(E2)=3.4X10-" sec compared to 
6.5X 10-" sec determined here. 


Hg'** 


Gamma rays were observed with energies of 159+4 
and 209+5 kev. The good agreement between the 
observed and theoretical excitation curves identifies 
these gamma rays as decay radiations from electrically 
excited states. Heydenburg and Temmer ® have previ- 
ously excited a 163-kev gamma ray. Levels at these 
energies have been found in radioactive decay studies by 
Bergstrém et al.*”7 From lifetime measurements, Sunyar™ 
gives r(E2)=0.7X 10-8 sec for the 159-kev state which 
compares reasonably well with the value 1.5x10-° 
found here. However, Sunyar’s value of 7(£2)=6.2 
X 10-" sec for the 209-kev state is a factor of ten smaller 
than the value of 6.4 10-* sec determined in the present 


% F. R. Metzger and N. B. Todd, Phys. Rev. 95, 853 (1954). 
°F, R. Metzger, Phys. Rev. 98, 200 (1 955). 
37 Bergstrom, Hill, and DePasquali, Phys. Rev. 92, 918 (1953). 
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experiments. The internal conversion coefficients used 
by Sunyar were adopted. Because of the intense x-ray 
spectrum, the yield of any 50-kev cascade gamma ray 
could not be measured, but the relative magnitude of 
the 159- and 209-kev yields and the agreement of the 
experimental and theoretical excitation curves imply a 
small cascade to crossover ratio. De-Shalit et al.** give a 
ratio of 0.25 to 0.30. Correcting for the 50-kev yield 
would increase the cross section for the 209-kev level 
by about 25%, but would not significantly reduce the 
discrepancy in 7(£2). 
Hg? 


From TI decay studies, Bergstrém et al.*” assigned 
an energy of 368 kev to the first excited state of Hg” 
with J=2+. A gamma ray which exhibited an electric 
excitation function was observed at 375+7 kev. The 
observed lifetime was 1.2X10~- sec; no independent 
measurements of this value are available. 


Thorium 


An investigation of thorium and uranium was under- 
taken to see if the higher 2+ level predicted by the 
collective model‘ or the 1— level could be observed. 
While this work was in progress, Stelson and McGowan! 
reported a very weakly excited gamma ray at 760 kev 
under 5-Mev proton bombardment. Even at our peak 
proton energy of 3.6 Mev, we could not observe the 
760-kev radiation. A number of different samples of 
Th metal and ThO, gave quite different spectra; the 
spurious lines were attributed to trace amounts of 
impurity elements. With alpha particles it was possible 
to observe the 50-kev first excited state and to obtain 
a cross section from which the reduced matrix element 
was calculated. The conversion coefficient, ar, was 
estimated from tables of L shell conversion coefficients ; 
the total M-shell conversion coefficient was assumed to 
be approximately 1/3 of the total L-shell conversion 
coefficient." The value of 340 for ar is subject to con- 
siderable error ; nevertheless the reduced matrix element 
obtained is 80 times the single-particle value. Our 
value for Qo differs from that of Temmer and Heyden- 
burg® but the difference lies only in the choice of ar. 
They have taken a value ar= 1000. 


Uranium 


Natural uranium as metallic foil and U;Os were used 
for targets under the alpha-particle bombardment. The 
radiation at 45+3 kev corresponds to transitions from 
the first rotational 2+ state to the ground state in 
U8, The error in the yield may be 50%. If one uses a 
value of 700 for ar, the matrix element becomes 120 
times the single-particle value. Again the discrepancy 


38 De-Shalit, Huber, and Schneider, Helv. Phys. Acta 25, 279 


(1952). 
*® G. M. Temmer and N. P. Heydenburg, Phys. Rev. 99, 1609 


(1955). 
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with Temmer and Heydenburg® is entirely accounted 
for by the value taken for ar. 


DISCUSSION 


The results presented for the heavy nuclei (Ta and 
above) have been interpreted by the collective model 
using the strong-coupling approximation even though 
the sequence from Ta through Hg represents a transi- 
tion from the region of the well-developed rotational 
states to the region near a closed shell where the 
deformation is expected to be small and hence the 
coupling weak. Th and U fall in the strong-coupling 
region again. The results may be compared with the 
systematic trends observed by Temmer and Heyden- 
burg. Even though the use of the strong-coupling 
formulas is not justified throughout the range from 
Ta to Hg, the values so obtained show a trend to smaller 
Qo as one approaches the closed shell at 126 neutrons. 
The values of the nuclear deformation fall along the 
curve published by Temmer and Heydenburg. The 
even Hg isotopes have first excited states above the 
limit set by Bohr and Mottelson® for the existence of a 
rotational spectrum. This limit is given as E,<9.22 
 10°/A*® kev; for Hg it is about 300 kev. Osmium 
lies at about the limit, and our results indicate that 
iridium already shows considerable deviation from the 
strong-coupling model. Furthermore the value of 
B(E2)/B(E2),, as seen in Table I shows a sharp 
decrease between Ir and Hg. 

The measurements on indium indicate that some care 
needs to be taken in interpreting Coulomb excitation 
results for protons at intermediate mass unless ex- 
citation curves are also available. Excitation ratios by 
two different charged particles should be used to con- 
firm that the interaction is via the Coulomb field. The 
excitation of iodine is difficult to understand because 
seven levels are excited and because the results from 
neutron excitation and Coulomb excitation are in 
essential agreement as to the levels but are in serious 
disagreement with the results from radioactive decay. 
Until additional experimental information is available, 
no interpretation of those results can be made. 

The results shown in Table II for the gyromagnetic 
ratios for intrinsic particle motion and collective motion 
suggest that the strong-coupling model is valid for Ta 
and Re at least. Note that the minus sign must be taken 
for gx—gr in the case of Ir to get a reasonable value 
of gr. Independent checks on the values of 6;;? from 
angular distributions should be obtained before at- 
taching too much significance to these results. It is 
worth noting that in most cases the K/L conversion 
coefficient data are consistent with the values of 64:° 
presented here when the M1 coefficients are corrected 
for nuclear size. Also the values agree quite well with 
results of Fagg.” 


“A. Bohr and B, R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd (to be published). 





COULOMB EXCITATION OF ELEMENTS 


It is worthwhile to comment that the agreement of 
measurements of B(£2) between different laboratories 
and from conversion electron or gamma-ray obser- 
vations is still no better than a factor of 2. It is noted 
that results for Ta differ from those of Stelson and 
McGowan! by about 20%, while the results on Re and 
Ir are in fair agreement with those of Huus! but vary 
as much as 50% from those of Bernstein and Lewis?® 
and Fagg eé al.” The Hg results are consistently lower 
than those of the Saclay group.** Some of the dis- 
crepancy can be traced to choice of conversion co- 
efficients, but there appears to be a need for more 
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accurate measurements, especially when one attempts 
to determine mixing ratios from the intensity ratio of 
crossover to cascade radiations. } 
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Bremsstrahlung and Pair Production in Condensed Media at High Energies 


A. B. MIGDAL 
Academy of Sciences of U.S.S.R., Moscow, U.S.S.R. 
(Received May 11, 1956) 


The effect of multiple scattering on bremsstrahlung and pair production is considered. The probability 
of these processes decreases considerably at energies > 10" ev. 

The calculations are carried out with the aid of the density matrix. The formulas thus obtained yield the 
probability of pair production and bremsstrahlung for arbitrary electron and photon energies. 


I. INTRODUCTION 


T high energies, when the directions of the 

particles participating in pair production and 
bremsstrahlung almost coincide, large longitudinal dis- 
tances begin to play an important role. Thus, if a 
photon of wavelength A is emitted during brems- 
strahlung, a certain length /~A/(1—»/c) is found to be 
essential, » being the electron velocity. Landau and 
Pomeranchuk!? have shown that multiple scattering 
over this length leads to a significant decrease of the 
probability of the aforementioned processes. An esti- 
mate of the cross sections for bremsstrahlung and pair 
production in the limiting case of ultra-high energies 
(E>>10" ev) is given in reference 2. 

The intensity of emission of soft photons by electrons 
of arbitrary energy has been computed previously.* In 
that paper the classical formula for intensity of emission 
by an electron moving along a given trajectory was 
averaged over all possible trajectories. This procedure 
was carried out by means of the distribution function 
which was averaged over the positions of the atoms of 
the scattering medium and which satisfies the usual 
kinetic equation. 

1], Landau and I. Pomeranchuk, Doklady Akad. Nauk 
S.S.S.R. 92, No. 3, 535 (1953). 

2. Landau and I. Pomeranchuk, Doklady Akad. Nauk 


S.S.S.R. 92, No. 4, 735 (1953). 
3 A. Migdal, Doklady Akad. Nauk S.S.S.R. 96, No. 1, 49 (1954). 


The aim of the present paper is the deduction of 
formulas for the probability of bremsstrahlung (formula 
61) and pair production (formula 63) per unit path in 
a condensed medium for arbitrary photon and electron 
energies. This is done by connecting the transition 
probability with the density matrix and then using the 
equation for the density matrix averaged over the 
scattering atom coordinates deduced previously.*> At 
low energies formulas (61) and (63) transform into the 
Bethe-Heitler formula’; in the limiting case of ultra-high 
energies the formulas confirm the estimation obtained 
in reference 2. At photon energies much lower than 
that of the electron, formula (61) changes into the 
expression obtained in reference 3. Finally, for very 
soft photons, when the deviation of the dielectric 
constant from unity is important, formula (56) of the 
present paper yields in the limiting case the same 
results as those of Ter-Mikaelyan.’ 

Formulas (61) and (63) can be used to construct a 
theory of shower production in condensed materials at 
energies exceeding 10" ev. 


= Migdal, Doklady Akad. Nauk S.S.S.R. 105, No. 1, 77 
1955). 

5A. Migdal and N. Polievktov-Nikoladze, Doklady Akad. 
Nauk S.S.S.R. 105, No. 2, 233 (1955). 

* B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 

™M. L. Ter-Mikaelyan, Doklady Akad. Nauk S.S.S.R. 94, 
No. 6, 1033 (1954). 
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II. RELATION BETWEEN TRANSITION PROBABILITY 
AND AVERAGED DENSITY MATRIX 


The probabilities for bremsstrahlung and pair pro- 
duction must be averaged over all possible distributions 
of the atoms of the scattering material. We first express 
the radiation transition rate through the density matrix 
and then make use of the equation for the averaged 
density matrix obtained in references 4 and 5. 

Restricting our treatment to the first approximation 
with respect to the electron-radiation field interaction 
and denoting the electron proper functions in the 
scattering medium by y, and the initial electron wave 
function by Yo, we get 


ié,9 = > (We | eit 4 piktg—int |Wer)ce"® 
_ (W.| ce tA ettte-Ht ly), 
where A is the radiative transition operator 
A=a-e,e**'e(2x/k)}. 


e, is the polarization vector, k the photon wave vector, 
H the electron Hamiltonian which includes the po- 
tential of all the scatterers 


H=Hotdn V (t—Tm); Ay,= En. 


The system of units in which m=h=c=1 has been 
chosen. The electron and photon y functions have been 
normalized per unit volume. 

The radiative transition rate is then given by 


d t 
Q=—|e.|*=2 Reé,*c,=2 Re f (Wo| eA te i241] y,) 
0 


x (v. | eitt4 e*Htl yet dty, (1) 


We now determine the rate of transition to all final 
states of the electron. For bremsstrahlung, which we 
first consider, one must sum over all values of s corre- 
sponding to positive electron energies. Introducing an 
energy sign operator (projection operator) K=[H 
+ |E(p)| 1/2|E(p)|, where p is the electron momentum 
operator, and applying the relation 


De ve" (xp. (x’) =5(x—x’), 


we obtain 


t 
O= F O.=2Re f oleate sc my.) 
E,>0 
‘ Keik-dt, (2) 


At high energies the operator K in (2) is essentially 
the same as the free-electron operator Ko=(Ho 
+ |E,°|)/2|E,°|. Replacing K by Ko, we see that the 
coordinates of the scattering centers enter (2) only 
through factors of the form e+*#'. 
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We shall now show that it is possible to average 
independently over the scatterer coordinates entering 
through the factors e**#" and e+‘#(-™), Indeed, the 
nuclear coordinates in the first expression correspond 
to collisions which take place in a time interval 0—4,, 
whereas in the second expression the coordinates corre- 
spond to scatterers which undergo collisions at a later 
period ¢;—1. 

Suppose that a large number of collisions takes place 
during a time 4;; in this case, after one averages over 
the first collisions, the factors of the type e+‘#" will 
practically cease to be dependent on the collisions 
taking place at times close to ¢,, and this is just why 
independent averaging was found to be possible. 

We now write the integrand of (2) as the matrix 
element of the product of the operators in the represen- 
tation of the free-electron wave functions 


%p = t,he*?-*, 


Assuming Yo=¢p,*° (where po is the initial electron 
momentum) and designating the average by the sign 
{ ), we obtain from (2) 


t 
(Q)=2 Re f dre‘*'], (3) 
0 
where 
T=((Wo| e# A tKe# "Ae ‘Be iH4 | Yo) 
= LDL ((poro| e | pr) (prda| A 1K eA e-*| pode) 
pidip2d2 
X (por2|e~'”"| podo)), 


and 7=/—1t,. As the factors e+*#" and e+*#* are sta- 
tistically independent, we find 


DL ((poda| e~#| podo) (podro| e"#"| pid1)) 


pidip2dg2 


ra 
X( (piri! AtK pe" "Ae | pods). 


It should be noted that at high energies, where small 
relative changes of the electron momentum are im- 
portant, scattering does not change the spinor state, i.e., 


(pr|e*"#*| p'A’) =5y, x-(pr|e**| p’A), 
with an error of the order | p’— p|/p; and in this case 
T= X ((podo| e "| podo) (poro| e™ "| prdo)) 
ne X (prro| A tKoe#*Ae-#*| podo). (4) 


The first factor in (4), considered as a function of the 
variables pi, po, and ¢;, satisfies the same equation as 
the averaged density matrix 


((PrA0] p| Podo)) ={(prr0| e~*tp¢e# "| poXo)). 


It follows from this equation*® that the difference 
P2— Pi remains constant during scattering (this is a 
result of the uniformity of the scattering medium). As 
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the first factor in (4) equals 


5p1,podp2,p0 for t,=0, 


it may be written as follows: 


((podo!| e~ "| podo) (podro| e* "| pido)) 
= fo(pijti)dp2.m1. (5) 


The second factor in (4) may be written as the sum 
of the operator products in the momentum represen- 
tation. Using (5) and the expression for the operator A, 
we obtain 


((prro| A tK ge#7A e-iHr | P1Ao)) 


X (pido| a: e,| pi—k Ai) 


pA 
EM>0 


2re* 
— 


X (pi—k Ax |e” *| p—3k Ax) 
X (p—3k Aa| a: e,| p+3k Ao) 


X (p+2k Ao|e~"| piro)). (6) 
Here 
(Siur| a e,| Sou2) = (t4g1"",@- &,t4g2""), 


where %g;, 2“! are spinor functions. 
Let 


((p+3k do! e747] pido) (pi—k hi |e? | p—ik d1)) 
= f(p,7). 


.The equation coefficients and initial conditions (10) 
and (12) for f,*%™*(p,7) and fo °(pi,t:) are independent 
on the spin orientation and therefore, on summing over 
Xo and A, for a fixed energy sign, one may drop the 
spinor indices in these functions. 

Inserting (5) and (6) in (4), summing over the 
photon polarization, and averaging over the initial 
state spins, we get 

h=} DI 
ro, » 
E>0 
dp 


of om 
=F J eosn) flout) fl. (2x)? 


where 


L(pyp)= LD 
ody 
BE», EM >0 


X (p—$k Ai] a-e,|p+3k Ao). (8) 


(prAo| @: e,| pi— k A) 


It may be noted that the quantity 
(p+-3k do| | p— 3k A1) 
= (p+3k dole" | pido) (pi—k As | e*#7| p— 3k An) 
= (p+3k do] e-* "poe" | p— 3k Ai) 
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satisfies the equation dp/d7= —i|_H,p |. Moreover, 


Spp= D ($m1| | Sus) 


git 

= DL (piro| e#*| pdr) (pAr|e~*| pido) 
PAL 

=1, 


i.e., p is an element of the density matrix in the mo- 
mentum representation. We shall call the quantity 
fx(p,7) the averaged density matrix. 

The problem of averaging the transition rate reduces 
to determination of the averaged density matrix and 
to evaluation of the sum (8) and the integral (7). 

III. EQUATION FOR AVERAGED DENSITY MATRIX 


As was shown in‘ the averaged density matrix 
satisfies the equation 


Of (p,7) 
Or 


p . 
=e {Val BCE sie En 
T 
+6(Ey—ye"— Ep _yx™)} 
XLfe™(p’,7)—fe™(p,7)], (9) 


together with the initial condition which follows from 
the definition of f,(p,7): 


+i(Epp ye — Epae™) fir (p,7) 


Se (p,7) | --0= 5p, p1—k /2. (10) 

This equation differs from the classical kinetic 
equation in that the difference Ep;x*— Ep3,™! enters 
the left-hand side instead of (0£/dp)-k and the collision 
term is the half-sum of the usual collision terms for the 
momentum p+3k and energy E,;;.*° and for the 
momentum p—3k and energy E,-4,™'. For k&p, (9) 
changes into the classical kinetic equation for the kth 
Fourier component of the distribution function. The 
function fo(pi,/:) satisfies the equation 


8 fo%(pi,t1) dp’ ' 
= Dar f | Vp’—p1|°6(Ep°— E,*) 
dt (2)* 


XL fo%(p’,t1) — fo? (pi,tr) ], 


and initial condition 


(11) 
fo (pit) | .-0= 51, po. (12) 
From (11) and (12), we find 


dp; 
gh0Xo( 1,41)—— = 1 . 
f for(p (Om) 


(13) 


It follows from (11) and (12) that fo differs from 
zero only for ~:= 0, and therefore a function 29(0,t;) 
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can be introduced, in accord with the formula 


dp, 
fo add ie hal al ci tate (14) 


Vo (6,t:) | =-0=6 (6) ? 


where @= (pi— po)/Po is a vector in the direction of the 
difference between po and p;. From (13), we obtain 


f 09(0,t;)d0=1. (14” 
It is easy to see that fx(p,z7) differs from zero only 


for values of p which are close to g= po—$k. For r=0, 
it follows from (10) that 


2 


pok 
P= bit — geht pek(t — cos(p:,k)) =e (14+), 
g 


where 7 is a small angle between p, and k. 
We now introduce vectors corresponding to the 
angles between p and k and between p’ and k: 


n=P.i/g; n'=pi'/g; g=po—3k. (15) 


Here p, and p,’ designate the projections of p and p’ 
on the plane perpendicular to k. The 6 functions in the 
right-hand part of (9) may be rewritten as follows 


gk(n—n?) 


~5(p’—p). 
aa? (p’-9) 


i(Ey an—Epaw3( 9’ 


Thus during collisions the modulus of p remains 
approximately constant, with an accuracy 5p/p~7)’. 
One may use the approximate constancy of p to 
determine the function v(y,7) from the formula 


dp 
fulDiry ng OP eens )pae. (16) 


From condition (10), we obtain 
(pi—3k)s pu 
v(,7)|--0=8(4—m0);  m0=———=—, 
§ g 


(17) 


where mo is the vector of the angle between p,—3k 
and k. Vector mp is related to vector @ introduced in the 
foregoing by the relation 


Pi Po Pi Po Pu 


Oa Ae = mo (18) 
Po po Po Po po Po 


The vector of the angle between n=k/k and the 
initial direction of the electron has been denoted by @. 
From definition (15), we obtain 


p= (pn)n+ p,=gn-+ gn; 


19 
pMadete;:e-ede-tatn: * 
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The difference Ey;4x*— Ey-4x™ in (9) takes the form 
Eptyn— Ep yx 
=[1+ (pon+gn)*}}—[1+[(po—*)n+en PH 





(20) 


1 g 
= | 1 7» - | 
2po(po—k) 2po(po—k) 


Using (16) and integrating (9) over p, we get 


ao(e,r) 
onsale dbehole,s) 


T 
2 


ng 
=f IV (gla'—n)) *(009')—00))dn, (21) 
(2m)? 
where 
1 2k 
o-1(1-——_ ), ercnmree cit 
2po(po—k) po(po—k) 
For V(f) we adopt the expression 
ve 4nZe* 
i ’ 


+x? a 


ae, 


where a is the Thomas-Fermi radius a~137/Z}. 
Inserting this in (21), we get 


ov 
—+i(a—}bn?)» 
Or 


=f 2 [v(n’,r)—v(y,7)], (23) 
= v(n’,7)—v(n,7) ], 
¢ J[@’—n+or7 ' 





0:=K/g. 


Expanding »(y’,r) into a power series of ’—1, we 
obtain from (23) the Fokker-Planck differential 
equation : 

Ov 
+i(a—gbn?)o= gap, 


Or 
2nnZ*e4 02 B 
q= in( =) =—. 
g 6; g 


The quantity 6. may be determined from the condi- 
tion of applicability of the Fokker-Planck expansion. 
The first term of the series expansion is 


92 9d@ 0 
—fiAwv=} in(—)ay. 
6) 64 6; 

The next term is of the order 


2 6d0 a 
—# 
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The quantities 


) C ) 
J vemar= f v'dr and v'=e'*ty 
0 0 


will be needed in further calculations. The equation 
for v’ can be obtained from Eq. (24) by replacing a by 
a’=a—k. 

The significant values of y* are determined by the 
relation 


(a! —Sont)o'~by'o’~gAyo'; P~(a/b). 
This estimation will be confirmed below. 
Thus, the condition for expansion of » into a series 
has the form 


62? (b/q)*~In (42/4;) ; bx~ (q/b)*L!; L=In (62/0). (26) 


At sufficiently high energies, 62 may be of the same 
order of magnitude as the angle of diffraction by the 
nucleus which is equal to 1/gR, and in this case the 
upper limit of integration with respect to |9’—n| is 
determined by the quantity 1/gR. Putting R&0.512Z}, 
we obtain, for 6.>1/gR, 


L=In(1372/0.5Z?) =2 In(190/Z!). (27) 


IV. SUMMATION OVER ELECTRON SPIN AND PHOTON 
POLARIZATION 


It is not possible to carry out the summation over Ao 
and ), in expression (8) in the usual manner since the 
momentum subscripts in the spinor functions are 
different. 

The summation in (8) can be reduced to the determi- 
nation of the trace of two-row matrices. The spinor 
functions are taken in the form 


(25) 


js 1 
w= | ° bv n=| : 
Log/(E,+1) }o, 0 


(28) 





1 1+[g°/(E,+1)*] 2 


where oj, o2, and o3 are the Pauli matrices. The ‘3” 
axis is oriented along n. 
Substitution in (8) gives 


(— opio; 
a 
Eypi-k+1 Epi+1 
oo(p+3k) o(p—tk)o; 
x| + |}: (29) 
Ennt1 Epwtt 


We introduce the notation 





£(pi,p)=% L Sp 


i=1,2 





Pi 
Ent+1 
pi—k 


- Siena’ 


Eyitl 


From (29) we then get 


£(pi,p) =} } Sp(c;Be+ Aoo;) (¢.0C+ Doo) 
2 


i=l, 


=BD+AC—(Bn)(Cn)—(An)(Dn). (31) 

Each of the terms in (31) is close to unity. However, 
as further calculations show, the complete expression 
is of order n?. We now express (31) as a sum of small 
terms, in each of which only the first term of the 
expansion in powers of 1/fp is retained. 

Each of the vectors A, B, C, and D can be expressed 
as the sum of two terms, one of these being parallel and 
the other perpendicular to n: A= A,+Ao; Ajlin; Asin 
and similarly for B, C, and D. 

From (31), we then obtain 


L= (D,—C,)(B;— A1) + B.D.+-ALC.. (32) 


The magnitude of each term in (32) is of order 
~1/p or 7’. 


Using (17), (19), and (30), we find with the required 
accuracy 


1 
A,=C,=1-—; 
Po 


B,y=D\=1-— 


hie; B.= 
po po—k 
Insertion in (32) gives 
£=Ki+ Kam, 
Bett (Po 8 


po? po)? po? (po—k)? 


(34) 





V. PROBABILITY OF BREMSSTRAHLUNG 


Let W,(po,k)dk designate the probability of emission 
per unit length of a photon having an energy lying 
between k and k+dk. The initial electron y function is 
normalized per unit volume or, for c=1, per unit flux; 
thus from formulas (3) and (7), we obtain 


Be t 
apa fe f dreitr f Id8. (35) 
(2x)8 0 


Inserting into (7) the expressions for %, v, and £ 
defined by formulas (14), (16), and (34), we obtain 


re? 
f hdo=— f 00(0,t:)0(n,7)[Ki+-Kanne[d0dnd®. 
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Expressing ® through 0 and @ by formula (18), we get 


me? g 
frd0-= foo( note, hota) 
k Po . 


g 
x (KitKegno)—dnodnds. 
Po 


es the normalization condition (14’) for 1, we obtain 


W,= f dreitt f (K:+-Kemn) 
ree 0 


Xv(9,7)dndyo. (36) 


We denote the significant value of 7 in this integral by 
To. From (24) and (25), we obtain the estimates 


n'~q/b, to~1/bn?~1/ (bq)!, 


If the time of motion of the electron in the medium» 
t, is much greater than 70, the upper limit of the integra 
in (35) with respect to r can be replaced by infinity 
and W, ceases to depend on t. 

Only the case >r» or 1>1; will be considered below; 
1 is the thickness of the scattering material and /,=c7». 

For a condensed medium (n=3X10” cm-*), one 
obtains from (37): 


w~qro. (37) 


(38) 


po 1 
l,,~— —X10-* cm. 
Jk Z 


For Z=10, Eo= 10" ev (po= 10!°/5X 108=2X 10"), and 
k=4o, one obtains /,~0.2 cm. 

For £>7o, the angular distribution of the photons 
can easily be found. The width of the angular distri- 
bution defined by the function 1(0,/:) is of the order 
(P) w~qh. However, 1’~n0’~qr; therefore the function 
vo(gno/Pot+®, t1) can be replaced by v(@,/) and the 
photon angular distribution is given by the expression 


W,! (po,k,®)d8 = 09(8,0)W + (po,k)d®. (39) 


10 
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Fic. 1. Values of the functions ¢(s) and G(s) of Eq. (47). 
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Thus, the photon angular distribution is the same as 
that for multiple scattered electrons with an energy po. 
Let 


J eenrsneddno=ia(n,7); fo(asrindncino= (2) 


Since the coefficients in Eq. (24) do not contain mo, 
the equations for h; and R will coincide with (24) and 
the initial conditions 4:(y,7)|,-0=1; R(y,7)|-.0= 
follow directly from (17). 

The coefficients in Eq. (24) contain only 7’, and 
the solution can therefore be written in the form 
hy(y,7)=h(z,7); R(y,7)=ng(z,7), where z=41°; hk and 
g satisfy the equations 


ah 10h 
File bz)h= 24(—+-—), 
02? 2 02 
(40) 
ag 20g 
tile bz)g= 24(—+-—). 


02? 2 02 


We introduce the functions 


¢1(z)= f e‘*th(z,r)dr, 
0 


ex(a)=2 f e***9(z,7)dr. 
0 


Then, according to (36), 


2 
ws ekg 


Re{ Ki f exds+2K, f exis}. (42) 
2rpe 0 0 


The equations for g; and ¢g2 can be obtained by 
integrating (40) over 7 and using the initial conditions 
for h and g: 


21+ ¢1'+i(a+82z) ¢1= —1/29, 
2g2''+i(a+8z) g2= —2/2¢, 


(43) 
(44) 


TABLE I. Values of the functions ¢(s) and G(s) of Eq. (47). 








¢(s) G(s) 


o 





0 

0.094 
0.206 
0.475 
0.695 
0.800 
0.875 
0.917 
0.945 
0.963 
0.975 
0.985 
0.994 
0.998 


an 
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2 
>0; B=—————->0._ (45) 
Apo(po—k)q 2po(po—k)q 
The solution of Eqs. (43) and (44) and the compu- 


tation of the integrals in (42) are carried out in the 
Appendix. The following results are obtained: 


oo 1 o 
Re f ¢gidz=——-G(s); Re f g2dz= wat 
“0 12qa* 0 


(46) 
G(s) = 48s? (--- fe 


e x 
$(s)= 128 f aie dil sinsxdx— 6rs?, 
0 


sinst 
sinh sinh (1/2) 2) it), 


(47) 


1 k ) 
8g\ po(po—k)g/ 


The function ¢(s) was introduced in reference 3. The 
values of $(s) and G(s) are presented in Table I, and 
are plotted in Fig. 1. 

The asymptotic behavior of ¢ and G is given by the 
formulas 


0.012 


| 4 } 
s! 


0.022 


G,.0127s?; G,4.1- 


For s<1, one obtains 


which confirms the estimate of the significant values of 
n’, no given above. 

Substitution of (24), (34), (45), and (46) into (42) 
yields 


r 


eke? G ¢ 

| K, _ nina 

apc 12qa? 6a8q 

e 

yp BlPG(s) +20 p+ (po—k)* ]o(s)} ; 


T po 


B=2x2e'n |n(02/0;). 
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The estimate (26) for @. can be expressed in a more 
convenient form: 


Oy~ (q/b)*Lt= (1/28)*L'~L4/ 4. 


Put s21; then 


(50) 


2é 
W,= es a 


3rpo 


This expression differs from the familiar formula (see, 
for example reference 6) only by a factor of the order 
of unity under the logarithm sign. The uncertainty of 
the factor under the logarithm sign is a result of 
application of the Fokker-Planck method. Solution of 
the integral equation (23), a difficult task, should yield 
more precise formulas. 

Since the functions ¢ and G are close to unity for 
s=1, a convenient formula can be obtained by defining 
the numerical factor under the logarithm sign in the 
following manner: 

L=1n (62/61) = In(190/Z's?). (51) 
In this case, W, is defined for s<1, and for s=1 it 
coincides with the usual expression. 

For s1, Eqs. (48) and (49) yield 


8e? 
= =ppalee + (po—k)?] 
0 


é 


4 
- ————_ } Loe’+(po—k)*). (52) 
ar eee! 
In this case, the emission probability is proportional 
to the square root of the density. 
For kX po, one obtains from (49) (see reference 3) 


8e 
W,=—B¢(s). (53) 


3rk 


At very small photon energies the deviation of the 
dielectric constant from unity must be taken into 
account. The dielectric constant ¢ enters the initial 
formulas through normalization of operator A and also 
enters the integral over 7 in (3), where e**” should be 
replaced by e7; w=k/+/e. 

By considering the frequencies w>w.= 
one obtains 


we? k 
&1-—; w= =i(1+-). 
ow Je 


Taking account of ¢ in the normalization factor of A is 
equivalent to multiplication of W, by a factor which is 
close to unity and which can therefore be dropped. 


(4anZe*)}, 


(54) 
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Thus, the effect of the dielectric constant on the 
calculations is equivalent to substitution of the quantity 
a defined in (45) by a’: 


w-a w—k We? 
a’ = ——=a+——a 1+pr—)), 
2q 2q w 


(55) 


Using (49) and (47) one obtains for small & instead 
of (53) a more general formula 


2 


2 on! 
y=1+pc—, 
ow 


8e 1 
W,=—B'9¢(sy)-, 
Y 


oT 


(56) 


where B’ differs from B in that under the logarithm 
sign s is replaced by sy. At sy>1, y>>1 one finds 


4 k 
W,=—ZeéL—, 
3a po* 


(57) 


which is in agreement with the result obtained in 
reference 7 for this limiting case. Thus, radiation in a 
medium is not attended by any infrared catastrophe 
difficulties. 

In order to introduce the shower unit of length, it 
will be convenient to define a function §(s) which takes 
into account the variation of ZL with energy: 


1>s25, 


s>1 
S<Sy 


¢(s)=1+(Ins/Ins,), 
=1, 
=2. 
syt=Z3/190. 


(58) 


Here, s; is the value of s for which L=2 In(190/Z?). 
Formulas (51) and (58) yield 


B=2nne*Z*t(s) In(190/Z4) = $4 XK 137E(s)/to’, 


1 4neZ 190 
“Eu() 
Zt 


to’ =: 137 
to’ =to(mc/h) = 2.59X 10%o, 


where % is the shower unit expressed in centimeters. 
From expression (47) for s, one finds 





Qty’ ; 
=H ) 
po(po— k)137x£€(s) 


Rio ; 
=1.37X 10x(—___) . (60) 
po(po—k) 


The probability of emission per shower unit length is 


( 
W to’ = ) {°G(s)+2[po?+ (po— k)? }o(s)}. 
3pek 


(61) 
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In lead (4020.5 cm), for k=40, we obtain for s=1 
the values po>=2X10%, Ey>=5X10" ev; for s=0.2 
which corresponds to a 30% deviation of (67) from the 
Bethe-Heitler formula, we obtain Ey=1.25X10" ev; 
the value s=s, corresponds to an energy Ex2X 10" ev. 


VI. PROBABILITY FOR PAIR PRODUCTION 


Let W,(k,po) denote the probability per unit length 
of production of a pair, the electron of which possesses 
an energy lying between po and po+dpo (Wy is summed 
over all possible positron states). 

The probability for the inverse process W, may be 
found by summing over negative-energy states in (8) 
and by changing the sign of E™ in (9). The final 
formulas are obtained from those given above by 
replacing pp—k with k— po. For example, the quantity 
&=2(potpo—k) changes into Z=}(po—potk)=3k. 
Thus, the probability W,, which differs from W, only 
in statistical weight, can be obtained from (49) by 
replacing po—k by k— po. 


W ai in fac ) 
).=— a $ 5 
or 3ark 


+7 +(1-") Joo}. (62) 


Here § differs from s only in that po—k has been 
replaced by k— fo. The probability of pair production 
per shower unit of length is 


watt =a) +2] + (1-") fo . (63) 
3k Re? k 


At 5=1 this expression transforms into the familiar 
formula for pair production.® For <1, we get 


4£(5) ( po? po\? 
W pte! = {-+(1-=) s. 
k Rk? k 


Formulas (61) and (63) are solutions of the brems- 
strahlung and pair production problem for high energies 
in condensed media. 


(64) 
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APPENDIX 


Equations (43) and (44) can be solved by the 
Laplace method. Assuming 


u(d) = f gi(z)e “dz, 
0 


one obtains from (43) 


A\—ia 
u’+ 


448 2gd(?+i8) 


Hence 


thin 1 (—Y 
29 (A2?—A?)#X\A—A 


& dé 
xf ——( 
» EALP—#)! 


Ai=Ble-iz/4, = 





Ai €\4 

ys @a) 
Aité 
a 
—eitlt 
283 
The arbitrary constant £, is determined from the condi- 
tion of finiteness of the function ¢;(z) at zo. For 
this it is necessary that the function u(A) does not 
possess any singularities in the right semiplane, i.e., 


fi=A1. 
Expression (42) contains 


Re f ¢(z)dz= Rey.0u(A). 
0 


AtA=0, (A) has a logarithmic singularity and therefore 
lim,.0u(A) depends on how A approaches zero. It 
follows from the expression 


Rewa)= f exp(—°z) (Regi cos\’z— Img; sind’z)dz; 
0 
=)+in’, 


that it is sufficient for A to approach zero along the 
real axis in order that the equality 


f Regidz= Reu(0) 
0 


be satisfied. 
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Separating from integral (2A) the divergence at 
§=0, we obtain 


mdr 1 
Re wu(A)= Re -—| f = eee 
+0, argh =0 40, argh =0 2g Ai (A°— #)4 


Ai é » 1 1 Ai 
28 
ie hed ts 2 


1 Ai os 
es in(~)=—, 
0, args =0 Aj? r 48 


Re (A) 


A—0, argaA =0 


~ 869 298 


Inf = saline) ~ ' 


Inserting x=tanh(t/2) and separating the imaginary 
part, we find 


” 1 
f Reg,dz=——G(s); 
0 12qa?* 


ro} 


P in xe 1 sinst , GA 
= eR —st i 
©) P (¢ = | ; sinh (t/2) ): 





a -( k ) 
2(28)! 8g\po(po—k)q/ 


In order to solve Eq. (44), it will be convenient to 
introduce f= g2— (1/298), 


sf" +i(a-+B2) f=a/298. 
Se fdz, we obtain 


0)— (a/2qBr 
mek )— ¢ ’ q ) 5A) 
\?-+78 


(4A) 
Inserting v(A)= 
2A— 1a 
+78 


¢2(0)=0 and therefore f(0)=—i/2g8. The solution of 
Eq. (5A) is 


*0)= 1 1 (=) 
298 A122—A* \Ai—A 
A a Ai E\ 4 
xf (-)Ga)* 
d EF \Art+é 


Rev(0) is calculated in exactly the same manner as 
Reu(0). 
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Performing once again the substitution ¢/A;=x and 
separating the divergent part from the integral, we 
obtain 


1 
Re v(A)=—— Re af (= =) as 
A—+0, argh =0 2¢8°A—0, args =0 1+ 


-« f (=) -1]-iain(~) 


Inserting x=tanh(t/2) and separating the real part, 
we get 
oan 
Pers Oe f- —st 
4 a 


1/B8\* ¢* — cossit+sinst 
+(-) [—a 
2\27 Jo sinh (t/2) 


f Repads= f 
0 0 


1 
Re »(A)=— 
.0, argh =0 298" 


(6A) 


1 
Re fdz=——9(s), 
608g 
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where 


©  cosst+sinst 
pon : Pe eect 
0 cosh?(¢/2) 


+243? f 
0 


=128 f coth(t/2)e~* sinstdt—6xs*. (7A) 
0 


The functions ¢(s) and G(s) can be expressed through 
the logarithmic derivatives of the I’ function.’ 


o(s)=12s*{ — Im[W (s—is)+W(s+1—is)]—42} 
=6s—67s* 42458 ——_——_ 
k=1 (k+5)?-+5? 
G(s) =48s*[44+ Im¥ (s+3—is) ] 
= 12rs?— 485 > —__ 
b= (k-+-s+4)*+5? 


These formulas are useful for the tabulations of ¢(s) 
and G(s). 


® Relations (8A) were obtained by S. A. Heifetz. 
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Time Variation of Primary Heavy Nuclei in Cosmic Radiation* 


MASATOSHI KOsHIBA AND MARCEL SCHEIN 
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The time variation of heavy nuclei in the primary cosmic radiation was investigated by using the method 
of a moving-plate mechanism which was flown to an altitude of 100 000 feet by a Skyhook balloon. The 
results obtained clearly indicate a time variation of primary heavy nuclei Z>10. The variation is charac- 
terized by its maximum at around 9:00 a.m., having an amplitude of 341+7% at the maximum. Comparisons 
are made with other experimental data on the same subject and also with the neutron intensity variation 
on the same day at Climax, Colorado. Possible consequences of this rather large fluctuation of the primary 


heavy nuclei are discussed. 


I. INTRODUCTION 


HE primary cosmic radiation has long been 
studied as to the intensity, the energy spectrum, 

the chemical or isotopical composition.' The investiga- 
tion of the intensity variation with time, among others, 
is of importance in order to understand the problem of 
where and how the primary cosmic radiation is ac- 
celerated or modulated. Some information on this sub- 
ject has been obtained from the observations at sea 
level or at mountain altitudes using counters, ioniza- 


* Supported in part by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Summaries on these subjects are given, for example, in J. G. 
Wilson, Progress in Cosmic-Ray Physics (North-Holland Publish- 
ing Company, Amsterdam, 1952); W. Heisenberg, Kosmische 
Strahlung (Springer-Verlag, Berlin, 1953). 


tion-chambers, and neutron detectors. For example, 
from these observations we know approximately the 
type of intensity variations that exist in the cosmic 
radiation, the energy dependence of the intensity 
variation of a certain type, etc.! 

These investigations, however, are based on the ob- 
servations of secondary effects which were generated in 
the atmosphere by the interactions of the primary 
radiation; thus implying, among others: (1) that it is, 
in general, impossible to detect the intensity fluctua- 
tions of very low-energy primary particles which do not 
give rise to observable effects in detectors deep in the 
atmosphere, and (2) that at the present time the 
variations of heavy nuclei which constitute only a 
small fraction of the primary cosmic radiation cannot 
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be studied in a clear-cut way since the attenuation 
mean free paths of these particles are much shorter 
than those of protons which constitute the main body 
of the primary cosmic radiation. 

Obviously, observations at high altitudes by means 
of ballons or rockets have been the answer to overcome 
the first difficulty and have given additional informa- 
tion? on the energy dependence of various types of 
intensity fluctuations. The high altitude observations 
also render a possibility for observing the primary 
heavy nuclei before they are destroyed by collisions 
with air nuclei. The investigations of the intensity 
fluctuation of primary heavy nuclei was initiated in 
particular in 1950 by Lord and Schein,’ and by Freier, 
Ney, Naugle, and Anderson‘ who used balloon-borne 
photographic emulsions for detecting heavy nuclei. 
Additional experiments followed since then; some with 
photographic emulsions,>~’ some with a cloud chamber 
triggered by proportional counters,* some with scintilla- 
tion counters,? and some with ionization-chambers.!°! 
The results of these investigations, however, do not 
yield a very consistent picture. It must be borne in 
mind in this connection that: (1) the observations at 
sea level and at mountain altitude of the diurnal varia- 
tion of the neutron intensity” indicates that both the 
amplitude and phase change from day to day; (2) for 
charged particles coming from the direction of the sun, 
there seem to exist a few impact zones outside which the 
arrival of these particles to the earth, depending on the 
local time, is theoretically not allowed.'* Since the ob- 


2W. P. Jesse, Phys. Rev. 58, 281 (1940); R. A. Millikan and 
H. V. Neher, Phys. Rev. 56, 491 (1939) ; Lord, Elston, and Schein, 
Phys. Rev. 80, 970 (1950). 

3 J. J. Lord and M. Schein, Phys. Rev. 78, 484 (1950). 

‘ Freier, Ney, Naugle, and Anderson, Phys. Rev. 79, 206 (1950). 

5 Freier, Anderson Naugle, and Ney, Phys. Rev. 84, 322 (1951). 

6 Anderson, Freier, and Naugle, Phys. Rev. 91, 431 (1953). 

7V. H. Yngve, Phys. Rev. 92, 428 (1953). 

8 T. H. Stix, Phys. Rev. 95, 782 (1954). 

9E. P. Ney and D. M. Thon, Phys. Rev. 81, 1069 (1951). 

0G. W. McClure and M. A. Pomerantz, Phys. Rev. 84, 1252 
(1951). 

"Work of the cosmic-ray group at the State University of 
Iowa (private communication from Dr. Van Allen). 

12R. P. Kane, Phys. Rev. 98, 130 (1955). 

13 A, Schluter, Naturforschung 6a, 613 (1951). For a review of 
the work on this subject, see A. Schluter in Kosmische Strahlung, 
edited by Heisenberg eg ty | Berlin, 1953), Chap. 1 
See also J. Firor, Phys. Rev. 94, 1017 (1954). 
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servation of the primary cosmic radiation by means of 
balloon flights is, in general, limited in time within a 
fraction of a day, the above considerations may explain 
the lack of consistency between the experimental data. 
It is, therefore, important to show by a clear-cut and 
definite experiment, whether there does exist a variation 
of heavy primaries and, if that is so, when the maximum 
of the variation does occur and what the amplitude of 
it is. 
II. EXPERIMENTAL PROCEDURES 


The method used in this work is the one proposed by 
Lord and Schein* and subsequently developed by the 
University of Chicago group. It is called the method of 
moving plates. A similar technique was used by Freier 
and others.*~* The details of the method used in this 
laboratory were described by Yngve.’ A moving plate 
mechanism which contained two 4 in. x4 in. G-5 600 
thick emulsions similar to that used by Yngve was 
flown in a Skyhook balloon which was launched from 
Minnesota at 4:30 a.m. on June 24, 1955, and the 
apparatus containing the emulsion was dropped by 
parachute at 7:32 p.M. on the same day. The trajectory 
was very nearly a straight line connecting the launching 
and recovery point. The altitude variation at the top of 
the atmosphere for this flight is given in Fig. 1. 

The atmospheric pressure during the flight was 
measured by three independent barometers, one of 
which recorded for the first four hours (not shown in 
figure) and the other two for the entire flight period. 
These independent measurements of the atmospheric 
pressure agreed with each other for all three barometers 
within a few tenths of a millibar on a relative scale 
throughout the whole flight. For the purpose of correct- 
ing the percentage intensity variation of primary heavy 
nuclei for the change of the atmospheric pressure, the 
absolute magnitude of the pressure is actually not 
needed as long as we assume the exponential dependence 
on air depth for the attenuation of heavy nuclei. 
However, the pressure fluctuations during the flight 
are the ones to be measured with utmost precaution. As 
seen from Fig. 1, the measurement of the atmospheric 
pressure variation during the flight can be considered 
to be correct within an error of less than a few tenths 
of a millibar. If we take an attenuation mean free path 
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of 25 g/cm*, which is considered to be a good approxi- 
mation for nuclei of Z> 10, even an error of one millibar 
which is more than twice the error in the barograph in 
the measurement of the atmospheric pressure change, 
will lead to a spurious percentage variation of only 
about 4%. 

After the processing, the two plates of the moving 
plate mechanism were aligned and put together face to 
face as they were at the time of exposure. One of them 
was scanned for heavy nuclei using a 10X objective. 
The criterion for the acceptance of tracks was set to 
locate nuclei which are definitely heavier than oxygen 
nuclei. Since the tracks of shorter length give, in general, 
more accurate results of the measurement of their 
arrival time, we have to include many tracks of large 
dip angle with respect to the emulsion surface. There- 
fore, the 5-ray counting on individual tracks will not 
render a criterion much better than the comparison by 
inspection with some tracks of identified charges. The 
tracks of relativistic oxygen nuclei were located in the 
preliminary scanning by one of the authors (M.K.) and 
identified by their breakup into a particles. The tracks 
were accepted when they were, by inspection, very 
definitely heavier than these oxygen tracks. Hence, the 
actual Z spectrum of the accepted tracks sharply 
dropped at atomic number Z equal to or smaller than 
8. However, a 10-15% contribution from the group of 
C, N, O nuclei cannot be excluded. The contamination 
of slow a particles is negligible. It is then concluded that 
the accepted tracks were predominantly due to nuclei 
of Z>10. We do not claim that all the nuclei of Z2 10 in 
the scanned area were collected by this method or that 
the contamination of medium nuclei was very small. A 
contamination of Z<10, however, does not introduce 
any error in the intensity fluctuation experiment as 
long as the tracks are randomly chosen irrespective of 
of their relative displacement between the two moving 
plates, i.e., irrespective of their arriving time. When a 
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Fic. 2. Number of 
heavy nuclei as a 
function of their ar- 
rival time. The solid 
line and the dotted 
line represent the 
data without and 
with the corrections 
due to altitude 
change and latitude 
change, respectively. 
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track was found to be acceptable in the scanned plate, 
it was traced to the partner plate which was aligned on 
top of the former. The criterion here to assure the 
correct tracing was the visual density of the track and 
the two angles, the dip angle and the projected angle. 
Because of a low population of these heavy nuclei in the 
plate, the tracing was a very easy task. Since the two 
plates were moving with respect to each other at the 
time of exposure, the displacement of a track going from 
one plate to the other gives the arrival time of this 
track. The displacement in the direction of the plate 
motion was measured on each individual track. The 
correction for the dip angle and for the air gap between 
the plates has been done in a way similar to that 
described by Yngve.’ A total of 1796 tracks were 
analyzed in this way. 

In order to convert the displacement scale into the 
time scale, we made use of the following factual situ- 
ation: first, utmost precaution was taken to ascertain 
that the two plates were moving with a constan} 
velocity, and second, that due to the very short attenu- 
ation mean free path of heavy nuclei, they are observa- 
ble only close to the top of the atmosphere. Hence the 
sharp rise and the sharp decrease in the number distri- 
bution of heavy nuclei on the displacement scale were 
identified as the rising and the descending time of the 
balloon (see Fig. 2). Then the actual procedure was as 
follows: A distribution of the number of tracks was cb- 
tained in each 100-micron cell of displacement. The 
two ends of the number distribution were examined 
more carefully by using two sets of overlapping inter- 
vals, each of these 200 microns long and both derived 
from the original 100-micron interval. The number 
distribution in these two sets of displacement intervals 
gave a cross-check for the determination of the effective 
arriving and leaving time to and from the upper 
atmosphere. The two end points thus found were 
462+12 and 4162+21 microns of displacement corre- 
sponding to 6 a.m. and 7:30 p.m. Central Standard 
Time as recorded in the flight data. The uniform veloc- 
ity of the moving plate mechanism was hence found to 
be 275+6 microns per hour. The tracks were now re- 
grouped according to the new set of displacement cells 
which started from 462 microns and had constituent 
cells of a width of 275 microns each. The final results 
are presented in Fig. 2, where the number of tracks is 
plotted against the time of arrival. 


Ill. RESULTS AND DISCUSSION 


In order to obtain the actual time variation of heavy 
nuclei, we have to make two corrections, i.e., for the 
altitude variation and for the latitude drift during the 
flight. The altitude correction in this experiment is very 
small because of the leveled flight at high altitude, as 
can be seen from Fig. 1. The correction was, in effect, 
found not to exceed 3% in any time interval throughout 
the flight at high altitude. The attenuation mean free 
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path of heavy nuclei, as mentioned previously, was 
taken to be 25 grams/cm’. This value may be somewhat 
too small (which makes the correction smaller), the 
change of this value within a reasonable range does not 
give any noticeable effect on the final results of the time 
variation of heavy nuclei since the absolute magnitude 
of the correction itself is very small. In addition to this 
altitude correction, we have to make another correction 
for the latitude changes (north-south drift) during the 
flight. This drift gives a spurious time variation during 
the flight due to the influence of the earth’s magnetic 
field on the trajectories of incoming heavy nuclei. The 
latitude correction was made by using the data on the 
trajectory of the flight and using a momentum spectrum 
of the form“ 1/P for the integral spectrum of heavy 
primaries. The total change in intensity due to this 
effect was found to be less than 8%, from the launching 
point to the end point of the flight. This correction 
would actually become still smaller if the exposure at 
Minneapolis took place above the knee of the latitude 
curve, as was reported by Ney.!® Applying the correc- 
tions for altitude and latitude on the results shown by 
a solid line in Fig. 2, the dotted line was obtained. 
Twice as large time intervals were used for a final plot, 
in order to increase the statistics within each interval. 

The results are shown in Fig. 3. In this figure the 
percentage variation of the intensity of heavy nuclei is 
plotted against local time. The points represent the 
variation from the average intensity over the period 
from 6:00 a.m. to 7:30 p.m. The vertical lines indicated 
in each interval are the statistical errors and accordingly 
were taken to be the square root of the total number of 
tracks in the interval. The results shown in Fig. 3 
clearly indicate a large increase, 30+-7%, of the heavy 
nuclei intensity at a time between 8:00 a.m. and 
10:00 a.m. If we derive the ratio of the afternoon in- 
tensity to that in the morning, we get a value of 
0.87+0.05. This value is in agreement with the value 
0.86+0.16 which Stix® derived from his experiment 
at 41° N with a balloon borne cloud-chamber. The 
experiments of Ney and Thon with scintillation counters 
detecting predominantly a particles and Z<10 nuclei,® 
and Anderson, Freier, and Naugle® with nuclear emul- 
sions, on the other hand, gave 1.44+0.18 and 1.0+0.2 
for this ratio, respectively. However, it is important to 
point out that both of these experiments did not cover 
the period around 9:00 a.m. where the maximum was 
observed in this experiment. Therefore, their results 
do not directly contradict the existence of an increase 
at around 9:00 a.m. as observed here. The results of a 
similar experiment by Yngve? seemed to show, in 
general, an over-all increase around noon. However, his 


4 For primary protons the shape of the integral spectrum is well 
represented by 1/P (P. H. Barrett e¢ al. Revs. Modern Phys. 24, 
133 (1952). The spectrum of heavy nuclei is not much ‘different 
in general from that of protons. See reference 1. 

16 FE, P. Ney (private communication). 
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results cannot be compared in detail with the ones 
presented here, since the altitude correction he had to 
make could have caused a considerable shift of the posi- 
tion of the maximum. The other experiments*-5 gave 
their results in terms of the ratio of night flux to day 
flux. Lord and Schein,’ and Freier, Ney, Naugle, and 
Anderson‘ reported that the night flux was considerably 
smaller than the daytime flux. In the present experi- 
ment we do not have the data on the night flux. These 
results, however, are not in contradiction with ours if 
we assume we had only a small variation, if any, of the 
intensity during the night-time. Such an assumption is 
not unreasonable if the particles which give rise to the 
increase of the intensity arrive from the general direc- 
tion of the sun, since calculations showed that the 
main impact zone at the location of the exposure 
(Minneapolis) occurs around 9:00 a.m. for particles 
coming from the general direction of the sun. On the 
other hand, Freier, Anderson, Naugle, and Ney’ in their 
experiment with nuclear emulsions reported approxi- 
mately equal fluxes for day and night time. Most, 3, of 
their results on the daytime flux were, however, ob- 
tained from balloon flights which did not cover the 
9:00 A.M. time period. As far as the experiment of 
McClure and Pomerantz is concerned,” a direct com- 
parison cannot be made since at the present time it is 
difficult to separate nuclei of 7210 with ionization 
chambers.!* 

In conclusion, it is of great interest to know whether 
the observed intensity maximum at around 9:00 a.m. 
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Fic. 3. Percentage variation of heavy nuclei flux with the loca 
time. In the lower figure the neutron data at Climax, Colorado are 
plotted on the same day. The vertical lines in both the figures are 
the statistical standard errors. 


16G, W. McClure and M. A. Pomerantz, Phys. Rev. 79, 911 
(1950). 
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is of a permanent nature or whether the explanation in 
terms of a varying amplitude and varying phase should 
be applied in order to make all the experiments appear 
to be consistent with each other. Only additional 
experiments can yield a final decision between these 
two alternative interpretations. 

As to the problem of the intensity variation of heavy 
nuclei observed on this particular day of June 24, 1955, 
there may be raised the question that the observed 
fluctuation might have been due to some rare disturb- 
ances in the cosmic radiation on this particular day so 
that this result does not represent the general behavior 
of the heavy component on a so-called undisturbed day. 
For this purpose one may compare the results of this 
experiment with those obtained by neutron detectors 
on the same day. Simpson’s neutron detector at Climax, 
Colorado, was chosen for this purpose because of its 
location at a higher altitude (11 200 feet) and at a 
latitude and longitude not much different from that of 
this experiment. The neutron data are also shown in 
Fig. 3 and were plotted in a way comparable to those 
of the heavy nuclei. The errors indicated in the neutron 
data are statistical errors.'7 The small over-all change 
in neutron intensity indicates that this day, June 24, 
1956, was a so-called “quiet” day with no marked 
disturbances present. However, a possible slight de- 
crease in the intensity of the neutron component run- 
ning somewhat parallel to that of the heavy nuclei is 
indicated in the figure. Therefore, we can conclude that 
the large variation in the intensity of the heavy nuclei 
component, Z210 in the primary cosmic radiation 
occurred on a day which was relatively undisturbed as 
far as the neutron component at Climax is concerned. 

Some remarks may be made as to the cause of this 
intensity fluctuation. First we assume an electric modu- 
lation mechanism which gives an amplitude for the 
variation approximately inversely proportional to the 


17 7000 counts/min given by J. A. Simpson et al. [Phys. Rev. 90, 
934 (1953) ] for the typical counting rate of this detector. We wish 
to thank Professor Simpson for furnishing us the neutron data. 
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total energy of the particles.'* Accordingly, one esti- 
mates that a 30% variation at 55° N of the heavy 
nuclei component Z210 would correspond to a 9% 
variation in the neutron component at Climax, 
Colorado. This is in direct contradiction with the 
observation shown in Fig. 3, which shows no variation 
larger than 1%. However, as an alternative we can 
consider a varying energy cutoff of the primary particles, 
possibly due to varying magnetic fields. In this case in 
general, it is not impossible to obtain a fluctuation as 
large as that observed at 55° N while the neutron 
component at Climax remains unaffected. This is due 
to the fact that the geomagnetic latitude of Minne- 
aplois is very close to the knee of the intensity-latitude 
curve. (Lately some indication was obtained that 
Minneapolis is already beyond the knee for a par- 
ticles.'®) The third possibility for the cause of the ob- 
served effect may be the direct emission of heavy 
nuclei from the sun. The position of the observed 
maximum in the present experiment would not seem 
inconsistent with this assumption. However, in order 
to explain the constancy of neutron detector data within 
1% as shown in Fig. 3, one would have to restrict this 
process to heavy nuclei only, of energy less than about 
2 Bev per nucleon.!® 

The final answer to the problem of the nature of the 
intensity variation of heavy nuclei obviously requires 
further studies. It is our intention to carry out addi- 
tional experiments similar to the one described_in the 
present paper. 
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18 See, for example, W. H. Fonger, Phys. Rev. 91, 351 (1953). 

19 q@ particles should be excluded from the process since other- 
wise neutron monitors would show a considerable variation, 
except if the a component undergoing the variation has energies 
less than 0.8 Bev corresponding to the cutoff energy for the 
neutron detector. 
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Three (K~,p) scattering events have been found in following 560 cm of negative K-particle track in 
nuclear track emulsion. The masses of the negative K-particles as calculated from the ranges and angles of 
the secondaries are not inconsistent with the mass of the r* particle. 1634 cm of track length from other 
experiments in which no (K~,p) scatterings were observed have been added to the 560 cm of this experiment 
to give an elastic scattering cross section of 44 millibarns. 





HREE negative K-particle—proton scattering 
events have been observed by following 560 cm 
of K- track in Ilford G5 emulsion. 520 cm of track were 
followed in a stack of 112 pellicles each 6 in.X 6 in. X 600 
microns, and 40 cm of track in a stack of 20 pellicles 
each 3 in.X6 in.X600 microns thick. The stacks 
were exposed in the K-particle beam! of the Berkeley 
bevatron and subtended a momentum interval from 
270 to 380 Mev/c. The (K~,p) scatterings are of 
interest as they give an estimate of the (K~,p) elastic 
cross section and an independent measure of the mass 
of the negative K-particle. Two positive K-particle— 
proton scattering events have come to our attention?; 
to the best of our knowledge no (K~,p) scattering events 
have been reported. 

In event 64 the A~ suffered a deflection of 80° and 
the proton went forward at an angle of 33° to the 
incident K~-particle. The K~ came to rest after travers- 
ing 1.3 mm of emulsion and produced at its end a 
three-pronged star. The steep vertical angles of the 
proton and K~ and their short ranges after the scatter- 
ing made identification by ionization or scattering 
difficult; however, scattering and ionization measure- 
ments made on the incident particle are consistent 
with a K-particle energy of 35 Mev, a value that was 
calculated from the ranges after the collision. 

Event 65 is an example of a grazing collision in which 
the K~ was deviated by 15° and continued on for 51 
mm before coming to rest with a p-type ending and 
an associated blob but no visible prongs. Scattering 
and ionization measurements versus range, both before 
and after scattering, each gave a mass value of approxi- 
mately 1000 electron masses. The proton left the 
collision at an angle of 81°. 


TABLE I. Data on (K~ 


, P) scattering events. 


Event 113, which is shown in Fig. 1, is particularly 
interesting in that the K~-, after suffering a 101° 
deflection in the collision, continued on for 505 microns 
to end in a four-pronged star, one prong of which is 
apparently a hyperfragment.® Ionization measurements 
on the incident particle are consistent with a K-particle 
of an energy of 32 Mev as calculated from the ranges 
of the secondaries. 

Some of the measurements of interest which were 
made on the three events are shown in Table I. The co- 
planarity is the angle between the incident K-track and 
the plane of the secondaries. The tilt is the angle in 
the unprocessed emulsion between the plane of the 
(K-,p) scattering and the plane of the emulsion surface. 
6, and @x are, respectively, the angles of the proton 
and the scattered K-particle measured from the 
direction of the incident K-particle. Rp, and Rx are the 
ranges of the proton and the K-particle after the 
scattering. The kinetic energy, 7, of the incident 
K-particle when it struck the proton was obtained from 
the ranges of the scattered particles where a mass of 
966 m, was assumed for the K-. The angle @x*, in the 
center-of-mass system, between the scattered K-particle 
and the direction of the incident K-particle is shown 
in the last column. 

Four independent measurements, 0,, 0x, Rp, and 
Rx, were obtained from each of the (K~,p) scattering 
events. The data have been treated in seven ways to 
obtain the negative K-particle mass. The first four 
ways depend upon the fact that only three of the above 
four measurements, combined with energy and momen- 
tum conservation, are riecessary to calculate the mass 
of the K~-. The fifth method makes use of the included 
angle between the scattered K-particle and the proton 














Event Coplanarity Tilt Op OK 
No. (deg) (deg) (deg) (deg) 


TK 
Rp Rx (Mev) 





80.341.4 
14.541.9 
101.4+1.0 


32.9+1.0 
81.041.8 
22.9+1.0 


od 1.0+0.9 82 
65 0.50.9 51 
113 1.5+2.6 21 


(2.29+0.04)mm (1.27+0.05)mm 34.5 
(117+2)u ($1.4+1.0)mm 105.5 
(2.71+0.05)mm (505+10)u 32.1 








* Work performed under the auspices of the U. S. Atomic Energy Commission. 


1 Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 99, 641(A) (1955). 
F ?Chupp, Goldhaber, Goldhaber, Johnson, and Lannutti, Phys. Rev. 99, 1042 (1955). A second (K*,p) scattering event has been 


found by these authors. 


* The analysis of this hyperfragment has not been completed and will be reported in a later paper. 
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and is consequently independent of the direction of the 
incident K~. The sixth method uses all four measure- 
ments and only conservation of momentum transverse 
to the incident K-particle in the plane of the scattering. 
This calculation gives the mass of the K particle 
leaving the reaction and is independent of the mass of 
the incident particle. The last method uses all four 
measurements, the conservation of momentum parallel 
to the incident K-particle, and energy conservation. 
These resulting seven mass values with standard devia- 
tions are shown for each event in Table II. It is empha- 
sized that the different methods of calculating the 
masses are not independent and that the best measure of 
the K-particle mass for each event is the mass with the 
smallest error.t The nature of event 65, for which the 


TABLE IT. Calculated masses in units of the electron’s mass 
for three negative K-particles. 








Event 
No. 113 


99311 
997+42 
988+60 
988+60 
9944-14 
99867 


992+23 


Event 
No. 65 


980+220 


Event 
No. 64 


1008+ 26 
1011+40 
1006+61 
1006+61 
1009+ 29 
10131448 


1006+ 38 


Method 
Ox, Rp, Rx 


9p, Rp, Rx 

Oy, Ox, Rx 

9p, Ox, Rp 

Included angle, Rp, Rx 
Transverse momentum 
Longitudinal momentum 
and energy conservation 





1000+ 220 








‘ The errors shown were compounded from range straggling and 
an estimate of our ability to measure the space angles between 
tracks. The masses were most sensitive to the space angles for 
which it was difficult to make accurate estimates of the errors. 
Consequently the deviations of the masses from 966m, are not 
considered significant. 
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Fic. 1. A photomicro- 
graph of event 113 in 
which a negative K- 
particle (K,~) is scat- 
tered from a proton (p) 
and continues on (K-27) 
to end in a 4-prong star. 
Prong (A) is a light 
meson which leaves the 
emulsion stack; (B) and 
(D) are short and un- 
identifiable; and (C) is a 
hyperfragment.* 


transfer of longitudinal momentum to the proton was 
small, was such that only the transverse momentum 
method and the method jusing @x, Rp, and Rx gave 
sufficient accuracy to calculate a meaningful mass. 

In these three events one cannot rule out completely 
the possibility that the K-particle collided with a 
proton on the periphery of a nucleus. However, the 
following conditions which are necessary for scattering 
from a free proton are met by these events: (1) There 
were no recoils, blobs or electrons at the scattering point. 
(2) The three tracks were coplanar within experimental 
errors. (3) The masses obtained by the different methods 


TABLE III. Comparison of measurements of the mass of 
negative K-particles. 








K~ mass 


(me) 
931424 


Experiment Method 


Hornbostel and Salant* 


Chupp, Goldhaber, 
Goldhaber, and Webb> 





Hp and range 
Capture by proton >966+6° 
in emulsion to give 
>t and x >935+5° 
K~ to K* mass ratio 96312 
obtained from ranges 

in emulsion for same Hp. 


Webb, Chupp, Gold- 
haber, and Goldhaber* 


Capture by C® in 
emulsion 


Gilbert, Violet, and 
White? 








* J. Hornbostel and E. O. Salant, Phys. Rev. 98, 339 (1955). 

> Chupp, Goldhaber, Goldhaber, and Webb, ‘Proceedings of the Inter- 
national Conference on Elementary Particles, Pisa, 1955,’’ Nuovo cimento 
(to be published). 

© Webb, Chupp, Goldhaber, and Goldhaber, Phys. Rev. 101, 1212 (1956). 

4 Gilbert, Violet, and White, Phys. Rev. 103, 248 (1956). 

* The 2 in these events may decay in flight. 
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of calculation, which weight the four independent 
measurements differently, are all consistent with the 
same mass value for a given event. (4) The masses 
obtained are not inconsistent with other independent 
measurements of the negative K-particle mass. Table 
III lists some other measurements of the K~ mass. These 
masses, along with the masses from the three scattering 
events of this paper, are consistent with a mass of 
966 electron masses, the mass of the r* particle. (5) 
Only on event 65 was it possible to make accurate 
ionization measurements on the K-track before and 
after the scattering. These measurements gave an 
energy change of +5+10 Mev which is inconsistent 
with a large energy loss at the point of scattering. It 
should also be noted that the 4-Mev proton from this 
event lies below the Coulomb barrier for the heavy 
elements in the emulsion. 

Although the number of events is low, an estimate of 


5 R. Haddock, Phys. Rev. 100, 1803 (A) (1955). 
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the (K~,p) elastic scattering cross section is of interest. 
Three scatterings in 560 cm of track analyzed in this 
experiment give a cross section of 170 millibarns. If 
additional length of track of other observers* is included 
in which no (K~,p) scatterings were observed, a cross 
section of 44 millibarns is obtained. This is in agreement 
with a geometric cross section for the (K—,p) interaction. 
The ratio of the (K~,p) cross section to the (Kt,p) 
cross section (~15 millibarns)’ is about 3 and is in 
agreement with the ratio of the cross sections for the 
K~ and K* interactions with nuclei in emulsion. 

We wish to thank Irene Brown who found the three 
events, A. J. Oliver for processing the emulsion, and 
Dr. E. Lofgren and the Bevatron crew for their coopera- 
tion in the emulsion exposure. 

* Webb, Chupp, Goldhaber, and Goldhaber, 630 cm (to be 
published); J. Hornbostel and E. O. Salant, 136 cm, Phys. Rev. 
102, 502 (1956); D. M. Fournet and M. Widgoff, 868 cm Phys. 
Rev. 102, 929 (1956). 

Goldhaber, lloff, 


7Lannutti, Chupp, Goldhaber, 
Pevsner, and Ritson, Phys. Rev. 101, 1617 (1956). 
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Properties of Heavy Unstable Particles Produced by 1.3-Bev =~ Mesons* 
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(Received June 15, 1956) 


A propane bubble chamber has been exposed to a x~ beam of 1.3-Bev kinetic energy. The reactions 
x +p—=-+Kt*, 
x +p +, 
T+ prD+P, 


can be experimentally distinguished from carbon events. Results based on the first 55 such events are 
presented. The center-of-mass production distribution of the =~ is peaked forward, that of the A° backward. 
No large anisotropies in the angular correlation of production and decay were found, so that we have no 
evidence for spin in excess of $ for any of the three particles: 2~, A°, or #. A study of the relative abundance 
of single and double V production indicates that both A° and # have either long-lived “states” or neutral 
decay modes. A statistical analysis gives &,0=0.3_0.12+°45, &o=0.3_0.12*°%, for the normal charged decay 
probabilities (A°9>1-+p; ®>2*++27-) of the A° and @, respectively. One event was analyzed to obtain the 
energy released in 2~ decay. 2-—>7-+n+Q; Q=118+2.6 Mev. The =~ lifetime on the basis of 16 decays is 


(1.40.5?) X10- sec. 


I. INTRODUCTION 


HE production of strange particles by high-energy 
mesons in hydrogen has been studied by Fowler, 
Shutt, Thorndike, and Whittemore! ina diffusion cloud 
chamber. It was this experiment which demonstrated 
that hyperons and K mesons are produced in accordance 


* This research is supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. Reproduction in whole or in part is permitted for any 
purpose of the U. S. Government. 

t On leave from CERN Laboratories, Geneva, Switzerland. 

t National Science Foundation Fellow. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 121 
(1954). 


with the hypothesis of associated production.?* A simi- 
lar study, at lower energy, was made by Walker and 
Shephard.‘ In total, 14 events have been observed, 9 by 
the Brookhaven group at ~1.5 Bev and 5 by the 
Wisconsin group at ~1 Bev. We present here prelimi- 
nary results from an exposure of a liquid propane bubble 
chamber to a 1.3-Bev (kinetic energy) m beam at 
Brookhaven. 


2M. Gell-Mann and A. Pais, Proceedings of the Fifth Annual 
Rochester Conference on High Energy Physics, 1955 (Interscience 
Publishers, Inc., New York, 1955). 

8 T. Nakano and K. Nishijima, Progr. Theoret. Phys. Japan 10, 
581 (1953). 

4W. Walker and W. Shephard, Phys. Rev. 101, 1810 (1954). 
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Fic. 1. x +p>2-+K*, B-— 
x~-+n. The =~ decay product 
stops in the chamber and makes 
a star which shows a short 

s, proton recoil. It is therefore 
identified as a x~. 
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In particular, we report here results based on the 
observation of 55 strange-particle production events in 
hydrogen (described in Tables I, II). These data are 
only the beginning of a much larger body of information 
expected in the near future with the continued utiliza- 
tion of bubble chambers. Considerably larger chambers 
will soon be in use, and one might hope to see several 
hundreds of such events. A more complete report on the 
experimental methods and more extensive results will 
appear later. The results described below include in- 
formation on: (1) production angular distributions; 
(2) decay angular correlations; spins of the strange 
particles; (3) lifetimes and alternate decay modes; and 
(4) Q value for =~ decay. 


Il. EXPERIMENTAL CONDITIONS 


The chamber is 6} in. in diameter and 4 in. deep. By 
using dark-field photographic technique, two views are 
taken with a stereoscopic angle of 0.25 radian. There is 
no magnetic field. The propane is kept at a temperature 
of 57.5°C and a pressure of 340 psi before expansion. 
The density of expanded propane is 0.43 g/cm’; the 
hydrogen density is 0.078 g/cm’, which is slightly larger 
than the density of liquid hydrogen. The incident beam 
is carefully collimated and magnetically analyzed in 
such a way that the spread in beam energy deduced 
from the plotted trajectories is +19. The absolute 
value of the pion beam momentum is 1.433+0.015 
Bev/c, as will be shown later. The exposure of 35 
effective hours produced a total of ~25 000 pictures, 
with an average of ~15 tracks per picture. 


Ill, IDENTIFICATION OF EVENTS 


Identification of various production events is based on 
the kinematics of the reactions 


(1) a+ pod-+Kt, 
(2) a-+poa"+e", 
(3) aw +poD+H, TA’+y. 


The assignment of charge in reaction (1) is based on the 
ideas of Gell-Mann,* which have been most fruitful in 
the correlation of strange particle processes. According 
to these views, the process *-+—2++K-, which is 
indistinguishable from (1) in our experiment, is for- 
bidden. The events of reaction (1) appear as 2-prong 
stars produced by the incident x. In order that a two- 
prong star be classified as a 2~— K* production event, 
it must satisfy the following criteria: 

1. The three tracks must be coplanar. 

2. The angles of the tracks must be consistent with 
the known reaction kinematics. 

3. The bubble densities and multiple scatterings of 
tracks must be consistent with those expected for K’s 
and 2’s at the observed angles. 

4. The ranges of any stoppings in the liquid must be 
consistent with those expected from the kinematics. 

5. At least one of the secondaries must show a decay 
in the chamber. 

Examples of such events are shown in Figs. 1 to 3. 

Each projected angle is usually measured with an 
accuracy of ~+0.3°; this results in an error of ~+1° in 


the calculated space angle. The bubble density and 


5 M. Gell-Mann (to be published). 
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Fic. 2. 2-+p-2-+K,s*. 
here both the =~ and K?* de- 
cay. The K* decay product it- 
self decays into an electron, and PES IOI RG. alge 
is therefore identified as a u*. : 
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scattering criteria are used only qualitatively. Since ap- 
proximately half the total proton cross section in the 
chamber is contributed by carbon protons, the possi- 
bility that some of the events reported here are grazing 
collisions in carbon, rather than collisions with free 
protons, must be considered. To obtain an estimate of 
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3. w+ por +Ka". 
The K+ decay product is mini- 
mum-ionizing and scatters se- 
verely, and is therefore identi- 
fied as an electron. The elec- 
tron was erroneously labeled 
ax* and should read e*. 





the number of such quasi-elastic events, some 1200 two- 
prong stars were systematically studied. In particular 
they were scrutinized for a possible diffuse grouping 
about the r—p elastic scattering angular correlation 
curve, since the Fermi momentum of a struck carbon 
proton should give rise to momentum unbalances of the 
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order of ~550 Mev/c or angular deviations of the order 
of ~10°. The results of this study, together with the 
hydrogen elastic scattering data, will be reported in 
more detail later. We content ourselves here with the 
statement that, of the 1200 stars, 660 were identified as 
m—p elastic collisions within the precision of our 
measurements and that the remainder showed no diffuse 
grouping about the r— kinematics. We feel that the 
background, extended into our region of acceptance for 
m—p productions, can contribute at most ~10 events, 
and consequently the carbon contamination is entirely 
negligible. In the case of 2-— K+ production the selec- 
tion criteria are equally precise, so that the carbon 
contamination in the 17 events found is probably much 
less than a single event. In the case of A°—@ production 
the selection criteria are usually not so restrictive to 
background. We feel, however, that here too the carbon 
contamination can contribute at most 2 or 3 of the 37 
events reported. The measurement accuracy for these 
events will be discussed in more detail later. 

We have found, to date, 17 examples of the reaction 
x +p—=-+ K+. Of these, 16 show the decay of the =- 
in flight. In 5 events the decay product of the K+ 
appears in the chamber. In three of these cases the 
secondary is a fast, lightly ionizing particle; in one case 
(Fig. 2) the K+ stops in the top glass quite close to the 
liquid surface, and the decay product reappears in the 
chamber and stops with the emission of an electron. The 
secondary is, therefore, a ~ meson of about 20 Mev. 
This is, then, an example of the production of a K,3* in 
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hydrogen. In another event (Fig. 3) the K+ stops in 
the chamber emitting a minimum track which scatters 
severely and is, therefore, identified as an electron. The 
momentum of this secondary is ~40 Mev/c. This is an 
example of K.3+ production in hydrogen. In two cases 
the K+ suffers a nuclear collision before stopping. In 
both of these the K+ is quite slow. In one case the 
scattering is without visible recoil and is therefore in 
carbon. In the other case the K+ with a residual energy 
of ~10 Mev scatters on a proton. No scatterings of the 
=~ were observed, and no =~ stars were observed in a 
total path of 37.7 g/cm? of propane. No events were 
found which were incompatible with the assumed charge 
assignment for the = and K. 

Events of reaction (2) appear as mesons stopping in 
the chamber with the appearance of one or two V’s 
formed by the decay products of the neutral unstable 
particles. Examples are shown in Figs. 4 and 5. If only 
one V appears, we require that the two tracks of the V 
decay be coplanar with the line of flight of the neutral 
particle; i.e., the line joining the end of the stopping 7 
and the vertex of the V. In addition, the angles of the 
A°(®) decay products determine the energy of the 
A°(@) if one makes use of the well-known Q values for 
these reactions.* The energy measured in this way must 
then agree with that expected on the basis of the 
observed A°(@°) production angle and known production 
kinematics. In the event that two V’s are observed, 
since the above procedure is applicable for each V, the 
event is well overdetermined. Furthermore, it is re- 


7. ce beg Presdace on 
e : 


Pee Aes 4 
SB 


Fic. 4. A A°—@ production in 
which only a single V is seen. 
The V is identified as a A° and 
shows a slow m~ producing a 
star. 








*R. W. Thompson, “International Congress on Elementary Particles, Pisa, July, 1955,”” Nuovo cimento (to be published). 
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Fic. 5. A A°—® production in 
which both V’s are seen. The 
A® shows, characteristically, a 
heavily ionizing proton and a e 
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quired that the bubble densities, multiple scattering, 
and the ranges of the secondaries, when available, be 
consistent with the kinematics of the reaction. In 
judging the precision of the method, it should be kept in 
mind that the end of the incident z~ is not precisely 
defined because of the finite bubble density. The proba- 
ble error in position due to this effect is ~} mm. The 
average A°® and @ path length is ~2-3 cm, but those 
with path lengths of the order of a few mm are not 
measured with good precision. The usual accuracy in the 
determination of the energy of the A° and # is ~5-15% 

The evidence for the existence of a 2° with a mass near 
that of the =* is still not conclusive. However, there are 
strong theoretical reasons® to postulate this particle and 
its decay in a very short time (~10-” sec) into a y ray 
and A° with a Q of approximately 70 Mev. In our 
pictures this production event would appear almost 
identical to reaction (2) (since the £° would decay at the 
origin), but with the following differences: 

1. If a & appears, for a given angle of appearance the 
kinetic energy would be lower than that in a A°-@ 
production event by an amount which varies from 
~20% at small production angles to ~50% at larger 
ones. 

2. If a A° appears, its energy is not uniquely deter- 
mined by the production angle. It can, in fact, have a 
reasonably large spread depending upon the angle of 
emission of the y ray. 

Of the 38 events in categories (1) and (2), only 4 
exhibit both V’s in the chamber; 3 of these fit A°9—# 
production well, the fourth fits well for 2°—@ production 


and does not seem reconcilable with (2). The remaining 
34 events consist of only one observed V. Of these, 19 
are A°’’s and 15 are @’s. In these categories, 15 events 
cannot be measured well enough to distinguish A° and 2° 
production confidently. 17 others are definitely identifi- 
able as A°—@ production, and only 2 events exist for 
which >° production seems definitely indicated. Both the 
latter are events in which a & was observed ; no events in 
which a single A° was seen can be unambiguously in- 
terpreted as °—@ production. 


IV. BEAM ENERGY 


The most accurate determination of the beam energy 
utilizes two events of the type x-+ p-2~+ K+ in which 
the K+ comes to rest without nuclear interaction. Using 
mass values Ms-= 2344m,’ and M x+= 965.5m,,° we find 
for the beam momentum in the 2 cases, P,=1.420 
+0.005 Bev/c and P,=1.447+0.005 Bev/c, respec- 
tively ; these yield a mean momentum P,= 1.433+0.015 
Bev/c. The latter error indicates the beam momentum 
spread determined from the calculated trajectories. 


V. PRODUCTION ANGULAR DISTRIBUTIONS 


The center-of-mass distributions for the 38 events 
which are either A°— # or 2°—@ production are presented 
together in Fig. 6. In the same figure the center-of-mass 
angles of the seventeen 2-— K+ events are also shown. 

7 Chupp, Goldhaber, Goldhaber, and Webb, “‘Proceedings of the 
International Conference on Elementary Particles, Pisa, 1955,” 
Nuovo cimento (to be published). 


8 Heckman, Smith, and Barkas, University of California Radia- 
tion Laboratory Report UCRL-3156, 1955 (unpublished). 
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Taste I. A compilation of the data concerning the production events x~+p—A°+ and r-+p—>2°+®. p is the laboratory momentum 
of the observed particle in Bev/c. @ is the polar angle and ¢ the azimuthal angle in a coordinate system in which the decaying particle 
is at rest (see Fig. 7). 8 is the production angle of the heavy meson in the center-of-mass system of the x~, p. The last column indicates 
the nature of the event. (1)=sure A°—@; (2)=either A° or 2°; (3) =very likely 2°>—@. 








Potential Potential 
Ob- Unob- Observed path Ob-  Unob- Observed path 
served served path length served served path length 
particle particle lengthem —-O.5cm )/mc c) particle particle lengthem —O.5cm p/mc o 


Ae 0.60 465 0.94 46° Ae 0.1 6.75 0.76 344° 80° 
2.50 1.46 11.00 1.75 
6.55 0.45 645 11.50 0.85 
7.20 1.95 5.40 1.48 
10.85 0.29 3.35 1.10 
10.60 2.36 . 1145 2.11 
5.95 0.47 6.90 0.72 
2.50 2.13 7.55 1.86 
780 0.29 5.35 0.93 


10.15 2.25 9.80 1.48 
9.20 0.45 400 055 


6.25 2.18 a oe 


4.60 1.21 
9.10 0.88 

3.05 0.83 
8.95 1.46 


2.05 0.26 
12.15 
2.05 2.18 





10.80 12.45 0.26 


8.15 1255 2.11 


9.75 6.70 0.38 


2.50 7.35 2.23 
3.80 ; 6.85 1.13 


12.00 0.98 
2.00 0.76 


6.65 1.72 
5.65 0.69 


9.25 1.88 
740 0.51 


8.50 1.88 
4.50 0.40 


2.80 
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Needless to say, the statistics are quite poor; it is, 
however, strongly indicated that in A° production the 
heavy meson is emitted preferentially well forward, 
whereas in =~ production, the heavy meson is emitted 
preferentially backward. For comparison, the function 
(coséx+1)? is also plotted. This represents the most 
peaked angular distribution which can be obtained with 
only s and p waves. It seems fairly clear that higher 
orbital momenta make an appreciable contribution to 
the final states. Since the c.m. momentum of the 
hyperons or heavy mesons is approximately ~200 
Mev/c, the interaction radius must be at least of the 
order of lh/p2X 10-" cm. 


VI. ANGULAR CORRELATIONS IN PRODUCTION AND 
DECAY: SPINS OF A®, 6°, AND =- 


If the A°, ®, or 2~ have spin greater than 3, and if, 
furthermore, this spin is polarized in the production 
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Fic. 6. The production angular distribution for the reactions 
7 +pA°+, r-+p—2-+Kt. Ox is the center-of-mass angle of 
the heavy mesons in each case. The sixth Shutt event should be 
inserted between .8 and .7. 


process, then this polarization appears experimentally in 
the form of anisotropies in the angles relating the 
production and decay process. Figure 7 is a diagram of 
the kinematical situation. We take as coordinate system 
the system in which the decaying particle is at rest, 
with the direction of the transformation velocity as z 
axis and the normal to the production plane (invariant 
under the transformation from the laboratory system 
to this system) as x axis. The angular correlation in- 
formation is then exhausted if both the polar and 
azimuthal angles @ and @ of one of the two decay 
products, say the x~ meson, are given. The azimuthal 
angle ¢ differs from the (invariant) dihedral angle be- 
tween decay and production planes by 2/2. The ex- 
perimental data are given in Tables I and II. A complete 
presentation of the information unfortunately requires 
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Fic. 7. The coordinate system in which the decaying unstable 
particle is at rest. The Z axis is taken in the direction of the 
laboratory to rest-frame transformation velocity. 


simultaneous presentation of three angles: the produc- 
tion angle 8 and the two decay angles 6 and ¢. If one or 
two of them are integrated out, there is, of course, the 
danger of masking whatever anisotropies are present. 
However, with only of the order of 20 events, a three- 
dimensional presentation can hardly exhibit significant 
trends. Consequently, in Figs. 8 to 10 the data are plotted 
after integration over 8. On the edges of the figures are 
histograms which are obtained after integration over 
one of the two remaining angles. We cannot distinguish 
between w+ and mw in ® decay. The cos@ plot here 
extends, therefore, only from 2/2 to 7. 

If parity is a good quantum number in production and 
decay of the strange particles, then the distributions in ¢ 
and 6 must exhibit symmetry about 90° (and 180°), i.e., 
f{(0)= f(r—8), and g(¢)= g(x—¢) = g(24—¢). However, 
in view of the difficulty in understanding the equality of 
the lifetime and mass of K,2 and K,; despite a difference 
in parity,®’ it may be better to present all data until the 
assumption of parity conservation in decay is more 


TABLE II. A compilation of the data concerning the reaction 
x +p—2-+K*. Notation is identical to that of Table I. K,+=Kt* 
with lightly ionizing secondary. 
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® Orear, Harris, and Taylor (to be published). 
10 Feld, Odian, Ritson, and Wattenberg, Phys. Rev. 100, 1539 
(1955). 
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Fic. 8. Angular correlation plot of the cosine of the polar angle 
against the azimuthal angle ¢ for the reaction x~+p—2-+Kt, 
=-—x-+n. The point histograms on the edges of the figure 
represent the data after integration over the other coordinate. 


clearly demonstrated. In fact, the data may be used to 
check this hypothesis, since any experimentally estab- 
lished violation of the symmetries above must be at- 
tributed to a lack of parity conservation." 

In Fig. 11 we show the dihedral angles in the range 
0-90°, after making use of the above symmetry prop- 
erties. These may be compared with the results reported 
by Fowler et al. and Walker et al., on the basis of eight A° 
events, six @ events, and three =~ events. There is no 
indication of polarization in # production. However, the 
earlier results in the case of A°® production in hydrogen 
show all eight events with dihedral angles between 0° 
and 45°. Twelve of our 23 events in which a A° was seen 
have dihedral angles in the same region. The combina- 
tion of all these thirty-one A°, =° production events in 
hydrogen gives 

N(0°-45°)/N (45°-90°) = 20/11. 
We believe that the statistics are not adequate to 


demonstrate a polarization effect. For the =~, the ratio 


1s 
N (0°-45°)/N (45°-90°) = 10/6; 


here again statistics are inadequate to establish polariza- 
tion. 
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Fic. 9. Angular correlation plot for the reaction ~+p—A°+@, 
A°1- +. 


1! We wish here to acknowledge some very helpful discussions 
with T. D. Lee on these questions, and a communication from R. 
Karplus. 
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Adair” has pointed out that for the production angle 8 
near zero or 180°, and assuming the spin of the & (or K+) 
to be zero, the angular distribution in @ of the A° (or 2-) 
decay is determined by angular momentum and parity 
conservation alone. For example, for the spin of the 
hyperon 3, the distribution in @ is isotropic, for spin 3 it 
is } cos*#++4, etc. 

We have calculated the likelihood functions for these 
distributions, using those eleven A° and eight 2~ events 
with | cos8| >0.78. 

[,(0) 4 $ cos’0;+4) 


For the A°: =0.28. 


L;(6) =~ 1 


For the 2-: =0. 
L,(@) 

For greater assumed spin j, the likelihood functions 
L; would become progressively smaller. There is cer- 
tain'y no evidence here that the hyperon spins are 
larger than 3; the best agreement is obtained with spin } 
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Fic. 10. Angular correlation plot for the reaction r~+p—A°+®, 
P—x++-2-. The 6 variation extends from 2/2 to x since the x* and 
«~ are indistinguishable in this experiment. 


for both A° and =~. The data are still inadequate, but 
this kind of analysis seems promising. 


VII. ANOMALOUS A° OR 6° PARTICLES 


It is the underlying hypothesis of this paper, insofar 
as concerns neutral unstable particle production, that 
the observation of a single decay establishes the event. 
The trajectory and momentum of the unobserved 
particle can then be obtained from the kinematics, and 
as seen in Table I, the potential path of the unobserved 
particle has also been measured. The potential path is 
defined as the length of path the particle would have 
had, if it had not decayed, minus } cm; the latter being 
approximately the length of decay tracks necessary to 
detect the decay. 

It is then possible to ask: given a A°® (#) which is 
identified as coming from the process x-+ p—A°+®, are 
the number of @’s (A°’s) observed with these A°’s (@’s) 
compatible with the known potential path lengths and 
the known lifetimes? We have observed only four 
double events despite the fact that the average potential 
path is of the order of the average mean free path both 


#R. K. Adair, Phys. Rev. 100, 1540 (1955). 
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for A° and & decay. The answer is therefore negative in 
both cases. We have no additional information on the 
reason for the failure to observe the particles. They may 
escape detection either because of the existence of long- 
lived “states” of the @ (A°) or because of neutral decay 
modes. 

Let a be the fraction of the A° (@) particles which 
undergo normal charged decay, 1—a the fraction which 
is either long-lived or has a neutral decay. One can then 
calculate the likelihood function, 


M qae~ti/t oN 


L(a)=]] —— [I [oe ?#’"+1-a], 


i=! T j= M+1 


for seeing, in N situations in which the A° (6°) of the 
reaction is observed, that M particles decay at the times 
th, to, ++ +t, and the remaining N—M particles disap- 
pear without detection in potential path lengths with 
times JT y41, Tye, --*Tn. 7 is the mean life for & (A°) 








Fic. 11. The dihedral 
angle data in the decay 
of A°, ®, 2-. @ is w/2 
+the dihedral angle be- 
tween production and 
decay planes. This plot 
is a reduction of those 
given in Figs. 8-10 using 
the symmetry property 
g(o) =g(r—¢) =g(24—¢) 
which follows from par- 
ity conservation. See 
text. | , Ll 
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decay. We have taken 


T= 1.25X 10-” sec, #44 
rs0= 3.0 10-" sec,2:15 


as the weighted best values of the @, A° lifetime data. 
The likelihood function L(q@) is plotted vs the charged 
decay branching ratio a in Fig. 12 for the A° and in 
Fig. 13 for the #°. The best values of a, &;, along with 
statistical errors obtained from the width of L(q) at 
half-maximum are 


&\0= 0.3_0.197? 1, 
Goo = 0.3_0,121 1%. 

In considering the reliability of Gogo) it must be kept 
in mind that it depends upon the choice of lifetime. This 
dependence has been investigated. The uncertainty in 
& 40,90) due to the experimental uncertainty in the A° (@°) 


13 ED). Gayther, Phil. Mag. 45, 570 (1954). 

4 Blumenfeld, Chinowsky, Lederman, and Booth, Phys. Rev. 
102, 1184 (1956). 

wD. I. Page, Phil. Mag. 45, 863 (1954). 
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Fic, 12. The likelihood function is plotted against a, the proba- 
bility for charged A® decay (A°-+x~+-p). The most probable value 
of a is &,0=0.3_o,12t?-5, The asterisk denotes events in which only 
the ® was observed. 


lifetime is seen from Table III to be less than the 
statistical error. 


VIII. LIFETIMES OF A, 6°, =- 


The data requisite for calculating the lifetimes of the 
23 observed A°’s, 18 observed #’s, and 17 =~, are given in 
Tables I and II. A statistical analysis based on the 
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@* PROBABILITY FOR CHARGED @ DECAY 


Fic. 13. The likelihood function is plotted against a, the proba- 
bility for charged @ decay (®—»r++2~). The most probable value 
of a is &o=0.3_o,12+°%, The asterisk denotes events in which only 
the A° was observed. 
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TABLE III. The variation of &,0, eo with assumed lifetime. 








7T,0X10~ sec 2. 
Gao 0. 


5 3 3. 
28 0.3 0.32 
790X10-™ sec 1.25 

Geo : 0.3 








methods of Bartlett'® gives 
TAO= (2.0_0.771*) X 10-° sec, 
790= (1.2_0.2*7-*) K 10-" sec, 


which are in reasonable agreement with the best values 
given in Sec. VII. Poor statistics and small chamber size 
preclude the possibility of good lifetime measurement 
here. The =~ lifetime is obtained from the likelihood 
function : 


e- tilt 


L()=T] 


f= r(1—e-Tilr) 


which is plotted against 7 in Fig. 14. Notation is 
identical to that used in Sec. VII. The best value is 


r2-= (1.4.0.5) X 10- sec. 


The errors are statistical, taken from the width of L(7) 
at half-maximum. To the best of our knowledge, this is 
the only =~ lifetime determination free from ambiguity 
in the charge of the decaying hyperon. 


IX. MASS OF THE =~ 


In one of the 16 cases of =~ decay (see Fig. 1), the x— 
meson comes to rest. This permits a determination of 
the energy release in the decay 2-—>x~-+-n. The Q value 
is calculated from a measurement of the a~ range, its 
angle of emission, and the velocity of the =~ before 
decay. Although the 2~ velocity can be calculated from 
the measurements on the angles of K+ and =~ produc- 
tion in this particular event, a more accurate value is 
obtained by using our information on the mean beam 
energy given in Sec. III. Using the values 1.433+0.015 
Bev/c for the momentum of the incident pion beam, 
64.5° for the angle of production of the K+, the =- 
velocity is »/c=0.742. From the measured range 11.6 
+0.2 cm of the decay x~, the density 0.429 g/cm’, and 
the stopping power 2.49 Mev/g/cm! of the propane, the 
kinetic energy of the decay pion is 24.90.26 Mev. The 
angle of decay is measured to be 86.0+1° in the 


16M. S. Bartlett, Phil. Mag. 44, 249 (1953). 
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laboratory system. Using these figures we get 0(2-—>2— 
+n)=118+2.6 Mev. The corresponding decay for the 
+ hyperon has a Q(2+—>nt-+-n)=110+1 Mev. It is to 
be noted that since 2~ and 2* are not charge conjugates, 
this mass difference, although unusually large for an 
electromagnetic mass, is not in conflict with any 
established theoretical considerations. The mass differ- 
ence can be accounted for by the differences in the 
electromagnetic interactions of the virtual heavy par- 
ticle currents in the self-energy calculation. 


1.0 


FUNCTION 


LIKELIHOOD 


* 10 
MEAN LIFE OF £ x 10 SEC 


Fic. 14. The likelihood function is plotted against 7, the 2~ 
lifetime. The most probable value for + is r:-=(1.4-0.5*!-§) 
X10- sec. 
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It is possible, by using alternating-gradient focusing, to design circular accelerators with magnetic guide 
fields which are constant in time, and which can accommodate stable orbits at all energies from injection to 
output energy. Such accelerators are in some respects simpler to construct and operate, and moreover, they 
show promise of greater output currents than conventional synchrotrons and synchrocyclotrons. Two im- 
portant types of magnetic field patterns are described, the radial-sector and spiral-sector patterns, the 
former being easier to understand and simpler to construct, the latter resulting in a much smaller accelerator 
for a given energy. A theory of orbits in fixed-field alternating-gradient accelerators has been worked out in 
linear approximation, which yields approximate general relationships between machine parameters, as well 
as more accurate formulas which can be used for design purposes. There are promising applications of these 
principles to the design of fixed-field synchrotrons, betatrons, and high-energy cyclotrons. 





INTRODUCTION 


LTERNATING-GRADIENT (AG) focusing! 
provides a high degree of stability for both radial 
and vertical modes of betatron oscillations in circular 
particle accelerators. This stability makes possible the 
construction of many kinds of circular accelerators with 
magnetic guide fields which are constant in time, called 
fixed-field alternating-gradient (hereafter FFAG) ac- 
celerators. These machines contain stable equilibrium 
orbits for all particles from the injection energy to the 
output energy. These orbits may all be in an annular 
ring, as in a synchrotron or betatron; the magnetic 
field must then change rapidly with radius to provide 
orbits for the different energy particles. If the guide 
field gradient is made independent of azimuth, one of 
the modes of betatron oscillation is clearly unstable. 
Application of alternating-gradient focusing, however, 
can keep both modes of betatron oscillation stable even 
with the rapid radial change of magnetic field. Circular 
particle accelerators can be classified into four groups 
according to the type of guide field they use: fixed-field 
constant-gradient (conventional cyclotrons, synchro- 
cyclotrons, and microtrons), pulsed-field constant- 
gradient (weak-focusing synchrotrons and betatrons), 
pulsed-field alternating-gradient (AG synchrotrons), 
and fixed-field alternating-gradient (FFAG synchro- 
trons, betatrons, and cyclotrons). 
Two types of FFAG design appear the most practical. 
The radial-sector type’ achieves AG focusing by having 
the fields in the successive focusing and defocusing 
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magnets vary in the same way with radius but with 
alternating signs (or in certain cases alternating magni- 
tudes). Since the orbit in the reverse field magnet bends 
away from the center, the machine is considerably 
larger than a conventional AG machine! of the same 
energy having an equal-peak magnetic field. This 
serious disadvantage is largely overcome in the spiral- 
sector type® in which the magnetic field consists of a 
radially increasing azimuthally independent field on 
which is superimposed a radially increasing azimuthally 
periodic field. The ridges (maxima) and _ troughs 
(minima) of the periodic field spiral outward at a small 
angle to the orbit. The radial separation between ridges 
is small compared to the radial aperture. The particle, 
crossing the field ridges at a small angle, experiences 
alternating-gradient focusing. Since the fields need not 
be reversed anywhere, the circumference of this machine 
can be comparable to that of an equivalent conventional 
AG machine. 

FFAG synchrotrons have a number of important 
advantages over conventional synchrotrons. A major 
one is beam intensity. Since the magnetic field is time- 
independent in an FFAG synchrotron, the beam pulse 
rate is determined only by the repetition rate of the 
radio-frequency modulation cycle. In a conventional 
synchrotron, the beam pulse rate is limited by the time 
to complete the pulsed magnetic field cycle. It is 
reasonable to assume that frequency-modulation repe- 
tition rates can be made considerably higher than field 
recycling rates. Another reason for high beam intensity 
is the large injection aperture possible in the FFAG 
designs (larger for the radial sector than for the spiral 
sector). Other advantages of the FFAG synchrotron 
are engineering and maintenance simplifications. The 
direct-current magnet power supply is simpler and 
cheaper to construct and to maintain than a pulsed 
supply. The magnets do not have to be laminated, there 
are no eddy current problems, and remanent field and 
saturation difficulties are less serious than in pulsed-field 
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accelerators. All field trimming is time independent. 
The necessity for accurate tracking of the rf accelerating 
voltage with a pulsed magnetic field is eliminated, with 
a resulting greater freedom and ease in design of the rf 
system. Injection should be possible at a lower energy 
than is contemplated for a conventional synchrotron, 
because of the fewer low-field problems and the easier 
frequency-modulation program and the possibility of 
large apertures at the injection radius; the complexity 
of the injection system will then be decreased. Dis- 
advantages of the FFAG synchrotron are the large 
increase in circumference for the radial-sector type (at 
least a factor of three) and the increase in complexity 
of the magnetic fields, particularly for the spiral-sector 
machine. 

Fixed-field betatrons have potentially a much higher 
intensity than conventional betatrons.‘ The beam can 
be injected for a considerable fraction of a cycle, if extra 
accelerating flux is available, rather than the few tenths 
of a microsecond presently possible. The only beam 
current limitation appears to be space charge at in- 
jection, and this may be decreased by such techniques 
as high-voltage injection. An FFAG betatron has no 
problems of tracking a pulsed guide field with the ac- 
celerating flux, and also has other engineering simpli- 
fications mentioned in the synchrotron case. 

Application of the FFAG principle to a cyclotron 
allows the radial dependence of the magnetic field to 
be such as to keep the particle revolution rate constant, 
independent of energy even in the relativistic region. 
Present high-energy cyclotrons must be frequency- 
modulated to compensate for the relativistic increase of 
mass. A constant-frequency cyclotron should increase 
the beam output by two orders of magnitude. A radial- 
sector cyclotron, in which the field alternates between 
high and low values, was first suggested by Thomas.® 
The spiral-sector design seems even more advantageous 
for application to the cyclotron. 

In Part I of this paper we discuss the radial- and 
spiral-sector types of FFAG accelerator in detail. In 
Part II the theory of particle trajectories in FFAG 
machines is developed. Part III contains a description 
of a 10-Bev radial-sector synchrotron, a 20-Bev spiral- 
sector synchrotron, and FFAG betatrons and 
cyclotrons. 


I. TYPES OF FFAG DESIGN 
1. Radial-Sector Type 


Circular particle accelerators with radial sectors can 
be built with the high-energy orbits at the outer edge 
of the machine and the injection orbits at the inside 
edge, or vice versa. This discussion assumes that the 


‘ Terwilliger, Jones, Kerst, and Symon, Phys. Rev. 98, 1153(A) 
(1955). This had been pointed out independently by G. Miyamoto, 
Tokyo University, Tokyo, Japan, at a meeting of the Physical 
Society of Japan in April, 1952 (private communication). 

5 L. H. Thomas, Phys. Rev. 54, 580, 588 (1938). 
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highest energy orbits are at the outside edge. (We will 
refer specifically to FFAG synchrotrons, but most of 
our comments will apply also to betatrons and cyclo- 
trons.) In radial-sector design the magnet structure 
consists of N-identical sectors, each composed of a 
focusing magnet and a defocusing magnet. The magnet 
which is focusing for radial oscillations is of course 
defocusing for vertical oscillations and vice versa. The 
azimuthai boundaries of the magnets are on radii from 
the machine center (hence the name). The magnetic 
field direction in one magnet of a sector is opposite to 
that of the other, while the radial dependence of the 
field is the same in both. The field in the median plane 
at any azimuth is 


A~(r/r0)*, (1.1) 


where r is the distance from the machine center to the 
equilibrium orbit and k is a constant for the machine. 
Figure 1 shows this type of field pattern. This field shape 
requires that orbits for different energy particles be 
similar, i.e., photographic images of each other. Ideally, 
the field along a closed equilibrium orbit is constant 
through each magnet, and the path is composed of arcs 
of circles. This ideal orbit cannot be attained because 
of the impossibility of a sharp field boundary. However, 
if we assume the ideal situation, a particularly simple 
case occurs if the fields for a given energy orbit have the 
same magnitude in the positive- and negative-field 
magnets. Equilibrium orbits for this case are shown in 
Fig. 2. 

It is evident that particles deviating from the 
equilibrium orbit experience AG focusing. The numbers 
of radial and vertical betatron oscillations around the 
machine, v, and y,, are determined by & and the magnet 
lengths. Both v, and », are constant for all energies. 

It is desirable to make the negative-field magnets as 
short as possible, to keep the radius of the machine 
small; the minimum length of the negative-field magnet 
is of course determined by the necessity for preserving 
stability of the vertical betatron oscillations. Some 
vertical focusing and radial defocusing occur because 
the orbits are scalloped and do not cross the magnet 
edges at right angles. In machines in which the number 
of sectors is large and the effects of orbit scalloping 
small, the negative-field magnet can be made no shorter 
than about 3 of the positive-field magnet if we wish to 
preserve vertical stability. This means that, neglecting 
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Fic. 1. Vertical section through positive or negative 
radial-sector magnets. 





FFAG PARTICLE 
straight sections, the circumference of the machine is 
five times that which would be necessary if there were 
no negative-field magnets. The ratio (in this case, five) 
between the actual orbit circumference and the circum- 
ference of a circle whose radius is the minimum radius 
of curvature, we call the circumference factor. The fixed 
magnetic field in an FFAG machine can be made con- 
siderably larger than the pulsed field of a conventional 
accelerator, so a machine of the radial-sector type might 
actually be about three times the size of a pulsed-field 
AG accelerator of the same energy. It is also desirable 
to make the radial extent of the magnets as small as 
possible, which requires a high field gradient. The 
allowable gradient is determined by the effect of magnet 
misalignments. Reasonable values indicate a minimum 
radial aperture of about 2% of the radius of the 
machine. 


2. Spiral-Sector Type 


The spiral-sector design of FFAG accelerator has the 
high-energy orbits at the outside edge of the machine. 
It is not practical to have the high-energy orbits on the 
inside and to inject at the outside edge, because stability 
of the radial oscillations becomes virtually impossible 
to achieve. 

The guide field on the median plane, if there are no 
straight sections, is given by 


H=H)(r/ro)*{1+f cos, NO—N tang In(r/ro) }}, (2.1) 


where r is again the distance from the center of the 
machine; k, the mean field index; 6, the azimuthal angle, 
also measured from the center of the machine; f, the 
flutter factor (the fraction of field variation); V, the 
number of sectors (periods of the field variation) around 
the machine; and ¢ is the spiral angle between the locus 
of the field maximum and the radius. 

Figure 3 shows how the ridges and troughs of the 
periodic field spiral toward the outside of the machine 
and indicates the equilibrium orbits for this design. The 
equilibrium orbits are all similar figures, whose linear 
dimensions are proportional to the radius, but their 
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Fic. 2. Plan view of radial-sector magnets. 
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Fic. 3. Spiral-sector configuration. 


positions rotate with radius due to the spiraling periodic 
field. Figure 4 is a plot of the radial dependence of the 
median-plane magnetic field. A particle going around 
the machine experiences a gradient first of one sign then 
of the opposite sign as it crosses the periodic field ridges 
and troughs at a small angle, so there is AG focusing of 
the betatron oscillations. The negative gradient is less 
than the positive gradient, due to the radial increase of 
field. This is somewhat compensated by the scalloping 
of the orbits, which causes the particle to experience a 
longer path in the negative gradient and a shorter path 
in the positive gradient than if it moved on a circle. The 
strength of betatron focusing depends on the rate of 
radial increase of the field, the flutter factor, and the 
spiral angle. 

The minimum size of radial aperture is limited pri- 
marily by the difficulty of achieving strong AG focusing 
with a periodic field while requiring a given vertical 
aperture. If we restrict ourselves to a sinusoidal vari- 
ation of field, a flutter factor of f=} gives the largest 
vertical gap for a fixed strength of focusing when iron 
magnet poles are used without distributed back 
windings and forward windings. This small flutter 
factor means that the machine has a circumference 
factor (in this case, 1+), close to unity, so the radius 
of an FFAG spiral-sector synchrotron is about the same 
as that of an equivalent-energy conventional synchro- 
tron. The minimum radial aperture for reasonable 
parameters is about 3% of the radius. 


3. Other FFAG Types 


Both the radial-sector and spiral-sector designs 
discussed above have equilibrium orbits of constant 
shape scaled in proportion to the orbit radius. There are 
many modifications of these designs. Some differ only 
in that the fields are not the square-wave type used in 
the radial-sector design described or the sinusoidal 
shape used in the spiral-sector design. Changes of this 
kind will not affect the constancy of shape of the 
equilibrium orbits and will modify other machine 
characteristics only slightly. There are other variations 
of these designs which preserve betatron oscillation 
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Fic. 4. Radial depend- 
ence of the axial magnetic 
field in the median plane. 
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stability, hold v, and y, constant, but do not retain the 
property of similarity of equilibrium orbits. The magnet 
edges of focusing and defocusing sectors can be made 
nonradial, and the fields in the positive- and negative- 
field magnets made different functions of radius; (the 
negative-field magnet can even be designed to have zero 
field). The magnet edges, radial or nonradial, can be 
tipped in the same direction, approaching the spiral-sec- 
tor design. It is conceivable, using back windings, to 
transform from a spiral sector at the outside edge of 
the machine, with a small circumference factor where 
it is needed, to radial sector at the inside edge, with a 
large vertical aperture for injection. Such a design 
would have the advantages of both types with, how- 
ever, a considerable increase in magnet complexity. 
Another modification is the spiral-sector constant- 
frequency cyclotron. In this machine, the frequency of 
revolution of the particles can be made independent of 
energy even at relativistic energies, but the orbits in 
this case do not scale, and the number of betatron 
oscillations, v, and »y,, cannot easily be kept constant. 


II. ORBIT THEORY 


4. Geometry of the Equilibrium Orbits 


In order to develop a theory of orbit stability ap- 
plicable to FFAG accelerators generally, it is convenient 
to characterize a particular accelerator by specifying its 
equilibrium orbits. We will therefore assume that a set 
of closed equilibrium orbits lying in the median plane 
is given. If instead, the magnetic field pattern is speci- 
fied, the equilibrium orbits must be found by integrating 
the equations of motion. 

The geometrical properties of each orbit, and the 
relations between orbits, will be periodic in the azi- 
muthal angle @ with period 2x/N. Each orbit is to be 
specified by its equivalent radius R defined by 


S=2nR, (4.1) 


where S is the length of the orbit. In general, R will be 
slightly larger than the mean radius (r). We define an 
azimuthal coordinate @ by the equation 


s=OR, (4.2) 


where s is the distance measured along the orbit from 
some reference point (say at azimuthal angle 0). We 
shall require that the orbit be perpendicular to the 
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radius from the center of the machine at the reference 
point, and that the reference points lie along a con- 
tinuous curve. The parameter © will be equal to the 
azimuthal angle @—@ plus a small periodic function 
with period 27/N. 

Each orbit will now be specified by a periodic 
parameter u(@,R) defined by 


u(0,R)=R/p(9,R), (4.3) 


where p is the radius of curvature. Specification of 
u(O,R), together with the requirement that the center 
of the orbit lie at the origin in the median plane, com- 
pletely determines the orbit R, provided the reference 
point O=0 is specified. For our purposes, it will be 
sufficient to specify the angle ¢(R) between the radius 
from the origin and the reference curve @=0 where it 
crosses the orbit R (Fig. 5). Choice of the parameter 
u(O,R) is restricted by the requirement that it be 
periodic in © with period 27/.V and mean value 


a | ae 
()w=— f pd® =— f —=1. 
2r Y 2r Jy p 


The function u(@,R) is also restricted by the require- 
ment that at the point O=0 the orbit R must be 
perpendicular to the radius from the origin. This re- 
quirement leads to a rather complicated analytical 
restriction on the function u. It is sufficient if O=0 is a 
point of symmetry of the orbit, i.e., 


u(—0,R)=n(0,R). (4.5) 


If there are no points of symmetry, it is necessary to 
construct the orbit in order to locate properly the 
reference point @=0. Fortunately, an error in properly 
locating the reference point will produce only a very 
small error (of order 1/N?) in the equations for the 
betatron oscillations, provided the angle ¢ is correctly 
specified. 

We will need also parameters 7(9,R) and ¢(0,R) 
relating the perpendicular distance dx between two 
nearby orbits, and the increment d@ in © along an 
orthogonal trajectory to the orbits, to the increment 


(4.4) 
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Fic. 5. Equilibrium orbit notation. 
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dR in the parameter R (see Fig. 5) 
dx=ndR, (4.6) 
dO=edR/R. (4.7) 


It can be shown® that 7, € satisfy the differential 
equations 


de 
—— ae 1, 
a0 


on Op 
aoliron F200 
00 OR 


(4.8) 


(4.9) 


where the three constants of integration are to be chosen 
so that ¢ and 7 are periodic functions of @ [i.e., so that 
the right-hand members of Eqs. (4.8) and (4.9) have 
zero mean values |, and so that 


[e/nJo—o= tans. 


If all equilibrium orbits are geometrically similar, 
the parameter » depends only on @ and not on R. In the 
interest of simplicity, we will usually restrict our 
attention to machines of this type. If in addition, ¢ is 
independent of R, then by Eqs. (4.8)-(4.10), the 
parameters » and e will be independent of R. In this 
case, we will say that the equilibrium orbits scale; the 
equilibrium orbits scale if any set of neighboring orbits 
can be obtained by photographic enlargement or re- 
duction from a set of orbits in the neighborhood of any 
other orbit. 

The solution of Eqs. (4.8) and (4.9) may be obtained 
by successive approximations. Let us set 


u=1+ fg(N9), 


where g(N@) has period 27 in NV, has mean value zero, 
and is normalized so that its mean square is 4; f is the 
flutter factor. Since the right members of Eqs. (4.8) 
and (4.9) have period 2x/N (and zero mean), they 
contribute to 7 and e oscillatory terms of order 1/N. 
The integral in Eq. (4.9) is constant, if we assume that 
» is independent of R; it will in any case contribute 
only very small oscillatory terms unless » changes 
appreciably within a very small fractional increase in 
radius. The quantity tan¢ is zero in radial-sector FFAG 
machines, but is of order N in spiral-sector FFAG 
machines. We therefore write as a zero-order approxi- 
mation to 7 and e the constant values 


(4.10) 


(4.11) 


n=1, e=tanf, (4.12) 


which satisfy the conditions imposed on ¢ and ». 
If F() is any periodic function of ~ with period 27, 


6K. R. Symon, Midwestern Universities Research Association 
report, MURA-KRS-8 (unpublished). A more elegant derivation 
has been given by B. Hamermesh and E. A. Crosbie [Argonne 
Accelerator Group, Progress Report No, 7, July 13, 1955 (un- 
published) J. 
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it is convenient to introduce the notations 


1 2a 
P= J F(8)db, (4.13) 


{F}=F(i)—(F)w, 
F'=dF/dé, 


F,= f (F}dé, 
Fayi= [Faas 


where the integration constants in the last two equations 
are to be chosen so that F,, has mean value zero. All the 
functions defined by Eqs. (4.14)—(4.17) have period 2x 
and mean value zero. 

We now substitute Eqs. (4.11) and (4.12) in (4.8) 
and (4.9) and integrate again to get a first approxi- 
mation 

ang 


gi(VO), 


(4.14) 
(4.15) 


(4.16) 


(4.17) 


q41- 


ry 
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(4.18) 


e=tanf— (4.19) 


eee rae 
sec Sait 0), 


where the integration constants have been chosen as 
required. [ Note that 
1 2a 


(utu=— f gidg,=0, 
2r Jo 


Tv 


(4.20) 


and that if g(&) is even, then g,(¢) is odd, and g,(0)=0. 
In any case, g:(0) is ordinarily small. ] 

A second approximation may be obtained by sub- 
stituting 7, e from Eqs. (4.18) and (4.19) in the right 
members of Eqs. (4.8) and (4.9) and integrating again. 
Each successive iteration yields terms of order 1/N? and 
f?/N? times the preceding terms. 


5. Betatron Oscillations 


If a particle of momentum p moves in an equilibrium 
orbit R, then we have by Eq. (4.3) 


pe=eHp=eHR/n, (5.1) 
where H is the magnitude of the magnetic field, so that 
H(O,R)= (pc/eR)u(O,R). (5.2) 


The magnetic field is thus given in terms of the co- 
ordinates R and @. 
If we differentiate Eq. (5.1) with respect to x, where 
x is measured perpendicular to the orbit, we have 
Op 
— (5.3) 
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The field index is therefore 


(=)— 
n=—{ — J—. 
H/ ox 


Op 


dlnp 


games 
Ox Ox 
Making use of Eqs. (4.3), (4.6), and (4.7), we find 


1 ou 9A 
= -—| int —+R—|, (5.5) 
OR 


ne 30 


where & is a parameter which measures the momentum 
compaction : 


(5.6) 


In terms of the mean magnetic field H = pc/eR, we can 
write k also as a mean field index: 


Ry) dH 

A= ( =) 

A/ aR 

The linearized equations for betatron oscillations about 
an equilibrium orbit are’ 


dx 1—n 
—t 
de op? 


ze n 
—+—2z=0, 
dp? 


(5.7) 


x<=0, (5.8) 


(5.9) 


where x and z are the deviations from the equilibrium 
orbit in the radial and vertical directions. These become, 
by Eqs. (4.2) and (4.3), 


(5.10) 


ax 
—+ ,2(1—n)x=0, 
de? 


dz 
—+yp?nz=0. 
de? 


(5.11) 


The character of the betatron oscillations is therefore 
determined by the functions u?(@,R) and 


1 Ou Ou 
uen= —-(tu+<—+R—). 
n 00 AR 


(5.12) 


By making use of Eqs. (4.8) and (4.9) we can rewrite 
Eq. (5.12) in the form 
(k+1)u 1 Oy 


8 epcquampaenanen, 
u?(1—n) ; 738? 


7N. M. Blachman and E. D. Courant, Rev. Sci. Instr. 20, 596 
(1949), Eq. (15). 


(5.13) 
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If the equilibrium orbits scale, then yu, 7, and € are 
functions only of ©. Thus yu’ will be a function of @ 
only, and the betatron oscillations will also scale pro- 
vided k is constant. Accelerators with this property will 
be referred to as accelerators which scale. For accele- 
rators which scale, we have 


P= po(R/Ro)™, 


H= Ho(R/Ro)*u(9). 


(5.14) 
and 


(5.15) 


6. Approximate Solution for Betatron 
Oscillations 


In this section we develop some approximate formulas 
which give a useful general picture of the properties of 
FFAG accelerators. If the betatron wavelengths are 
long in comparison with the sector length (say at least 
four sectors), then the smooth approximation equa- 
tions developed in the appendix are applicable. The 
“smooth” betatron oscillation equations become in this 


case 
X/dO’+v2X =0, (6.1) 


@Z/d@?+v2Z=0, (6.2) 


where, by Eqs. (5.10), (5.11), and (A.13) of the 
appendix, 


v= (u?(1—m))w+({u?(1—)} 1"), 
ve= (un) w+ ({u?n} 1?) m. 
The solutions of Eqs. (6.1) and (6.2) are 
X=A cosv,O+B sinv,O, (6.5) 
Z=C cosvy,0+D siny,. (6.6) 


To these smooth solutions must be added a ripple which 
can be computed from Eq. (A.7). It is clear that v, and 
v, are the numbers of radial and vertical betatron 
wavelengths around the circumference of the accele- 
rator. The approximate formulas (6.3) and (6.4) give 
v, and y, within about 10% provided that v, and », are 
both less than N/4. 

In order to avoid resonance buildup of betatron 
oscillations, it is necessary to avoid integral and half- 
integral values for vz and v,, and also to avoid integral 
values for v:+¥,.° This implies that v, and », must be 
the same for all orbits, or nearly so, and this is the 
principal limiting condition on FFAG designs. In 
accelerators which scale, v, and v, are necessarily the 
same for all orbits; this is the advantage in designs 
which scale. 

The relation between betatron wavelengths and 
machine parameters depends upon which term in Eq. 
(5.13) predominates in giving alternating-gradient 
focusing. In a radial-sector FFAG accelerator with 
¢=0 and with a large number of sectors (say V>10), 


(6.3) 
(6.4) 


8 P. A. Sturrock, Static and Dynamic Electron Optics (Cambridge 
University Press, Cambridge, 1955), Chap. 7. 
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n is very nearly unity, and the second term in Eq. (5.13) 
is small except near the edges of the magnets where it 
gives rise to edge focusing effects. The edge focusing 
comes from the term —(e/n)(du/0@) in Eq. (5.12). 
This term has a nonzero mean value, part of which is 
included in the w term in Eq. (5.13); thus Eqs. (6.7) 
and (6.8) below include most of the mean focusing 
effect due to edges in radial sector machines. We will 
call the first term in Eq. (5.13) the “yu term” and the 
second, the “ny term.” In a spiral-sector FFAG accele- 
rator, the alternating-gradient focusing comes pre- 
dominantly from the 7 term. It may be noted that the 
n term includes the term (R/n)(0u/0R) which appears 
when the orbits do not scale. It is not hard to see that 
in a conventional AG synchrotron! this is the dominant 
alternating-gradient term. 

Let us first consider a radial-sector FFAG accele- 
rator with a large number of sectors, and let us neglect 
the » term. If f/N<1, then »=1 according to the 
discussion in Sec. 4. Let us write » in the form given by 
Eq. (4.11). Then Eqs. (6.3) and (6.4) yield, if we 
substitute from Eq. (5.13), with »=1, 


(k+1)P°f? 


Oe (6.7) 


fp 


ye= Nk set Wales (6.8) 


where we have neglected a small term involving {g*} in 
Eq. (6.8). The betatron oscillation advances in phase 
by an angle 


o=2nv/N, (6.9) 


per sector. For stability,’ « should be less than 7, and 
for the smooth approximation to be valid, « must be 
less than about 2/2. If we solve Eqs. (6.7) and (6.8) for 
k and f in terms of o, and o,, we obtain 


9 


k+1=—(c2—02+6), (6.10) 
Sa? 


4 [o,?+o,?—b }! 
Pen : (6.11) 
[2(g:*)w}! |o.2—o,?+| 


4p of? ARS? 


b=] 14-46] 
nL 2 «ON 


(6.12) 


The quantity 5 is negligible for sufficiently large V. 
By appropriate choice of o, and o,, k can be made 
either positive or negative; i.e., in a radial-sector FFAG 
synchrotron, with N large, the high-energy orbits may 
be either on the outside or the inside of the donut. The 
b-term, which is important when JN is small, is positive 
and therefore favors machines with positive &, i.e., with 
a given NV, |k| can be larger and f smaller if k>0. For 
maximum momentum compaction, i.e., minimum radial 
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Fic. 6. Rectangular field flutter. 


aperture, k, and hence J, should be as large as prac- 
ticable. If we define a circumference factor C as the 
ratio between mean and minimum radii of curvature of 
the equilibrium orbit, then 


C= | | max = | 1+ fg(N®)| max. 


It is desirable to minimize C, since for a given maximum 
magnetic field, this yields the smallest accelerator 
design. It is clear from Eq. (6.11), that for a given form 
of g, the minimum circumference factor is obtained by 
making o, as small, and a; as large as possible (or vice 
versa, if k is to be negative). 

Let us assume a rectangular field flutter, with mean 
squai > value $: 


(6.13) 


1—q}? 
«o-|—]. —qu<i<qm, (I) 
2q 


(6.14) 


r -[-4]: 


qa <§E<24— Qn, 


(I) 


g(&+2m)=g(E). (6.15) 


This function is plotted in Fig. 6. When &=N@ lies 
in regions labeled I, we say that © is in a positive half- 
sector; regions labeled II we call negative half-sectors. 
We need to calculate 


(g:°)w= §9°q(1—q). (6.16) 


K= fl (g:)w}}, (6.17) 


is fixed by Eq. (6.11), then by Eq. (6.13), the circum- 
ference factor is 


If now 


vV3K 
C=14+—, 
™q 
whichever is greater. The minimum value of C occurs 


when q is chosen so that the two values of the right 
member of Eq. (6.18) are equal. We then have 


w=1+fg(NO)=C, —qr<NO<gqr, (I) 
(6.19) 
(II) 


The radius of curvature, and consequently also the 


=-—C, gr<NO<2x—@r. 
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magnetic field, is constant in magnitude along the 
equilibrium orbit and opposite in sign in the two half- 
sectors. The ratio of half-sector lengths is 


=q/(1—gq)=(C+1)/(C—1), 
and the circumference factor is 
C= (P+1)/(P-1)=[14 47). 


If we take o,=2/6, o,=2/2, b=0, and use the approxi- 
mate formulas (6.10) and (6.11), we obtain K=+/5, 
T=1.31, C=7.5, f=10.5, and k=N?/36. It will be 
shown in the next section by a more accurate calculation 
that the minimum value of C where N is large is about 
5. 

In a spiral-sector FFAG accelerator, ¢ is nearly 90° 
and the » term in Eq. (5.13) is large. It is then possible 
to use a much smaller flutter factor, so that the oscil- 
latory part of the u term is small. We will again assume 
that uw is given by Eq. (4.11) and will use the approxi- 
mation (4.18) for 7. If we expand 1/y in a power series 
in the second term of formula (4.18), we may calculate 


(6.20) 


(6.21) 


< =) m1 ris? Dab (6.22) 


We will neglect the second and higher order terms, and 
will neglect also the oscillatory part of 4/n. The » term 
can be rewritten in the following way: 


1 am 0 (- =)+(- *) 
100? a0\y00/ | \n a0) 
The first term on the right is large and oscillatory with 
zero mean value, and the second is smaller but has a 
positive mean value. We neglect the oscillatory part 


of the second term, and substitute in Eqs. (6.3) and 
(6.4), using (5.13) to obtain 


ve =k+1, 


yi=—h+4 r+2((- —)). 


Note that the 7 term does not contribute in this approxi- 
mation to the radial focusing. If we take as given by 
formula (4.18), we have 


(a) 


“frst a) 


(6.23) 


(6.24) 


(6.25) 





‘ 2f? tant a 
= ptant| 14+ eat . (6.26) 


We will neglect the second and higher order terms in 
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square brackets and substitute in Eqs. (6.24) and (6.25), 
to obtain 


fe tant = (v2-+2—1), (6.27) 


where we have also neglected f*. Note that, to this 
order of approximation, formulas (6.24) and (6.27) are 
independent of the form of the flutter function g(V@) ; 
only the circumference factor Eq. (6.13) depends on 
g(N®). We can rewrite these formulas in terms of the 
phase shifts o per sector: 


N°o; 2 
k+1= (6.28) 


2 
Ptant§=—(oP+o2)—1, (6.29) 


The reference curve ©=0, satisfies, in polar coordinates 
r and @, the equation 


1 dr 
-—=cotf¢. 
r do 


(6.30) 


The radial separation between ridges (points of maxi- 
mum magnetic field), in units of r is therefore 


\=Ar/r=2n/(N tang). (6.31) 


Thus for a given choice of ¢,, ¢,, and N the ratio f/) is 
fixed. The maximum allowable gap between the poles 
of the magnet is proportional to A; if the field flutter is 
to be obtained by shaping the poles, without extra 
forward windings, it can be shown (Sec. 13) that for 
f/» fixed the maximum gap is about }Ar and is obtained 
for f+ . Under these conditions, the field flutter may 
be very nearly sinusoidal, 


g(&) =cosé, (6.32) 


and then the circumference factor will be C=1+/ 
= 1.25. 

If we take, as above, o.=2/6, o,=7/2, with f=}, 
we obtain k+1=N?/16, \=5.95N*[1—-14.4N 4, 
and tanf=1.05N[1—14.4N~}3. 


7. Linear Stability for Radial Sectors 


In order to get more accurate relations between the 
parameters, we return to the betatron oscillation 
equations (5.10) and (5.11). Making use of Eqs. (5.12), 
(4.18), and (4.19), with ¢=0, we rewrite Eqs. (5.10) 
and (5.11) for the case of a rectangular field flutter of 
the form (6.19): 


dx 


—+kCx=0, (7.1) 
de? 


d’z 


—FkCs= (7.2) 
dQ 
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where the upper signs apply in positive half-sectors, 
and the lower, in negative half-sectors. The term 
€du/00 in Eq. (5.12) gives rise to terms in Eqs. (5.10) 
and (5.11) which represent the focusing that occurs at 
the sector edges, which we will neglect for the present. 
These approximations are valid only when N>/, and 
we have accordingly also neglected 1 in comparison 
with m. When N is small, edge effects and higher order 
terms in » must be taken into account. The oscillatory 
terms in 7 will give rise to effects resulting from the fact 
that neighboring equilibrium orbits are not everywhere 
equidistant. For small V, edge effects turn out to in- 
crease the vertical focusing and to decrease the radial 
focusing, so that considerably smaller values of the 
flutter factor f may be used if k>0O, without losing 
vertical stability. 

Let NOQo= —gr, NO.1= qr, NO.= (2—q)x. Then the 
solutions of Eq. (7.1) within the positive and negative 
half sectors separately yield the following matrix 
relations between x and x’=dx/dO at the points Qo, 





cosy, coshy_—siny, sinhy_, 
M= M. _= ( 


ACCELERATORS 


O,, and @:: 


v1 Xo X2 xy 
(oH sade hag els, 
xy" Xo" Xo! xy" 


where 


cos, (kC)~ siny,. 
M,= ( ), 
—(kC)' siny, cosy, 


(kC)-3 = 


coshy_ 
“-( 
coshy_ 


~ \ (a0)! sinhy_ 


2nq 2x (1—q) 
$49 IE | Pi sercerene- 


——(kC)}. 


4 


We thus obtain 
Xe Xo 
(=) 
, Xo! 


(kC)—* (cosy, sinhy_—siny, cane 7) 
, 7.7 


(kC)! (cosy, sinhy_+siny, coshy_), cos, coshy_+siny, sinhy_ 


We can now calculate® 


(7.8) 


coso,= 4 trace(M)=cosy, coshy_, 
and in the same way, 


coso,= cosp_ coshy,. (7.9) 


In terms of the local field index 


n=k/C, (7.10) 


within the magnets (we take m as positive here), and 
the ratio I of sector lengths [Eq. (6.20)], we may 
rewrite y, and y_: 


2r Tr 2r 1 
.-(=)/( ns v--(=)/ yw (7.11) 
N T—1 N T—1 


Formulas (7.5), (7.8), (7.9), and (7.11) have been 
written for k>0. However, they may also be used for 
k<0, in which case it is convenient to regard C as 
negative. 

The smallest circumference factor is obtained by 
choosing oz as large as possible and o, as small as 
possible (or vice versa). If we choose o,= 32/4, o,=1/6. 
we calculate from Eqs. (7.8) and (7.9) that ¥,=1.32, 
y_=1.93. From Eqs. (7.11) and (6.21), we have 


T=y,/y_-=1.46, C=5.35. (7.12) 


The theoretical minimum value of C is 4.45 for o,=7, 
o,=0. In order to keep the amplitude of betatron oscil- 
lations within reasonable bounds, the former choices of 
o, and a, run about as close to the stability limits as it 





is safe to go. (For the choice o,=2/2, o,=7/6, these 
more exact formulas give '=1.29, C=7.9, which may 
be compared with the approximate values 1.31, 7.5 
obtained in the preceding section.) 

A more general calculation, including straight 
sections between magnets, and taking edge effects into 
account, can be carried out in a similar way. We assume 
that along an equilibrium orbit the magnetic fields have 
equal and opposite constant values within the positive 
and negative half-sectors, and that the positive and 
negative half-sectors are separated by straight sections 
where the field is zero; (see Fig. 7). Let the fractions of 
orbit length within the positive and negative magnets 
be gi and ge, respectively, and let the fraction of orbit 


POSITIVE 
MAGNET 


NEGATIVE 
MAGNET 





MACHINE 
CENTER 


Fic. 7. Equilibrium orbit notation for radial sectors 
with straight sections. 
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length in each straight section be go, so that 
2go+gitg2= 1. 

The angles 8, and 62 shown in Fig. 7 are 

Bi=29Cqi/N, B2=24Cq2/N. 

The number of sectors is 
N=2n/(6:—B:), 

so that the circumference factor is 
C=1/(q:—9q2). (7.16) 


The angles ¢; and ¢2 shown in Fig. 7 are the edge angles 
between the orbit and the normal to the magnet edges. 
It is convenient to define 


5=2nCqo/N, 
¥i=Bi(m+1)!, Yo=Bo(m2—1)!, 
¥3=Bim}}, ¥s=Bond!. 


(7.13) 


(7.14) 


(7.15) 


(7.17) 
(7.18) 
(7.19) 
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The indices m; and m2 are the local field indices at the 
centers of the positive and negative magnets: 


n=k/(nC), 
sin(xCq2/N) 
Cq2 es) 


—250(1 


sin(rCqi/N) 
Cqi sin(x/N) ) 


(7.20) 
where 


m=1-2n( 1 


cos(rCq2/N) 
(N/) sin(ax/N) 





and 


m=1 —20( i- 


aC res 
(N/) sin(x/N) 


We do not neglect 1 relative to m here. We do, however, 
neglect variation of 7 within the magnets. The result is 





coso,= [1+ 28(tandi+tand:2)+ 26 tang, tangs | cosy: coshy, 
+[((m+1)-\(tang:+tangs+6 tan*¢:+ 26 tang: tangs+8 tan*¢; tangs) — (m1+1)#(5+8 tangs) | siny coshy2 
+[(m2—1)-*(tangi+ tang2+6 tan*¢2+ 26 tang: tangs+6? tan’gs tang) + (m2—1)#(5+8 tangy) ] cosy: sinhy 
+430 — (r+ 1)8(me— 1)85?— (1+ 1)*(m2— 1)-4(1+68 tange)*+ (m1 +1)-4(me—1)4(1+6 tang)? 


+ (m+ 1)-*(n2— 1)-*(tan¢di+ tan¢d2+6 tang; tang)? ] siny; sinhyo, 


(7.23) 


cose, =[1—28(tang:1+ tand2)+ 26 tang; tangs | cosy, coshy; 
+[no*(—tang:—tand:+6 tan*¢o+ 26 tang: tande— 6s? tan’, tand1) — m2t(5—8 tang) | sin, coshy; 
+[ny-*(—tang:— tando+6 tan*¢:+ 26 tang; tand2—& tang; tande)+11(5—& tands) | cosy sinhys 
+ a one none — non ri 1—6 tang ;)?+ nz~*ny? (1 —$ tang)? 


+n tiny h(— tang;— tan¢@e+6 tang: tange)* } siny, sinhy. 


8. Linear Stability for Spiral Sectors 


For spiral-sector accelerators, the circumference 
factor is close to unity, and minimizing C is no longer a 
major consideration. The ridge separation \ is, how- 
ever, rather small, and if the gap between magnet poles 
is to be kept as large as possible, it appears that the 
field flutter in the median plane must be at least 
approximately sinusoidal. We will therefore assume a 
field in the median plane of the form (2.1). 


H=H(1r/10)*{1+f sinLN@— (1/w) In(r/r0) J}, 
where we have set 


1/w=N tanf=27/\. 


(8.1) 


(8.2) 


The form of Eq. (8.1) is chosen so as to guarantee that 
the accelerator scales. 

The linearized equations for the betatron oscillations 
in the field (8.1) can be obtained from the general 
analysis of the first two sections, but it is perhaps more 
illuminating to derive them directly. If one undertakes 
to write the linear terms in the differential equations 
characterizing the departure of the particle from a 


(7.24) 





reference circle of radius 
11=cp/LeH,(ro/n)*], 
one obtains substantially the following: 
re’ +[1+k+ (f/w) cosN@](r—11)= fr; sinN@, 
2’ —[k+(f/w) cosN0]z=0. 
These equations suggest alternating-gradient focusing 
of the type characterized by the Mathieu differential 
equation, but the presence of the forcing term on the 
right hand side of the equation for the radial motion 


indicates that a forced oscillation will be expected and 
will be given approximately by 


(8.3) 


(8.4) 
(8.5) 


1—1=—  sinV6. (8.6) 


Sf 
N2—(k+1) 


Because of the presence of this forced motion, one 
realizes that not only will the nonlinear terms in the 
differential equations be large, but that a noticeable 
influence upon the betatron oscillation wavelength can 
result. 
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It is appropriate, therefore, to perform an expansion 
about a more suitable reference curve by writing 


(8.7) 


x=r—7+——_ sin N08. 
Ne- 


In this way one obtains linearized equations, of which 
the most significant terms appear below: 


i ae J 





v'+|a+1—4 


) cos2vo]:=0 (8.8) 





1_______- costo |s=0. (8.9) 
N?—(k+1) 


These equations have the form of an extended Mathieu 
equation 


@u/dr?+ (A+B cos2r+C cos4r)u=0. (8.10) 


The neglected terms in the coefficients A and C in Eq. 
(8.10) as given by Eqs. (8.8) and (8.9) are of order 
k’w* times the main terms, so that for f=}, the error 
in these coefficients is less than 2% over most of the 
region of stability (Fig. 8). The neglected terms in the 
coefficients B are of order $(f/N?w)? and 4(f/N*w)* 
in Eqs. (8.8) and (8.9), respectively, so that the errors 
will be less than 2% and 8%, respectively, over most 
of the region of stability. The coefficient of the third 
harmonic term (which has been omitted) is of order 
&(f/N*w)* and 43(f/N*w)?, respectively, times the 
coefficient B; since the third harmonic contributes to 
o an amount proportional to $ the square of the co- 
efficient, its contribution is completely negligible. 

Tables of the characteristic exponent (0/1) of the 
extended Mathieu equation (8.10) have been computed 
on the ILLIAC, using a variational method.’ Values of 
A are tabulated for a range of values of o, B, and C, 
covering the significant portion of the first stability 
region. Results for the Mathieu equation C=0 are 
included. So far as we are aware, there are at present 
no published tables of characteristic exponents for the 
Mathieu equation within the stability region. 

In Fig. 8 we plot a stability diagram for a spiral- 
sector FFAG accelerator with k>1 computed from the 
above formulas and tabulated solutions of Eq. (8.20). 
If k>>1, the coefficients A, B, and C depend only on 


® Laslett, Snyder, and Hutchinson, “Tables for the deter- 
mination of stability boundaries and characteristics exponents for 
a Hill’s equation characterizing the Mark V FFAG synchrotron.” 
Midwestern Universities Research Association Notes, April 20, 
1955 (unpublished). 
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Fic. 8. Dependence of o, and ¢, within the stable region on 
spiral-sector parameters for N>>1. 


k/N? and f{/N*w. We accordingly plot curves of constant 
oz and a, vs k/N? and f/N*w. If we take o,=7/6 and 
o,=1/2, with f=}, we obtain k=0.057N?, f{/N*w=0.25, 
and \=6.3N-*, which may be compared with the 
approximate values k=0.062N?, f/N*w=0.265, and 
\=5.95N- obtained at the end of Sec. 6. 


9. Nonlinear Effects 


The preceding analysis of betatron oscillations has 
been based on an expansion of the equations of motion 
in powers of the displacement from the equilibrium 
orbit, keeping only the linear terms. The small-ampli- 
tude betatron oscillations in x and z are then found to 
satisfy linear differential equations with coefficients 
periodic in the independent variable 9. 

In a perfectly constructed accelerator, the only 
periodicity would be that associated with the V-identical 
sectors around the machine, and the period of the co- 
efficients would be 2x/N. In an actual accelerator, there 
will be imperfections, so that the coefficients will be 
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strictly periodic with the period 2x in 0, and approxi- 
mately periodic with period 27/N. Associated with the 
period 27/N is the requirement that o, and o, must not 
be integral or half-integral multiples of 27; in practice 
it appears that o should be less than z, since otherwise 
the tolerances on magnet construction and alignment 
become very severe. Associated with the period 27 is 
the requirement that v, and v, must not be integral or 
half-integral if imperfection resonances are to be 
avoided, and, in addition, if imperfections can couple 
the x and z motions, v,+yv, must not be an integer. 

The study of the effects of nonlinear terms in the 
equations of motion has not advanced nearly as far as 
the study of the linearized equations. Approximate 
analytic methods of treating nonlinear equations with 
periodic coefficients have been developed by Moser,” 
Sturrock,’ and Hagedorn." Their results can be sum- 
marized as follows: If the coefficients in the equations 
have period 2x in ©, and »,, v, are the numbers of 
betatron oscillations in one period 27, then resonances 
can occur when 


Nzvz+N.v,=any integer, for 


zt; =0,1,2-+-. (9.1) 
Let 


(9.2) 


Then if g=1 or g=2, the motion is unstable even in 
linear approximation. (This is the rule stated in the 
preceding paragraph.) If g=3, then in general, the 
effects of quadratic terms in the differential equations 
are such as to make the motion unstable even at very 
small amplitudes. If g=4, then the effects of cubic 
terms may be to render the motion unstable, depending 
on the form of the cubic (and linear) terms. If g>4, 
then, in general, the motion is stable for sufficiently 
small amplitudes of betatron oscillation. In any case, 
if g>4, and if the equations of motion are nonlinear, 
then there will be in general a limiting amplitude of 
betatron oscillations beyond which the oscillations are 
unstable at least in the sense that they leave the donut. 

Numerical studies carried out on the ILLIAC at the 
University of Illinois seem to confirm these conclusions. 
It was also reported by the Brookhaven group” that 
experiments with the electron-analog alternating- 
gradient accelerator have confirmed these conclusions. 

If we apply the above criteria to the sector periodicity 
2x/N, then we must replace v, and », in Eq. (9.1) by 
o,/2e and o./2x, the number of betatron oscillations 
per sector. We then conclude for example that values of 
oz OF o, near 27/3 are to be avoided, as well as values 
such that o:+20, or o,+2c; is nearly 27. We call these 


Nz+N.= Q. 


10 J. Moser, Nachr. Akad. Wiss. Géttingen, Math.-physik. K1. 
IIa, No. 6, 87 (1955). We are indebted to Dr. Moser for a very 
helpful discussion of his results. 

1 R. Hagedorn, CERN Report, CERN-PS/RH 9, November, 
1955 (unpublished). 

12 Courant, Kassner, Raka, Smith, and Spiro, Phys. Rev. 100, 
1269(A) (1955). 


SYMON, KERST, JONES, LASLETT, AND TERWILLIGER 


resonances with the periodicity of the structure itself 
“sector resonances.” We have indeed found in numerical 
studies that the limiting amplitudes for betatron oscil- 
lations in spiral sector machines become very small when 
o approaches 27/3. 

If we apply the above criteria to the once-around 
period 27, then we find that the values of », and », 
excluded by the above rules are as shown in Fig. 9. We 
plot v, horizontally and », vertically. The lines labeled 
q=1, 2, 3, and 4 represent the values excluded by the 
above rules. The lines g=1 are integral resonances. The 
lines g=2 are half-integral resonances (vertical and 
horizontal) and sum resonances (diagonal). The lines 
q=3, 4 are third and fourth integral resonances. It is 
not yet altogether clear how serious the third and fourth 
integral resonances are, since they arise only from non- 
linear imperfections in the machine. Experiments with 
the electron analog at Brookhaven” seem to indicate 
that these resonances must be excited by deliberately 
inserted nonlinear imperfections in order to be detected. 
This is not true of course of the o=2x/3 resonances 
discussed in the preceding paragraph, which are reso- 
nances with the inherent periodicity of the structure. 
It would at present seem wise to avoid all the excluded 
lines on Fig. 9 if this can be done. 

It should be pointed out that nonlinear terms in the 
equations for the radial sector accelerator are not very 
large, being not greater in order of magnitude than 
nonlinear terms which arise in some conventional 
alternating-gradient accelerators which have been 
contemplated. However, the nonlinear terms which 
arise when the sectors spiral are much larger and play 
a very important role in determining the character of 
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the betatron oscillations. Numerical studies indicate 
that although the motion in spiral-sector synchrotrons 
exhibits marked nonlinear effects, the amplitude limits 
are large enough to accommodate reasonable betatron 
oscillations provided o is not close to 24/3 (say az 
<0.67). 


10. Momentum Content and Phase Stability 


The momentum /(R) is determined by integrating 


Eq. (5.6): 
Rk+1 
p=pho exo| f —ar] 
Ro R 


0 


(10.1) 


If & is independent of R, this reduces to the simple 
relation (5.14). Thus momentum and energy are deter- 
mined as functions of the orbit size R. Since R is es- 
sentially a mean radius of the orbit, the radial aperture 
required for any given initial and final momentum can 
be determined from Eq. (10.1). It is clear that for a 
given momentum content, the radial aperture decreases 
with increasing k. If k>>1, then the radial aperture is 
much less than R, and we have approximately, for 
constant k, 


ate 1 ) ae 
= { —— } In J 
Ro k+1 po 


The angular velocity of a particle in an orbit R is 


(10.2) 


dO Bc pe 
Q=——>=—=—, 
dt R ER 


(10.3) 


where E is the total energy, including rest energy. By 
squaring Eq. (10.3) and differentiating, we obtain 


E dw 1 


——= 


w dE (E/Eg)-1 (R/E)(dE/dR) 





We now differentiate the equation 
F= pe+ EY, 
and use Eq. (5.6) to obtain 


(10.5) 


Edw (k-1)E’?-FE 


eon (10.6) 
w dE (E—E,)(k+1) 


We may integrate this equation if # is constant to obtain 


w ~( F—E? aN 
en ’ 


oy E E?Y—E? 


(10.7) 


where w, is the angular frequency of revolution at any 
particular energy E;. A graph of w/w; is shown in Fig. 
10, where w; is the angular frequency at the transition 
energy, and we have taken k=99. If we define the 
transition energy 


E,= (k+1)*Eo, (10.8) 
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Fic. 10. Frequency of revolution as a function of energy. 


then for E<E,, dw/dE is positive, while for E>E,, 
dw/dE is negative. If particles are accelerated by radio- 
frequency voltages applied to one or more accelerating 
gaps, then the theory of phase stability in FFAG 
accelerators is similar to that for conventional cyclo- 
trons and synchrotrons. When dw/dE is positive, 
particles may execute stable synchrotron oscillations 
about a phase on the rising side of the voltage wave at 
the accelerating gap. When dw/dE is negative, the 
stable phase is on the falling side of the voltage wave. 
At E=E,, there is no phase stability. In order to 
accelerate particles beyond the transition energy, it is 
necessary to shift the relative phase at which the par- 
ticle arrives at the accelerating gap from the rising to 
the falling side of the voltage wave. 

In a cyclotron, the frequency of revolution, w/2, 
must be the same for all energies, and Eq. (10.6) then 
furnishes a relation between k and E: 


k+1=E?/Ey?. (10.9) 


In a cyclotron, k must increase with energy, and the 
betatron oscillations therefore do not scale even when 
the equilibrium orbits scale. 


Ill. APPLICATIONS 
11. FFAG Proton Synchrotrons 


As an illustration of the application of the FFAG 
principles to high-energy accelerator design, possible 
parameters are given below for a radial-sector and a 
spiral-sector synchrotron. Many of the considerations 
governing choices of parameters are common to these 
synchrotrons, and to pulsed-field alternating-gradient 
synchrotrons,! e.g., resonances, alignment tolerances, 
and gas scattering. It is anticipated that injection and 
acceleration might be accomplished somewhat differ- 
ently than in pulsed-field synchrotrons of comparable 
energy. 

Whereas injection from a 50-Mev proton linear ac- 
celerator is planned for 25-Bev pulsed-field accelerators, 
a 5-Mev Van de Graaf electrostatic generator might be 

13). Bohm and L. Foldy, Phys. Rev. 70, 249 (1946); D. M. 


Dennison and T. H. Berlin, Phys. Rev. 69, 542 (1946); R. Q. 
Twiss and N. H, Frank, Rev. Sci. Instr. 20, 1 (1949). 
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used to inject into FFAG synchrotrons for the reasons 
mentioned in the introduction. Electrostatic-generator 
injection with FFAG synchrotrons would have the 
advantages of higher pulse currents, greater simplicity, 
lower cost, and better beam energy and size resolution 
than are at present realized with proton linear ac- 
celerators. Although one-turn injection using a pulsed 
inflector with a pulsed current of milliamperes is the 
most obvious injection system, many-turn injection 
may be used to give greater beam currents by scanning 
the aperture with the injected beam up to the space 
charge limit. 

While the possibility of low-energy injection was 
evident when FFAG accelerators were conceived, it was 
also realized that it is usually uneconomical to use iron 
at a low flux density and that large momentum content 
in an FFAG accelerator requires much pole face area 
working at a very low flux density. This suggested the 
use of FFAG accelerators in succession with high flux 
density in the iron and with regenerative beam ex- 
tractors used backward to inject particles from one 
accelerator into the next at high energy. Such re- 
generative peeler systems for extraction have been used 
for some time on betatrons and recently on cyclotrons; 
time reversal of the orbits would allow the system to 
be used for injection provided the injected beam can be 
caused to move away from the magnetic perturbation 
at the same time the excited oscillation in the beam is 
damped. This would require very careful adjustment. 
The feasibility of this sytem is being given extensive 
theoretical study by Teng," and by others at the 
Argonne National Laboratory. Teng emphasizes that 
the use of high-energy injection largely avoids the fre- 
quency modulation problem and the problems of con- 
trolling the shape of low magnetic fields needed for 
low-energy injection. However, the radio-frequency 
modulation problem has many interesting possibilities 
of solution not available to pulsed-field accelerators. 

The arbitrary frequency-versus-time program of 
FFAG synchrotrons allows the use of a mechanical 
modulation system with high-O0 cavities. With the 
high Q realized in unloaded cavities, the required 
voltage gain per turn could be given the particles by 
one cavity driven at reasonable power. Modulation 
could be accomplished by moving a diaphragm to tune 
the cavity capacity. With such a system, model tests 
indicate a frequency change of a factor of 3:1 is prac- 
tical. Using 5-Mev injection, a frequency change of 
10:1 is required to reach relativistic velocities. One 
might then use one cavity operating as a self-excited 
oscillator to accelerate particles from injection to about 
50 Mev. The voltage on that cavity would then be 
turned off as voltage on a second cavity is turned on, 
and acceleration continued with the second cavity. The 
change-over could be triggered by frequency comparison 
between cavities. The relative phases of the cavities 


“L. C. Teng, Phys. Rev. 100, 1247 (1955). 
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could be controlled by a loose coupling between them. 
(With the University of Michigan electron synchrotron 
two-cavity rf system, it was observed that it was 
possible to make the transition from one cavity to 
another without an observable beam loss.) A third 
cavity might be added and a second transition made if 
desired, since it is observed that most of the energy is 
given the particles after they have reached almost 
constant velocity, c (see Fig. 10), and this third cavity 
could be designed to provide very high voltage over a 
small frequency range. Fine frequency adjustments 
would be made with reactance-tube loading of the 
cavities. With this rf system, it appears reasonable to 
accelerate protons to 20 Bev with a repetition rate of 
several per second. 

While the above system is suggested on the basis of 
experimental tests already in progress, it is realized 
that other rf systems might prove more practical. Some 
of these are: 

1. Many ferrite-loaded, low-voltage, low-Q cavities 
operated as tuned, driven amplifiers. Tuning would be 
accomplished by biasing the ferrites with currents. This 
is the system planned for the CERN and Brookhaven 
pulsed AG synchrotrons. 

2. The use of drift tubes or operation of one or more 
entire magnet units as a drift tube on a high harmonic 
of the particle rotational frequency. In this case tuning 
over a wide frequency range appears difficult. 

3. Several rf schemes have been proposed in which 
many groups of particles of different energies are present 
in the donut simultaneously. If any of these schemes 
proves practicable, large increases in duty factor and 
hence in beam output will become possible. 

In alternating-gradient synchrotrons, phase stability 
vanishes at a transition energy, Z;, given by Eq. (10.8). 
It is possible in the radial-sector FFAG designs to have 
k large and negative. In this case there is no transition 
energy, and high-energy orbits lie on the inner radius 
of the machine. Negative-k designs appear to be not 
practical with spiral sectors. Figure 11 illustrates 
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Fic. 11. Radio-frequency program for pulsed-field AG 
and FFAG synchrotrons. 
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qualitatively the radio-frequency versus energy program 
in a pulsed-field AG accelerator, and in comparable 
FFAG accelerators with positive and negative k. 


12. A 10-Bev FFAG Proton Synchrotron with 
Radial Sectors 


The following design for a high-energy proton syn- 
chrotron is intended to illustrate the features of the 
radial-sector FFAG synchrotron. This design type is at 
present the most completely understood of the FFAG 
accelerators thus far suggested, although spiral sectors 
certainly offer the possibility of more economical design. 
From the expressions (7.23 and (7.24), values of o, and 
a, may be found for a given choice of .V, , 81, Bo, and 6. 
In Table I, typical values of the parameters are given 
for a 64-sector radial-sector accelerator. For this 
example we choose 10 Bev as the maximum proton 
energy and 20000 gauss as the magnetic field for the 
equilibrium orbit of that energy. The limit on the 
strength of the focusing, radially and vertically, is 
set by the tolerances which must be placed on pa- 
rameters of the machine such as to avoid resonances. 
Since, if o, is kept constant, vz is roughly proportional 
to the square root of m, weaker focusing relaxes these 
tolerances. In cases where the simple expressions (7.8), 
(7.9) hold, the tolerance on » for Av=} is, by differ- 
entiating, 


dn 2m sing 
— % G25) 
n N( sin: coshye—y2 cosy; sinhy2) 





For the above design figures, the tolerance on v is about 
one percent. A closer tolerance might be held on m in 
the fixed-field case than in the pulsed-field case since 
all field adjustments are time-independent. 
Misalignment of magnets in alternating-gradient 
accelerators has been shown to give rise to large 
deviations of equilibrium orbits.'® In radial-sector 
accelerators, the equilibrium orbit deviation for a given 
rms sector misalignment may be shown! to be worse, 
by approximately the ratio of circumference factors, 
than in a conventional AG accelerator of the same 
number of magnet units and comparable v, and »,. Here 
the simplifying assumptions are made that misalign- 
ments occur for magnet units as a whole, and that they 


TABLE I. Illustrative values of the parameters for a radial 
sector accelerator. 








N= 64 
m=n2= 36 

C= 5.35 

k=192.5 


8B, =15.00° Or 

Bo= 9.37° o;= 

5= 0.05° Ve= 
diX=de= 5.74° = 








1%8E. D. Courant and H. S. Snyder, Internal Brookhaven 
National Laboratory Report, June 1, 1953 (unpublished); G. 
Liiders, CERN reports CERN-PS/GL 4, GL6, GL7, GL8, and 
GL9 (unpublished); E. Crosbie, Argonne Accelerator Group, 
Progress Report No. 5, February 24, 1955 (unpublished). 
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TABLE II. Physical dimensions of a radial sector accelerator. 
Subscript 0 refers to maximum energy, subscript i refers to 
injection. 





E;=5 Mev 
r:=95.0 m 
B;=200 gauss 
pi=17.8 m 
Z;=15.0 cm 
radial aperture 
transition energy 
vertical semiheight of injected beam 
angular spread of injected beam 
pressure in the vacuum chamber 


E y=10 Bev 

r9=97.3 m 

Bo=20 000 gauss 

po= 18.2 m 

Zo=3.0 cm 
ro—7=2.3 m 

E,=12 Bev 

Z;=2.5 cm 
6;=+0.001 radian 
p=5X10-* mm Hg 


proton kinetic energy 
synchrotron radius 
magnet guide field 
radius of curvature 
vertical semiaperture 





are random and independent. For the accelerator in this 
example, an rms misalignment of the 128 magnets of 
0.02 cm would be expected to result in a maximum 
deviation of the equilibrium orbit of +2.0 cm. 

The effects of space charge and gas scattering have 
been treated by Blachman and Courant'® and others.!” 
In this example, an injected beam from a typical Van 
de Graaf electrostatic accelerator would fill +10 cm of 
aperture after gas scattering. Adiabatic damping of 
betatron oscillations as the momentum increases by a 
factor of 100 during acceleration would then reduce 
these oscillations to +1.0 cm. At a reasonable rate of 
acceleration (75 kilovolts per turn), 3X 10" protons per 
pulse could be accepted. 

The values of physical quantities consistent with the 
parameters of Table I and the above considerations are 
given in Table II. 

Figure 12 illustrates in cross section a possible 
method of constructing the magnets. Much of the large 
change in field would be accomplished by back-winding 
coils on the pole sufaces. Table III illustrates the 
magnet parameters for the accelerator described above 
in Tables I and II. 

With the rf system described above, the repetition 
rate is limited only by the rf voltage which can be 
applied and by the rate of mechanical frequency 
modulation attainable. Using this rf system with the 
accelerator of this illustration, one to three pulses per 
second of 3X10" ten-Bev protons appear attainable. 


13. 20-Bev FFAG Proton Synchrotron 
with Spiral Sectors 


As an example of an accelerator made with a ring 
magnet producing loci of maximum field which cross the 
path of the particle at a small angle, we take a field of 
the form (8.1). The motion for this case is treated in 
Part II. Equations (6.24), (6.27), and (6.31) show that 
in the smooth approximation 


ve=1+k, (13.1) 


ve=—k+(f/wNP+3f, (13.2) 


16N. M. Blachman and E. D. Courant, Phys. Rev. 74, 140 
(1948) ; 75, 315 (1949). 

17 J. Seiden, Compt. rend. 237, 1075 (1953); D. W. Kerst, Phys. 
Rev. 60, 47 (1941); J. P. Blewett, Phys. Rev. 69, 87 (1946). 
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Fic. 12. Cross section of radial-sector magnet and coils. 























where w=)/2z and ) is the radial separation between 
adjacent ridges in units of the radius. 

Parameters for a 20-Bev ring magnet will be derived 
using this smooth-approximation result and the con- 
dition o=2xv/N<-, the stability limit for a Hill 
equation. Later the alteration of these parameters 
resulting from exact solution of the linearized differ- 
ential equation by the use of the Illiac digital computer 
will be shown. 

We can choose from many types of injectors—linear 
accelerators of 50 Mev, cyclotrons, or, for much lower 
energy, Van de Graaf electrostatic accelerators. For the 
purpose of this example, suppose we choose an extreme 
case in which the ring magnet is able to hold orbits of 
5-Mev injected protons at its inside rim and orbits of 
20-Bev protons at its outside rim. We can choose 
k=82.5, ro=5000 cm, where 7 is the mean radius of 
the high-energy orbit using 14 000 gauss for the average 
field strength at the orbit. This gives r;=4688 cm as the 
mean radius of the 5-Mev orbit. A radial extent of the 
magnet gap of approximately d=r)>—17;=312 cm is 
needed. The ratio of the average field at the high- 
energy orbit to the average field at the low-energy orbit 
is Mo/H;=203. 

Since k=82.5, vz=9.15 radial betatron oscillations 
around the machine according to the smooth approxi- 
mation. To remain within the stability limit for the 
linearized differential equation with varying coefficients 
we must have 2v<V. Choose V=31 sectors or ridges 
crossed in one passage around the machine. This gives 
o:=0.67. We can then choose o,=0.2682r, so that 
v.=4.15. This choice of v, and v, avoids the forbidden 
lines on Fig. 9. The working point chosen is then in 
one of the two largest squares available in (vz,v.) space. 
The ridge characteristics can now be found by the 
second smooth approximation Eq. (13.2) which gives 
f{/w=218 with the above values of NV and k. 

Thus if we take f=}, then A=0.00506 in units of the 


Tasiz III. Magnet parameters characterizing a radial 
sector accelerator. 








9650 tons 

670 tons 

112 000 ampere turns 
5.5 megawatts 


Total weight of iron 

Total weight of copper 

Required current 

Required magnet excitation power 
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radius, so that the radial separation of the ridges at the 
outside edge is 25.3 cm. This result is only approximate. 

The accurate solution to the linearized equations can 
be summarized in the form shown in Fig. 8 which 
exhibits the “necktie” for the case of a magnetic field 
of our prescribed form in the median plane. According 
to this diagram, take o,=0.6154 and o,=0.25z; then 
f/wN*=0.303 and k/N?=0.075. If we choose NV =33 
sectors, we have: v,=10.15, v,=4.15. Both values are 
now in the middle of a different large square allowed by 
‘the integral, half-integral, and third integral rules. (To 
be in the center of the largest allowed squares, the 
working point y,, v, should be 0.15 units above integers 
for both dimensions or 0.15 units below integers for both 
dimensions.) If we again take f=}, then w=1/1320, so 
Aro= 23.8 cm radial ridge separation. 

At this point, consideration must be given to the 
possible magnitude of f which can be achieved. The 
shapes of magnetic potential surfaces which will produce 
a flutter f=} with k=150 are shown in Fig. 13. The 
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Fic. 13. Spiral-sector equipotentials for k= 150 and f=0.25. 
Ordinates and abscissas are in the same units. 


curves are loci of constant magnetic potential for 
several different values of the potential. These curves 
were determined by digital computation. They show 
deep crevices developing in the surfaces or poles when 
the ridge is about 0.13\ away from the median plane. 
Apparently when the gap between ridges exceeds } of 
the radial separation of the ridges, the crevices in the 
surfaces occur. These crevices mean that a pole of 
opposite polarity is needed in the crevices to produce 
the required flutter when the gap is large. If we do not 
want pole faces with these reverse poles embedded in 
them, then the gap between ridges must not exceed one 
fourth of the radial separation of the ridges. The same 
result has been obtained analytically. 

Figure 14 shows the calculated shape of the equi- 
potential surfaces for f=}. The dependence of gap is 
shown in Fig. 15 where G is the maximum gap at ridge 
tops without forward windings. If we require that the 
v’s be constant, f/w must be constant. Thus we plot 
Gf/w vs f in Fig. 1. We see that the flutter f which 
gives the maximum possible gap at the ridges, under 
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conditions of constant alternating-gradient focusing, 
that is, constant f/w, is f=}, and the maximum gap is 
G=0.275 in units of the ridge separation. The curves 
show that flutter factors from 0.14 to 0.36, without 
crevices in the poles, require that the gap be only 10% 
less than the maximum possible gap. These analytical 
results are similar to those from digital computation as 
already mentioned. 

For the example we are considering, we had Afro 
= 2rwro= 23.8 cm radial separation between ridges at 
ro. This means that if we choose G=0.275Aro, then 
G=6.15 cm at the injection radius and 6.6 cm at the 
high-energy radius. 

To make the magnetic field 203 times larger at the 
high-energy radius than at the injection radius, this gap 
would have to be reduced by a factor of 203 unless 
currents are distributed on the pole face. By placing 
such windings between iron ridges, the gap can be kept 
full size at all radii. Thus, by proper winding, G(r) 
could always be about 0.275 times the ridge separation, 














Fic. 14. Magnetic potentials, V=Z/W+ f sin(X/W) sin[H (Z/ 
W)], for k=0 and f=0.25. Poles corresponding to V=1.1 have 
the widest gap without crevices in the pole surface. 


which is practically constant. However, it is not most 
desirable to have the gap essentially constant at all 
radii because the amplitude of betatron oscillations 
decreases as p~! while the particle is being accelerated. 
Thus if the momentum increases by a factor of ~203, 
then the space required for betatron oscillations de- 
creases by a factor of (200)! or ~14. Consequently it 
would be best to have the gap at the injection radius 
about 10 times larger than the gap at high energy and 
it would be desirable to fill this large aperture with beam 
at the injection time. Actually the gap at successive 
energies should be big enough to accommodate not only 
the decreasing betatron oscillations but also the 
misalignment distortion of the equilibrium orbit. If we 
maintain a gap as large as possible without the addition 
of opposite poles between ridges, that is if we keep 
G=0.275dr, then the aperture available actually in- 
creases slightly during acceleration due to the slight 
increase in r. To reverse this gap variation without 
decreasing the gap below about 6.2 cm would require 





OPTIMUM 











Fic. 15. Maximum gap, G, times (f/X), for fixed tune as a func- 
tion of f. The criterion of no crevice in the pole face is used. The 
field variation in the orbital plane is sinusoidal. 


introduction of reverse poles between ridges where it is 
most easily done, that is at the low-field rim. In practice 
this can be accomplished by running currents in two 
directions between a few of the low-field ridges. Then 
the iron surfaces may be separated farther to give an 
increased vertical aperture. It seems reasonable that the 
gap at the injection radius could be doubled this way. 

A configuration of the ridges and coils which produces 
the correct field shape is shown in Fig. 16 which shows 
iron contours as magnetic equipotentials. The location 
of current-carrying copper between the ridges is shown. 
This current terminates some magnetic potential 
surfaces, allowing the iron to be brought down to the 
same gap magnitude at successive ridges. Since the 
magnetic field decreases by the same factor between all 
adjacent ridges, the amount of back-wound current in 
the slot decreases by the same factor between slots. 
Thus the slot at the high-field ridge carries the largest 
number of back-wound ampere turns. The figure shows 
how the gap at the injection radius might be doubled 
by using forward and backward currents in the slot. 
Such a magnet requires about 1.8 megawatts of power. 

With this method of providing the field shaping, it 
would be necessary to carry current over the ridges of 
iron as they spiral outwardly. A way to do this is to have 
the gap between ridge tops close a little as they spiral 
outward to produce the field increasing as r*, and then 
to have the wires carrying current come back to the 
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Fic. 16. Spiral-sector magnetic structure. The insertion of 
back-wound current carrying conductors allows the gap between 
the poles to be about the same for all ridges. 
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Fic. 17. Method of bringing conductors back across ridges 
at straight sections. 


beginning radius at the start of the next sector around 
the magnet. Straight sections between sectors provide 
the opportunity to bring the conductors back to the 
same radius. Since the field changes by about 35% from 
- to ridge, the gap would have to change by about 

5% between the crests of ridges from one end of a 
dite to the other. A less drastic change in gap along 
ridges results if the sectors, which are about 32 feet long, 
are subdivided say 3 times to form approximately 10- 
foot lengths with straight sections between. Then the 
gap needs to vary only about 12% along a ridge top and 
the wires between ridges can come back to the same 
radius every 11 feet around the circumference. This is 
shown in Fig. 17. 

This brings up the problem of straight sections where 
the magnet is separated and where the field is approxi- 
mately zero. If such cuts in the magnet are made along 
approximately radial lines, the machine and the orbits 
do not scale. Consequently o varies periodically as the 
radius of the orbit grows. This problem is one of the 
most important being studied by the MURA technical 
group and there are indications that the distribution 
of the straight sections, such as subdivision of sectors 
into several parts as just mentioned, minimizes the 
variation of o to a tolerable value with a useful length 
of straight section. 

There is another example of a method to attain the 
desired field shape which simplifies some of the problems 
and which has been studied in the form of magnetic 
models by the MURA technical group. Such a structure 
is shown in Fig. 18. The average radial dependence of 
field (r*) is produced by back-windings on iron poles 
similar to those used in a radial-sector magnet. The 
magnetic equipotential surfaces so formed are distorted 
or kinked by some other means such as the presence of 
iron rods having the same shape as the desired magnetic 
equipotentials on the side toward the orbits. These rods 
assume their magnetic potential from their positions in 
the gap. Since the rods spiral from one radius to another, 
they must be segmented with a few nonmagnetic 
- spacers such as brass washers to prevent magnetic 
flux from traveling along the rod. Such ridges and the 
proper fields were achieved in the models made by 
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F. L. Peterson and T. B. Elfe of the MURA technical 
group. 

An interesting observation which they made shows 
that there is the possibility of relaxing the requirements 
for a small gap in a spiral sector magnet. They were able 
to increase f greatly above the design figure of } without 
closing the gap and without using reverse poles or deep 
crevices between ridges. It was done merely by deviating 
slightly from a simple sinusoidal field variation. A 
value of f~0.38 was reached without a great harmonic 
distortion of the field in the median plane. Further 
studies of this possibility will be needed to show how 
much the alternating-gradient term in », is increased 
by the attainable field shapes. Any increase would allow 
opening the gap more. 

An important question must be answered before it is 
known how large a gap is useful. As pointed out in Sec. 
9, the motion of a particle in a magnetic field which 
causes nonlinear restoring forces generally has a limit 
to the amplitude for stable motion or an amplitude 
limit beyond which the particle starts to oscillate about 
a second closed equilibrium orbit in or outside the 
accelerator. If oscillation about this second orbit takes 
the particle out of the aperture, the particle is lost. In 
the radial direction this limit ’can be as large as 0.1 to 
0.3 of a ridge separation and in the axial direction it is 
smaller. The example given does not have an especially 
large limit because o, is near 27/3. The increase of such 
stability limits by suppression of some of the nonlinear 
forces would make it worthwhile to open the gap 
farther than 0.275 of the ridge separation because more 
vertical space useful for betatron oscillations would 
become available. For some vertical stability limits 
observed with the digital computer, there would be no 
value in opening the gap wider because the stability 
limit is within the gap available. The sources of the 
nonlinear effects are being studied with the purpose of 
designing a spiral-sector system to make larger gaps 
useful. In general, if the angle ¢ is made smaller so the 
oscillations do not cause a large variation in sector 
length, the stability limit increases. 
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The most promising method of decreasing ¢ and 
hence decreasing the nonlinearities so that the stability 
limit is increased is to use magnets which produce a 
large flutter, f. Two very promising cases of this type 
follow : 

One case has rectangular ridges of iron with the gap 
between ridges } as big as the gap at the valleys. (See 
Fig. 19.) Taking account of the fringing flux, we can 
produce an f=V2(AH)rms/H=0.71 in the favorable 
case of A=2 and D=9, where A and D are in units of 
half-gaps. If we want f{/w=330, as in the previous 
example, then w=0.00215. This case gives a good size 
for the injection aperture: 


G=([4rw/(A+D)]X 4688 cm= 11.1 cm. 


The circumference factor is less than (A+D)/(A+4D) 
=2.3 which could be tolerated at the injection radius. 
If we do not require that the equilibrium orbits scale, 
then the ridge proportions can change and the circum- 
ference factor can be improved at the high-energy 
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Fic. 19. Rectangular spiral ridges. The distributed 
back-winding is circumferential. 


radius. For example, a gradual transition could be made 
to A=9, D=8, and G=7 cm, with the same f/w in- 
cluding fringing effects. The circumference factor, 
including fringing effects, is then 1.38. 

A structure which has many desirable features is a 
separated spiral-sector magnet. By winding each spiral 
ridge separately with a forward coil and with distributed 
back-windings on the pole face (in the manner shown in 
Fig. 12 for radial sector magnets), the ridges can be 
spaced widely enough to bring the field down to ap- 
proximately zero between ridges; this increases f 
greatly. If the field shape is that shown in Fig. 20, 
which gives a circumference factor of 2, the flutter f is 
1.28 and the gap can be about 30 cm. The angle between 
the sector edge and the orbit is large enough to allow a 
large-amplitude betatron oscillation before the stability 
limit is reached—possibly as much as 90-cm amplitude. 
Sector dimensions are shown in Fig. 21. 

The gap at the high-field radius can be made much 
less than 30 cm in order to conserve power, but it is 
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Fic. 20. Circumferential distribution of axial field for separated 
spiral sectors, at 10 000-cm radius with 30-cm gap. 


highly desirable to keep this large gap at the low-energy 
radius for injection purposes. 

While this structure requires a large circumference 
(not all occupied by iron), it has many conveniences 
compared to magnets already described. The fabrication 
has simplifying features. The vacuum tube is more 
easily constructed. Access to the beam for targets is 
better. The sectors can be separated more where longer 
straight sections are desired and scaling is still possible. 
The nonlinear stability limit should be comfortably 
large, permitting a large useful injection aperture. 


14. FFAG Betatrons 


The large momentum spread which can be held by 
FFAG magnets allows a great increase in the acceptance 
time of injected particles if betatron acceleration is 
used.‘ The injected particles may be accepted into 
stable orbits in the dc magnet gap at the low-energy 
radius all the time that the central magnetic flux is 
rising; as the particles gain energy, they spiral toward 
the high-field radius. After each particle orbit has 
linked a certain change of flux, Ad, corresponding to an 
increase in momentum to its final value, it reaches the 
target (or ejector) radius. Charged particles continue 
to arrive at the target as long as the flux continues to 
rise beyond Ad. If A¢ is less than the maximum core 
flux, $0, useful injection and ejection may occur as much 
as 25% of the time by cycling the core flux between 
+o and —qo. When sinusoidal core excitation is used, 
the duty factor D (the fraction of time for useful 
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Fic. 21. Separated spiral-sector geometry. Each ridge 
has its own windings. 
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injection) is given as follows (see Fig. 22): 


1 Ad 
D=— cos| _ i} 
2a do 


(14.1) 


In order to miss an injector structure, a certain mini- 
mum rate of acceleration (rate of rise of flux) at in- 
jection is required; this will reduce the duty factor in 
practice. 

Since the particle equilibrium orbit is not circular 
and since its radius changes with acceleration, the 
relationship between Ad and the momentum increase 
differs from that for conventional betatrons. 

The voltage gain per revolution is, in Gaussian units, 


V=(1/c) (dp/dt), (14.2) 


where ¢ is the flux in the betatron core. The rate of 
increase in energy is therefore 


dE ew \ dd 
—= (=). (14.3) 
di 2xc/ dt 


where w/2z is the frequency of revolution [Eq. (10.3) ]. 
We have, therefore, 


dE e 
Rip=—= (—~ Ja, 


(14.4) 


w 2rc 


and the required accelerating flux change is determined 
by 
2acR 


(P2— pi), (14.5) 


o2—o1= 


(14.6) 


If k is constant, we have, by Eq. (5.14), 


k+1\ 1— (s/s) te 
ra(e) 
k+2 1— (p1/p2) 





k+1 
=(—)r. if prxKpe. (14.7) 
k+2 


With FFAG guide fields in the 20- to 300-Mev 
energy range, the duty factor could be increased by 
more than a factor of 10‘ over that in existing betatrons 
and synchrotrons. The beam current increase would 
probably be less because of space-charge effects at 
injection. 

In pulsed-field betatrons, large amounts of energy are 
stored in the pulsed-guide field magnet gap, and 
equipment capable of handling the large circulating 
currents and voltages must be used. In FFAG betatrons, 
only the accelerating core is pulsed, and it would be a 
closed iron circuit which would require much less 
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energy storage, and therefore a much smaller condenser . 
bank and less ac power equipment. 

Either the radial-sector or the spiral-sector type of 
FFAG magnet could be used for electron betatron 
acceleration up to a few hundred Mev, and the design 
would be subject to the same considerations as dis- 
cussed above for synchrotrons. Since the core flux 
change for a given particle momentum increase is 
proportional to the particle period of revolution, the 
smaller circumference of the spiral sector type is 
doubly important for betatrons. In focusing magnets 
designed for the betatron energy range, an N of 10 to 
30 appears more suitable than the higher N values 
suggested for multi-Bev synchrotrons. 

The output beam of electrons from an FFAG beta- 
tron would be nearly monoenergetic and spread over a 
long time corresponding to the duty factor. Present 
betatrons and synchrotrons achieve a lengthened output 
beam pulse at the expense of energy homogeneity, 
since the electrons are in a sinusoidally varying field at 
essentially constant radius. This and the prospect of 
beam currents approaching time-average values of 
milliamperes makes this an attractive accelerator for 
electrons from a few Mev to several hundred Mev. 


15. FFAG Cyclotrons 


To make semirelativistic particles revolve in a 
cyclotron at constant frequency and in orbits that are 
approximately circles, it is necessary to have the 
average magnetic field increase with radius. In order to 
avoid the resultant axial defocusing, alternating- 
gradient focusing may be employed. There are a number 
of possible magnetic field configurations for such a 
fixed-field alternating-gradient cyclotron. The first such 
cyclotron was proposed by Thomas.’ The Thomas 
cyclotron is essentially a radial-sector FFAG machine 
having three or more sectors with a roughly sinusoidal 
field flutter. Thomas showed that such a machine has 
stable orbits for energies up to a limit depending upon 
the number of sectors. A considerable amount of 
experimental and theoretical work on the Thomas 
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Fic. 22. Time dependence of betatron flux showing duty factor. 
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cyclotron has been carried out at the University of 
California, culminating in the successful construction 
and operation of two electron models which accelerate 
electrons up to half the speed of light.!* We will here 
discuss briefly the general features of FFAG cyclotrons 
with particular reference to spiral-sector configurations. 

In Sec. 10, we have obtained a relation (10.9) 
between the total energy EZ and the mean field index 
k for a cyclotron, in which the frequency of revolution 
is independent of energy. We have also the approximate 
expressions developed in Sec. 7 relating k to the betatron 
oscillation frequencies. For spiral sectors, the simple 
approximate relation (6.24) holds: 


ve= (1-+k)}. (15.1) 


According to Eq. (10.9), vz is given directly in terms of 
the energy by the relation 


v,= E/E. (15.2) 


It is clear that the orbits in such a cyclotron start at 
the center at E= Ey with v,=1 (as in a conventional 
cyclotron), and that as £ increases, successive integral 
and half-integral radial resonances are encountered at 
energies which are approximately integral and half- 
integral multiples of Eo. If we regard the first integral 
resonance as the limiting energy, then the maximum 
kinetic energy is about one rest energy (actually some- 
what less, according to more accurate calculations"). If 
sufficiently high dee voltage is applied, and if magnetic 
field errors are sufficiently small, it may be possible to 
drive the particle energy through resonances fast 
enough to avoid buildup of oscillations. In any case, 
for stability, y- must be less than 3, so that E can 
never be greater than about }\V Eo. The predicted 
existence (Sec. 9) of a strong third integral resonance at 
o,=21/3, (vz=N/3), may set an even lower limit on 
E for a given number of sectors NV. 

In a radial-sector configuration in which the number 
of sectors is small (V<8), the alternating-gradient 
focusing also comes primarily from the 7 term in Eq. 
(5.13), and consequently the relations (15.1) and (15.2) 
are still roughly correct and the preceding considerations 
are still qualitatively correct. In particular, this is true 
of a Thomas cyclotron. 

In a cyclotron in which the » term in Eq. (5.13) 
predominates, we see from Eqs. (6.24) and (6.25) that 
the focusing depends on & and on the quantity 


F=2¢(- ) +37. 
n 00 Av sl 


1D. L. Judd, Phys. Rev. 100, 1804(A) (1955); Pyle, Kelly, 
Richardson, and Thornton, Phys. Rev. 100, 1804(A) (1955); 
Heusinkveld, Jakobson, Ruby, Smith, and Wright, Phys. Rev. 
100, 1804(A) (1955). We are indebted to Dr. Judd for a discussion 
of the work done at Berkeley, which is described in University of 
California Radiation Laboratory Reports No. 2344 and No. 2435 
(unpublished). 

1D. S. Falk and T. A. Welton, Bull. Am. Phys. Soc. Ser. II, 
1, 60 (1956). 
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Fic. 23. Working point diagram for a spiral-sector cyclotron. 
F is the AG focusing parameter. 


The focusing parameter F is determined, according to 
Eqs. (6.24) and (6.25), by the relation 


F=yp/+ 77-1. (15.4) 


In Sec. 6, we have noted that with spiral sectors, the 
optimum flutter factor f is about }, for maximum 
vertical aperture without extra forward pole-face 
windings. With this value of f, the focusing parameter 
F may be written, with the help of Eq. (6.26), 


F= jg (tan+4). (15.5) 
In Fig. 23, we plot circles of constant F vs v, and »,. 
Vertical lines of constant k (hence constant E£) are 
marked in the figure. We show also lines representing 
integral and half integral resonances (v,, v.z=integer or 
half-integer) and sum resonances (v,+v,=integer). As 
the energy increases from Ey to E, the working point 
(vz,vz) will trace out a curve connecting the line k=0 
with the line K = (E/Eo)!—1. The form of this working 
point curve will depend on the way F varies with radius. 
In a practical magnet, F will almost necessarily be zero 
at the center so that the curve will start near (v,=1, 
v,z=0). Difficulties may be expected in accelerating 
particles beyond a point where the working point crosses 
any of the resonance lines, particularly integral reso- 
nances, or resonances involving the vertical motion 
(since the vertical aperture is not large). It is clear from 
Fig. 23 that the working point necessarily crosses a 
half-integral radial resonance near E= Ey+4Eo, and a 
sum resonance and an integral radial resonance before 
reaching E=2Ep. 

In order to get a picture of an FFAG cyclotron, we 
note that the frequency of revolution of an ion in a 
cyclotron is 


w/ 24 =Bc/2nR=c/2ni, (15.6) 


where 2A is the wavelength of the radio-frequency 
voltage required to drive the dees (we assume first- 
harmonic operation). We have therefore the following 
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Fic. 24. Plan view of ridges in a 6-sector spiral-sector cyclotron. 
relation between energy and radius: 

E/Eo=4/ (X*— R?)!. 
The momentum /(R) is 

p=mcR/ (*— R?)}, 
the mean magnetic field is 


mc /e 
(15.9) 


(RA! 


and the mean field index [Eq. (10.9) ] is 


k= R*/(¥°— R?). (15.10) 
The relations (15.6)—(15.10) are exact. In order to 
determine the shape of the spiral ridges, we must solve 
the equations for betatron oscillations. We can get a 
rough idea of the ridge pattern from the approximate 
relations (15.1), (15.4), and (15.5). If we combine these 
formulas with (15.10), we obtain 


16R? 
tan*t =——— 
x2— R? 


(15.11) 


2 1 
TY, 75. 


Let us now assume for example that the working point 
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Fic. 25. Total energy and magnetic field as a function of radius 
in a constant-frequency cyclotron. (Ep is the rest mass and 2X is 
the oscillator wavelength.) 
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in Fig. 23 moves along the horizontal v,=1/v2, so that 
4R 


tant = —, 
(x2— R24 


(15.12) 


If we neglect the scalloping of the equilibrium orbit, 
we may replace R by the radius r, and substitute in 
Eq. (6.30) to obtain the equation for a spiral ridge in 
polar coordinates: 


O9=4 sin (r/A). (15.13) 


If we assume a sinusoidal field flutter, the function y is 
u=1+4 cos[ NV (6—6) ], (15.14) 
and the magnetic field is given by 
mc*/¢ 


H=Ay=———_ 
(?—R?)! 


{144 cos|VO—4N sin“(r/x)]}. (15.15) 


The number of sectors NV is, to this approximation, still 
arbitrary. If the output energy is to be E=2Ep, (about 
1-Bev kinetic energy for protons), then v,=2 at the 
output radius, and N must be at least 4, for linear 
stability of the betatron oscillations. In order to avoid 
the third integral nonlinear resonance at ¢,= 22/3, we 
should probably take V=6. In Fig. 24, we plot the 
ridges and troughs given by Eq. (15.13) for a cyclotron 
with six spiral sectors and an output energy E=2£Ep. 
In Fig. 25, we plot E and AJ vs R for such a cyclotron. 
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APPENDIX A. THE SMOOTH APPROXIMATION 


Let the alternating-gradient equation of motion in 
one dimension be written in the form 


Fx/dP = f(x,0), (A.1) 
where the force f(x,0) is periodic in 6 with period 27/N. 
We will assume that V>>y, that is, that the betatron 
wavelength is long compared with the sector length. It 
is then reasonable to seek an approximate solution of 
the form 

x=X+£(X,9), (A.2) 


where the “smooth” oscillation X(6) satisfies an 
equation of the form 


PX /dP=F(X), (A.3) 


independent of the sector periodicity, and the “ripple”’ 
£(X,6) is periodic in @ with period 2x/N and with zero 
mean, for fixed X. We will assume that the ripple 
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and the derivatives dX /d0, d*X /d@ are small in a sense 
to be made more precise presently. 
We substitute Eq. (A.2) in (A.1) to obtain 


X""+ boot 2éxoX’ +ExxX?+ixX"= f(X+E, 0), (AA) 


where primes deonote derivatives with respect to 6. We 
now average over 0, keeping X, X’, X”’ fixed, remember- 
ing that (),4=0, to obtain an equation corresponding 
to (A.3): 


@X /dP=(f(X+E, Ow. (A.5) 


We subtract Eq. (A.5) from (A.4): 
too={ f(X+E, 0)} —2ExeX’— ExxX"— EX”. 


We use the notation introduced in the definition (4.14). 
It.is easy to'see that the last two terms are of order 
(o/2r)? relative to the first term, and are therefore 
negligible if V>>v. The second term is only of order 
o/m relative to the first, but its effect on the smooth 
equation (A.5) can be shown to cancel out to first order. 
We therefore neglect the last three terms in Eq. (A.6) 
and replace { f(X+£,6)} by {/(X,0)}, ie., we assume 
that {£fx}<«{ f}. We can then integrate Eq. (A.6) to 
obtain, as a first approximation to the ripple, 


g = fe (X 9) ? 


in the notation introduced in definitions (4.16) and 
(4.17). If we substitute the ripple (A.7) in Eq. (A.5), 
we obtain, to first order in £, the smooth approximation 


PX /dP=(f)wt+(fofx)m. (A.8) 


(Essentially the same result has been obtained by 
Sigurgiersson.”) To the solution of Eq. (A.8) is to be 
added the ripple (A.7) to obtain an approximate 
solution to Eq. (A.1). The second term on the right 
in Eq. (A.8) can be integrated by parts and rewritten 
in the form 


(A.6) 


(A.7) 


BX /d=(f\u— (frferdw. (A.9) 


If the force in Eq. (A.1) is linear in x, 


f(x,0) = g()x, (A.10) 


0 T. Sigurgiersson, CERN report, CERN-T/TS-1, December, 
952; CERN-T/TS-3, May, 1953 (unpublished). 
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then Eq. (A.9) can be written as a linear equation 
PX /dP=[(g)— (g1?)w JX, (A.11) 


and the approximate solution (A.2) then can be written 
in the Floquet form 


x= etl 1+-9,(8) |, (A.12) 
where 
y= (g1°)w— (g) av. (A.13) 


The above results can be immediately generalized to 


the two-dimensional case 
Px /d? = f(x,2,0), 
oe (A.14) 
@:/d = g(x,z,0). 


We assume a solution of the form 


x=X+6, 
2=Z+¢. 


(A.15) 


We have the approximate equations 
E= fa(X,Z,9), 
f= g2(X,Z,9), 
where X, Z satisfy 
PX /dP =f) w+ (fofx)w+(gofz)m, 


(A.17) 
PZ /dP = (g) wt (fogx) wt (228z) mw, : 


where averages are over 8 with X, Z fixed. 

In practice, we have found that Eq. (A.13) gives 
values of v or ¢(=2zv/\) which are accurate to within 
about 10% of [(g:?)w}*, provided that [(g:?)w }'S N/4. 
A few nonlinear cases have been studied, and solutions 
of Eqs. (A.8) and (A.17) have yielded results in fair 
agreement with more accurate calculations except near 
stability boundaries. Stability boundaries where the 
betatron wavelength becomes infinite are fairly ac- 
curately predicted by Eqs. (A.8) and (A.17) but the 
(more interesting) stability boundaries due to sector 
resonances when the betatron wavelength becomes a 
small integral number of sectors are not predicted at 
all by the smooth equations. 
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Proton-Proton Scattering Experiments at 170 and 260 Mev* 
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The differential proton-proton scattering cross section has been measured at 170 and 260 Mev for labo- 
ratory angles of 4.4° to 30°. The proton beam was obtained by reducing the energy of the 345-Mev beam of 
Berkeley cyclotron. A liquid-hydrogen target was used. Counting was done with a telescope of two liquid 
scintillation counters. A Faraday cup served as a standard for beam calibration. 

The results indicate a cross section, in the center-of-mass system, independent of energy, and rather 
independent of angle, outside of the Coulomb region. The level of the differential cross section is close to 
3.6 millibarns per steradian. An approximate treatment indicates there is destructive interference between 
nuclear and Coulomb scattering. It is concluded that the real part of the nuclear scattering amplitude must 


be positive at small angles. 





I. INTRODUCTION 


XPERIMENTS on #-p and n-p scattering have 
been performed from very low energies to energies 
in the Bev region.! The nucleon-nucleon scattering data 
up to about 10 Mev seem quite complete and subject 
to unambiguous analysis, as summarized by Jackson 
and Blatt.? At high energies, above the 400-Mev range, 
the experimental information is quite incomplete, and 
in addition, meson production and relativistic effects 
are sufficiently large that no exact analysis has been 
possible. In the intermediate range of energies, in which 
this experiment was performed, the analysis is compli- 
cated, owing principally to the importance of the higher 
angular-momentum states. In this energy region, if 
the view is taken that the experimental work is incom- 
plete until the phase shifts involved are determined, it 
is clear that a great deal more work remains to be done. 
In fact, scattering experiments of the type described in 
this paper, in which both target and beam are un- 
polarized, are insufficient to determine all the phase 
shifts, since there are many combinations of phase shifts 
that yield agreement with the observed scattering. 
Before a complete determination of the phase shifts is 
possible, experiments using polarized beams and also 
triple-scattering experiments must be taken into 
account.® 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at San Diego State College, San Diego, California. 

1A summary of the earlier work is contained in an article by 
R. S. Christian, Repts. Progr. in Phys. 15, 68 (1952). Some of 
the more recent papers are: Marshall, Marshall, and Nedzell, 
Phys. Rev. 92, 834 (1953); Cassels, Pickavance, and Stafford, 
Proc. Roy. Soc. (London) 214, 262 (1952); Kruse, Teem, and 
Ramsey, Phys. Rev. 94, 1795 (1954); Sutton, Fields, Fox, Kane, 
Mott, and Stallwood, Phys. Rev. 97, 783 (1955); Chamberlain, 
Pettengill, Segré, and Wiegand, Phys. Rev. 93, 1424 (1954); 
R. H. Stahl and N. F. Ramsey, Phys. Rev. 96, 1310 (1954); A. J. 
Hartzler and R. T. Siegel, Phys. Rev. 95, 185 (1954); D. Fischer 
and G. Goldhaber, Phys. Rev. 95, 1350 (1954); O. Chamberlain 
and J. W. Easley, Phys. Rev. 94, 208 (1954). 

2 J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950) ; Phys. Rev. 76, 18 (1949). 

§ Considerable work with polarized proton beams has been done 
recently; for example: C. L. Oxley et al., Phys. Rev. 91, 419 
(1953); Chamberlain, Segré, Wiegand, Tripp, and Ypsilantis, 
Phys. Rev. 93, 1430 (1954) ; Marshall, Marshall, and de Carvalho, 


In earlier work Chamberlain, Segré, and Wiegand 
have conducted a series of p-p scattering experiments 
at this laboratory with proton energies of 120 to 345 
Mev.‘ With reduced proton energies, other than 345 
Mev, they were unable to complete the differential 
cross-section measurements at angles close to the cyclo- 
tron beam because of the large counter background 
that arose in the process of reducing the beam energy. 
This paper extends these reduced-energy scattering 
results to the smaller angles. Measurements have been 
made at laboratory angles of 4.4° to 30°. It is in this 
angular region that various potential models have been 
at greatest variance with the measured p-p cross section 
at these energies.° 

In this experiment the counting method is somewhat 
different from that previously employed, in that con- 
siderable absorber was placed in the counter telescope 
when measurements were made at small angles to the 
beam. Furthermore, the counting rates with the liquid- 
hydrogen target and dummy target were determined 
with slightly different absorber thicknesses, to com- 
pensate for the liquid-hydrogen stopping power. This 
method has proved quite important in eliminating 
background at small angles. 

Results will be found in Tables III and IV and Figs. 
11 and 12. 


II. EXPERIMENTAL METHOD 


In order to obtain data in the small-angle region, a 
number of changes in the techniques previously used 
were found necessary. The target protons were in the 
form of liquid hydrogen, replacing the CH2—C differ- 
ence method used at wider angles.* The construction of 


Phys. Rev. 93, 1431 (1954) ; Kane, Stallwood, Sutton, Fields, and 
Fox, Phys. Rev. 95, 1694 (1954); Chamberlain, Donaldson, 
Segré, Tripp, Wiegand, and Ypsilantis, Phys. Rev. 95, 850 (1954) ; 
Ypsilantis, Wiegand, Tripp, Segre, and Chamberlain, Phys. Rev. 
98, 840 (1955). 

4 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 

5A number of theoretical papers using potential models are 
given in the article by R. S. Christian cited in reference 1. 

6 The target is a modification of the one described by Leslie 
Cook, Rev. Sci. Instr. 22, 1006 (1951). The modification is dis- 
cussed by J. W. Mather and E. A. Martinelli, Phys. Rev. 92, 780 
(1953). 
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p-p SCATTERING EXPERIMENTS 


the liquid-hydrogen container is shown in Fig. 1. The 
345-Mev proton beam from the cyclotron was reduced 
to the desired energy by passage through a beryllium 
absorber similar in function to the lithium absorber 
used by Chamberlian, Segré, and Wiegand. The beam 
was subsequently collimated and analyzed in a magnetic 
field to regain a beam reasonably homogeneous in 
energy and free of neutrons. The 90°-coincidence count- 
ing method could not be used because of the low 
energy of one of the partner protons, and was replaced 
by a coincidence telescope, which viewed a single proton 
at the desired angle. It was thought desirable to measure 
the cross sections at just two energies because of the 
limited time available on the cyclotron. The energies 
selected were 170 and 260 Mev. 

The experimental results given here were obtained 
during two 3-day cyclotron runs designated as Run No. 
1 and Run No. 2. It seemed desirable to repeat the 
measurements of Run No. 1, as was done in improved 
form for Run No. 2, to check the consistency of the 
method. The data from Run No. 2 should be given 
slightly greater weight because of certain improvements 
in technique. Minor equipment changes were made 
between the two runs. 


Cross-Section Equations 


The number of hydrogen-scattered protons is related 
to the differential scattering cross sections in the 
laboratory system by the equation 


H=nNo(@)Q, (1) 


where o(®) is the laboratory differential cross section at 
angle ® to the beam; 2 is the solid angle subtended by 
the defining counter, as seen from the point of scatter- 
ing; H is the number of protons per unit beam scattered 
by hydrogen into the solid angle Q; is the number of 
beam protons per unit beam; and XN is the number of 
target protons per square centimeter traversed by the 
beam. 

The number of beam protons, ”, has been measured 
with a parallel-plate ionization chamber with an argon 
atmosphere. Each beam proton passing through the ion- 
ization chamber produces many ion pairs in the argon 
gas, so that the current in the ionization chamber is 
greater than the beam current. The ratio of ionization 
current to beam current is denoted by M and is called 
the ionization-chamber multiplication. Current from the 
ionization chamber was used to charge a capacitance C. 
The potential difference across this capacitance was 
measured by an electrometer-and-recorder circuit. 
When the condenser C has been charged to a standard 
voltage V, unit beam is said to have passed through the 
ionization chamber. The number of protons per unit 
beam is thus »=CV/eM, in which e is the electronic 
charge. 

In practice, an absorber has been inserted in the 
counter telescope in many of the measurements, for 
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Fic. 1. Cross-sectional view of the liquid hydrogen target. 


reasons to be described below. This absorber and also 
the counters and hydrogen containers have inevitably 
involved some loss of scattered particles—mainly those 
that collide with nuclei in the absorber. To correct for 
this loss an experimentally determined factor is re- 
quired. This factor was combined with the multiplica- 
tion factor in our calculations to yield M*, the effective 
multiplication. M* thus depends on angle of scattering 
and on absorber thickness, as well as on beam energy. 

The number of target hydrogen atoms per square 
centimeter, V, is given simply in terms of the target 
length L traversed by the beam, the density p of liquid 
hydrogen, and the mass m of one hydrogen atom. The 
expression is 


N=pL/m. 
The solid angle 2 subtended by the counter at the 


target center is given in terms of the counter area A and 
the counter-to-target distance 1, as 


Q=A/?r. 


Equation (1) for the differential scattering cross 
section in the laboratory coordinate system may be 
rewritten in the form 


o(#)=KM*H, (2a) 
in which 

K=er'm/CVApL. (2b) 
For conversion to the center-of-mass system, one has 


o(6)=[1+ (E/2me) sin} 
Xo(@)/[1+E/2me]}4 cosh, (3) 


tan(@/2)=[1+E/2mc} tan®, (4) 
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where o(@) is the center-of-mass differential scattering 
cross section at center-of-mass angle @ to the beam 
direction, E is the kinetic energy of the incident beam 
protons in the laboratory system, and mc is the proton 
rest energy. 

The remainder of this paper discusses the measure- 
ment of the quantities in Eqs. (2a), (2b), and (3). 


The Cyclotron Beam 


The “scattered” beam of the 184-inch Berkeley 
cyclotron emerges from the magnetic field of the 
cyclotron through a magnetic shielding tube, is de- 
flected by the magnetic field of a focusing magnet, and 
then is brought out through the main concrete shielding 
of the cyclotron into the experimental area (Fig. 2). In 
traversing the concrete shielding, the beam is collimated 
by a cyclindrical brass collimator 46 inches in length and 
0.5 inch in diameter, which, however, widens to 0.75 
inch in diameter for the last 15 inches of its length. 
Following this collimator the beam goes through a 


TABLE I. Collimator slit dimensions (inches). 








Width Height Length 


I , 0.75 2.75 

II , 0.75 2.75 
Il } 0.75 4 

IV . 0.75 2.75 

1 2.75 

1.5 2.75 
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Fic. 2. The general 
arrangement of the ex- 
periment. 


10-mil aluminum window in passing from the vacuum 
into the air. 

Beam pulses occur at the rate of 60 per second. Each 
beam pulse lasts over a period of 20 to 30 microseconds, 
but is modulated into short bursts at the radio-frequency 
of the cyclotron, 16 Mc/sec. The mean energy of this 
beam as it enters the cave is 345 Mev. 


Energy-Reduction System 


In the cave, following the 46-inch collimator, was the 
beam-energy-reduction system (Fig. 3). The collimator 
slit sizes are listed in Table I. The beam energy was 
reduced in beryllium absorbers 1 by 1.1 inches by a 
length suitable for the desired energy reduction. This 
length was slightly less than 12 inches for the 170-Mev 
beam. Considerable brass and lead shielding surrounded 
the system of absorbers. 

A great deal of effort was spent in determing a best 
collimating and analyzing system. The approach is 
limited by the desire not to sacrifice beam intensity. 
Emphasis was placed on obtaining a beam as homogene- 
ous in energy as possible and as free as possible from 
protons scattered by the collimator materials. 

The reduced-energy beam was magnetically analyzed. 
The magnetic analysis was adopted as soon as it was 
determined that it would not involve prohibitive loss 
of beam intensity. It serves to eliminate lower energy 
protons originating in the beryllium absorber and the 
first few collimators. The latter make a major contribu- 
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tion because of the very considerable multiple scattering 
in the beryllium. Magnetic analysis also reduces any 
neutron background. In the reduction of the energy of 
the proton beam, the beam was attenuated by a factor 
of about 50 to 200, giving maximum proton currents of 
10-* and 3X10~-" ampere for the 260- and 170-Mev 
beams. 

A series of slit collimators was used instead of a 
continuous collimator tube, to reduce the number of 
particles that continue in the beam after scattering 
from the collimators. The final series of slits was made 
with successively larger apertures so that the final slits 
would act only to eliminate particles scattered from the 
walls of previous slits. This feature was found indis- 
pensable for a reason that may be outlined as follows. 
Some particles may reach the counter telescope without 
scattering in hydrogen if they are scattered by material 
of one of the last slits in the collimator system. These 
protons will have lost some energy in the slit material, 
and in fact some of them will be of very low energy (and 
of correspondingly short residual range). They con- 
stitute a treacherous background that is very sensitive 
to the amount of absorber in their path. Even when a 
difference is taken between counting rates with the hy- 
drogen target and the empty dummy target, this back- 
ground will still not be fully corrected, since the back- 
ground will have been altered by the stopping power of 
the liquid hydrogen. The most effective single factor 
in reducing the counting background arising in the colli- 
mating system was an antiscattering block placed on the 


BEAM 
iM 


BERYLLIUM ABSORBER 


SLIT I 




















WAGNET POLE FAGE 





Su 


SUT ¥ 
- 


SLIT WI 
MONITOR ION CHAMBER 


Pt. 


ANTI~SCATTERING BLOCK 





Fic. 3. The beam energy-reduction system. Roman numerals 
indicate the collimator slit numbers corresponding to Table I. 


DEFINING 
COUNTER 





COINCIDENCE] 
Sue. {aca o 
460 Ti aMpuiri nek 


aca 


MONITOR ION CHAMBER | CAPACITY -— . 
“laa i 


COUNTING 


BACK- 
COUNTER 





BEAM 


] - 
CTROMETER}4 reo seman | 
== j 





Y + 
_ ¢ bpuenteneen el nate REC onoee “| 
sani Satay 
= = NG 
eapacity - 
FAR i LI} TAPE 
“Hel JELECTROMETER|— RECORDER 
H aan 
= com — = | 
——1 bess 


i 
CAVE COUNTING AREA 





CALIBRATION 
ENERGY MEASUREMENT! MONITOR 





Fic. 4. Block diagram of the electronics used in the experiment. 


counter-telescope side of the beam and preceding the 
hydrogen target, so that the telescope, at the smallest 
angle counted, could not see the next-to-last colli 
mator slit. 

The reduced beams at each energy traversed the same 
collimating system, while being bent through an angle 
of approximately 28° by the analyzing magnet. The 
magnetic field was about 14 000 gauss for the 260-Mev 
beam, and somewhat over 11 000 gauss for the 170-Mev 
beam. The energy resolution of the beam reduction 
system was 10%, as determined by the current-carrying- 
wire method of simulating the beam trajectory. 


The Counting Electronics 


The two counters used to form the counter telescope 
were liquid scintillators viewed by single 5819 photo- 
multiplier tubes, with Lucite containers for the liquid 
and using Lucite light pipes following approximately 
the principle of Garwin.’ It was thought that this type 
of counter would be better for coincidence counting 
because of its more uniform pulse heights, although no 
pulse-height measurements were attempted. To elimi- 
nate the effects of stray magnetic fields, the photo- 
multiplier tubes were encased in }-inch-thick soft-iron 
pipes in addition to the mu-metal shields that ac- 
companied the 5819 photomultipliers. 

The output pulses of each photomultiplier were 
amplified by two Hewlett-Packard 460A wide-band 
distributed amplifiers and then introduced into a 
coincidence circuit similar to that of Garwin.* The 
coincidence circuit was followed by pulse-shaping ampli- 
fier, stages, and then a scaler for recording the coin- 
cidences. The resolving time of the coincidence circuit 
was about 4X 10- second. 

The scintillator dimensions were 8.687 by 2.992 by 
0.945 cm for the defining counter, and 11.890 by 5.951 
by 2.144 cm for the rear counter for the height, width, 
and thickness (traversed by the counted proton) respec- 
tively. In counting, the first scintillator served to define 


7R. L. Garwin, Rev. Sci. Instr. 23, 755 (1952). 
8 R. L. Garwin, Rev. Sci. Instr. 21, 569 (1950). 
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Fic. 5. Plan view of the experimental area as used for counting. 


the solid angle 2. A copper absorber, when used, was 
placed between the two scintillators. The rear scintil- 
lator was larger than the defining scintillator so as to 
make multiple-scattering losses of protons negligible. 
A block diagram of the counting and of the beam- 
calibration electronics is shown in Fig. 4. 


The Beam-Calibration Equipment 


Beam monitoring was done by an ion chamber which 
in turn was calibrated by a Faraday cup. The currents 
from both were integrated across capacities connected 
to the inputs of dc feedback electrometers. The resultant 
output voltage from each electrometer drove a self- 
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calibrating Speedomax tape recorder. The features of 
the ion chambers and Faraday cup are given in 
reference 4. 

The Faraday cup stops the beam in an electrically 
insulated brass block placed in a vacuum. The current 
obtained from this block should, when proper pre- 
cautions are taken, be just the beam current. The 
number of charged particles leaving the block has been 
checked and is small. As is standard practice here, the 
Faraday cup had a magnetic field of about 100 gauss 
applied across the face of the 6-by-6-inch cylindrical 
brass block used in stopping the beam, to reduce the 
emission of secondary electrons. The application of 
+300 volts or —300 volts to a screen preceding the 
block affected the corrected Faraday current by about 
1%. Consequently integration was done with the screen 
grounded, although the effect of screen voltage was 
tested during each run. This test served to indicate the 
number of low-energy charged particles in the vicinity 
of the stopping block. For good Faraday-cup vacuums, 
the effect of the screen voltage was always small. 


Ill. EXPERIMENTAL PROCEDURE 
Checks of Electronic Equipment 


After the hydrogen target and collimating and analyz- 
ingysystem were aligned in the proton beam, with the 
aid of x-ray film, a series of checks was performed on 
the counting equipment. The counting arrangement is 
shown in Fig. 5. Coincidence counts per unit beam 
versus photomultiplier voltage were taken on each 
counter while the other was held constant in voltage at 
approximately the operating level, a plot was made, 
and the proper voltage setting was determined. A 
sample of such a voltage plateau is shown in Fig. 6. As 
a check on the stability of the electronic equipment, the 
voltage plateaus were briefly taken both at the begin- 
ning and at the end of each day’s run. In each case, no 
change was detected. From time to time the coincidence 
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circuit was checked to see that there were no coin- 
cidence counts when one or the other protomultiplier 
voltage was turned off. The rate of coincidences ob- 
served when the beam was turned off was never greater 
than two or three per minute, and would be expected to 
subtract out, since in general the blank coincidence 
counts were obtained with the same beam level as the 
target counts. The coincidence counting rate as a 
function of length of cable in each channel was measured 
and the cable length set for zero relative delay of the 
related pulses. The number of coincidence counts per 
unit beam was independent of beam level at all levels at 
which data were taken. 


Determination of the Hydrogen Counts 


In the subtraction of the background counts, a 
blank (dummy) container was used to simulate the 
empty hydrogen container. To be sure that the blank 
was sufficiently similar to the empty target, the ratio 
of the two was counted at various angles. The ratio was 
observed to be R=0.97+0.02, for all angles and 
absorber values (the target provided more counts). 

Following the above measurements and tests of 
electronic equipment, the hydrogen target was filled and 
the determination of the number of hydrogen counts per 
unit beam [H in Eqs. (1) and (2a) ] at one energy was 
started. To determine the hydrogen counts, the back- 
ground counts must be subtracted. The background 
consisted on protons scattered from the collimator 
system, from the thin windows of the target, and from 
air traversed by the beam. Some of the background 
protons, especially some of those from the collimator 
system, were so low in energy that they could be stopped 
by a few grams per square centimeter of material. Since 
the stopping power of the full hydrogen target was 
greater than that of the blank, a false measure of the 





1500; T 


3 
° 
r) 


COINCIDENCE COUNTS/UNIT BEAM 
a 
8 








1 1 





0, 


5 20 


10 15 
COPPER ABSORBER GM/CM? 


Fic. 7. Coincidence counts on target (7), blank (B), and 
neither (1), taken as a function of copper absorber in the counter 
telescope. 


1865 


TABLE II. The copper equivalent of the hydrogen stopping power- 
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background was obtained if the hydrogen target was 
simply replaced by the blank while the remainder of 
the apparatus was unchanged. The false effect was 
small at large angles, but was very important at small 
angles (of the order of 10%) where the background 
count could be as large as the count from the hydrogen, 
or even larger. 

Several steps were taken to insure that a proper 
background subtraction could be made. The first of 
these was the construction of the collimating and 
analyzing system previously described, which was quite 
effective in reducing the background and hence in 
reducing the false effect. The second was to introduce a 
copper absorber into the counting telescope. This re- 
duced the background more than it reduced the effect 
from hydrogen, at the same time rendering the back- 
ground counting rate less sensitive to the amount of 
material in the path of the counted particles. The third 
step consisted of using a slightly thicker absorber for 
background measurement than was used when the 
hydrogen target was in the beam. The additional 
absorber was calculated to have just the stopping power 
of the hydrogen in the hydrogen target. The absorbers 
used in the counter telescope were of the order of 15 
g/cm? of copper. It was found desirable to take a series 
of counts per unit beam of the blank and target as a 
function of absorber, and to measure several differences 
(see Fig. 7). In this way it was possible to check the 
consistency of the method. There is no indication that 
the measured differential cross section depended on 
absorber at any of the angles. 

To determine the stopping-power correction to the 
blank counts, the source of the low-energy protons 
that are counted on blank, but not on target, must be 
determined. The quantity of hydrogen that these low- 
energy protons traverse depends upon the angle at 
which they diverge from the beam and the distance of 
their source from the hydrogen. In the course of count- 
ing with the target and blank as a function of absorber 
at the various angles, a few “neither” counts, in which 
neither the target nor the blank container was in the 
beam, were included (Fig. 7). In every case, the 
“neither” counts reasonably paralleled those of the 
blank for equivalent absorber, indicating that the 
windows of the target (and of the ion chamber) con- 
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tributed very few of the low-energy protons. For the 
most part, these low-energy protons were scattered from 
the collimating system and traveled directly to the 
counters, or were stopped without scattering further. 
Using this information, and the geometry of the 
collimating system and target, one can determine the 
values of the copper equivalent in mass stopping power 
of the hydrogen path traversed by these protons; these 
values are given, together with their uncertainties, in 
Table II. The method is not precise, but is adequate 
for the magnitude of the correction. The conversion 
from hydrogen to equivalent copper was made by use 
of the tables by Aron, Hoffman, and Williams.® 

To obtain the coincidences from hydrogen-scattered 
protons alone, one must subtract from the target 
coincidences for a given absorber value the blank 
coincidences corrected by the blank-to-empty ratio. 
The blank coincidences are to be measured at a value of 
counter absorber equal to the target absorber plus the 
copper equivalent (in stopping power) of the hydrogen 
traversed by the low-energy background protons. The 
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for beam calibration. 


* Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663 (unpublished). 
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desired blank coincidences can be obtained from the 
plot of blank counts as a function of absorber. 

Two background checks were made during the course 
of the runs. The beam collimator hole was plugged by 
brass of thickness equivalent to several proton ranges, 
and coincidences were counted. With the beam ceolli- 
mator hole open, the scintillators were put out of line 
line so they could not jointly see the collimator hole, 
and coincidences were counted. In each case the 
coincidences dropped to less than 5% of the blank 
counts. 

As a check on the defining scintillator, the whole 
counter was replaced by a somewhat smaller stilbene 
crystal, viewed by a 1P21 photomultiplier, and the 
counting checked at one angle. After the coincidence 
counts per unit beam were corrected for the difference 
in stopping power of the two defining counters, the 
ratio of the defining areas of the two counters over the 
ratio of their coincidence counts was 1.016+0.030, 
indicating satisfactory agreement between different 
counters. 


The Beam Calibration 


The following method was devised to calibrate the 
monitor ion chamber (Fig. 8): With beam-collimation 
and monitor ion-chamber locations just as for counting, 
the target railroad was put on “neither” position and 
the Faraday cup set in place to receive the beam. The 
monitor ion chamber was between the last collimator 
slit and the antiscattering block, preceding the hydro- 
gen target. The Faraday cup was even with the rear of 
the target and blank. The integrated Faraday current 
per unit beam was then measured as a function of 
absorber placed in the beam between the Faraday cup 
and the monitor ion chamber. 

The effective multiplication M* desired in Eq. (2a), 
which determines the differential cross section in the 
laboratory system at an angle ®, is difficult to ascertain 
precisely. The following procedure has been used. The 
coincidence counter telescope has a cut-off energy such 
that only those beam protons above this energy can, 
upon scattering, penetrate the second counter to cause a 
coincidence count. This cut-off energy is determined by 
the variable copper absorber placed between the two 
counters, the energy loss from scattering into angle ®, 
and the target and counter material traversed by the 
protons. The procedure has been to find the ratio of 
integrated ion-chamber current to integrated Faraday 
cup current for that value of copper absorber which 
gives the Faraday cup the same beam-energy cutoff as 
the counter telescope. After three corrections have been 
applied, the above current ratio becomes the effective 
multiplication M*, and the corrected Faraday current 
measures only those beam protons which are capable of 
being counted if scattered by the target protons. Two 
of the corrections are such as to equate the loss of 
protons by nuclear collision in the Faraday cup absorber 
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to the nuclear loss along the path that a proton takes 
to count as a coincidence in the counter telescope. The 
third accounts for the undesirable electron contribution 
to the Faraday cup current arising from Coulomb 
scattering by beam protons in the material preceding 
the Faraday stopping block. 

The plot of the ratio of integrated Faraday current 
to integrated monitor ion-chamber current as a function 
of absorber placed between them gives a beam range 
curve. When a correction for nuclear losses has been 
applied, the derivative of the beam range curve gives 
closely the distribution in range of the beam protons. 
One can convert the distribution in range to a distribu- 
tion in energy by using the tables of Aron et al.? The 
above procedure was followed in obtaining the repre- 
sentative curve of Fig. 9, shown with the range curve 
from which it was derived. The nuclear loss correction 
has been made by use of the absorption cross sections 
of Kirschbaum.” The true distribution in energy of 
the beam protons is expected to be slightly narrower 
than the derived distribution because of the straggling 
in the Faraday absorber. The low-energy tails of the 
beam energy-distribution curves are quite inaccurately 
known. The initial slopes of the range curves follow 
closely the nuclear attenuation curve determined by the 
absorption cross sections of Kirschbaum. For this 
reason, the same angular distribution for the differential 
cross section can be obtained by using Kirschbaum’s 
cross section to correct for nuclear losses, and using the 
Faraday cup only to obtain the ion-chamber multipli- 
cation with zero absorber. The total p-p cross section 
averages only about 1% lower by this method. 
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Fic. 9. (a) Sample beam-energy distribution, and (b) Faraday- 
cup range curve from which the beam-energy distribution was 
calculated. The term “current ratio” is used to indicate the ratio 
of Faraday-cup current to ionization-chamber current, in arbitrary 
units. The data were taken at 174 Mev, Run No. 2. 


1 Albert J. Kirschbaum, University of California Radiation 
Laboratory Report UCRL-1967, 1952 (unpublished). 
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Fic. 10. A sample of the multiplication curves taken during 
beam calibration, for Run No. 2 at 260 Mev. 


IV. CALCULATIONS AND EXPERIMENTAL RESULTS 
Sample Cross-Section Calculation 


The following calculation is for the laboratory angle 
of 8° and beam energy of 260 Mev. The data were taken 
during Run No. 2. The plot of counts is given in Fig. 7. 
To determine H, the number of protons per unit beam 
scattered by hydrogen, one has 


H=T-—B/R, (5) 


where 7 is the number of target counts per unit beam, 
B is the number of blank counts per unit beam, and R is 
the blank-to-empty ratio. For this angle and absorber 
value, T7=1275+21, B=645+14, and R=0.97+0.02, 
giving H=610+29. The copper equivalent of the 
stopping power of hydrogen at this angle is 2.6+0.2 
g/cm?. T is taken at 11.02 g/cm® of copper absorber, 
and B is for 11.02+2.6, or 13.6+0.2 g/cm? of copper 
absorber. The value of B is obtained from the graph 
(Fig. 7). 

To determine the effective ion-chamber multiplica- 
tion, one must first determine the cutoff energy of the 
counter telescope. Arbitrarily, it has been assumed that 
the proton must penetrate 0.1 g/cm? of the liquid 
scintillator in the rear counter to count a coincidence. 
Including this, the proton traverses material equivalent 
to 4.39 g/cm? of copper in mass stopping power plus the 
11.02 g/cm? of the copper counter absorber, or a total 
of 15.41 g/cm? after scattering in the hydrogen. This 
range corresponds to an energy of 116 Mev. A proton 
with just sufficient energy to count would have this 
energy after scattering. The energy before scattering is 
118.4 Mev, determined by use of the equation 

E, 
j=—_— pining (6) 
cos*b[1— (E,/2mc*) tan*? ] 


where £ is the proton kinetic energy before scattering 
and E, is the proton kinetic energy after scattering. The 
energy change from scattering is equivalent to that 
caused by 0.55 g/cm? of copper for this case. Before the 
proton scatters in the liquid hydrogen, it traverses, on 
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TABLE III. Results for Run No. 1, beam energy 170 Mev. The indicated errors are errors affecting the angular distribution alone. 
Estimates of the errors affecting the absolute value of the cross section are given in Table V. 








Counter 
absorber - i B 
(g/cm?) (counts/unit beam) 


Mean c.m, 
differential 
cross section 
(mb/sterad) 


c.m. differential 
cross section 
M* (mb/sterad) 





2360+30 
215336 
1934+31 


1560+28 
1428+ 26 
138626 


618+ 18 
579+18 
529+ 18 


328+ 10 
308+ 11 
255+ 9 


150+ 9 
130+13 
107+ 9 


5.28 
8.09 
11.02 


1117+21 
1054+ 19 
983416 


895+19 
732412 
69312 


597+16 
559412 
544412 


675415 
601+14 
529+13 
456+ 12 


575+ 8 
517+10 


5.49 
8.09 
11.02 


5.69 
8.09 
11.02 


6.09 
8.09 
11.02 


212+16 
164+12 
134414 

59+10 


0.00 
2.84 
5.25 
11.02 


216+11 
150+ 9 


0.00 
2.84 


1354 
1380 
1431 


1357 
1383 
1416 


1358 
1383 
1421 


1362 
1386 
1431 


1318 
1339 
1359 
1464 


1314 
1337 


5.84+0.42 
5.38+0.45 
4.09+0.42 


3.8340.25 
3.66+0.24 
3.58+0.22 


3.6340.18 
3.35+0.13 
3.58+0.14 


3.60+0.17 
3.51+0.16 
3.71+0.15 


3.7340.19 
3.59+0.17 
3.30+0.16 
3.59+0.16 


3.20+0.14 
3.34+0.15 


5.10+0.31 


3.69+0.17 


3.52+0.11 


3.61+0.10 


3.55+0.10 


3.27+0.11 








the average, material equivalent in stopping power to 
1.72 g/cm? of copper. This includes one-half the 
the hydrogen and the target windows. The total of the 
before-scattering, scattering, and after-scattering equiv- 
alents in’copper stopping power is the quantity of 
of copper one should place before the Faraday cup in 
determining the uncorrected multiplication of the ion 
chamber. The total is 17.68 g/cm*. The multiplication 
curve used for this calculation, obtained with the 260- 
Mev beam of Run No. 2, is given in Fig. 10. For 17.68 
g/cm?, the uncorrected multiplication is 1212, and the 
three corrections previously mentioned change this to 


M*=1145+11. 


With the use of Eq. (2b), we obtain K=2.490X 10-®, 
numerically, for this calculation. From the above 
values for K, M*, and H, one can obtain the laboratory 


TABLE IV. Center-of-mass differential cross section o(@) at 170s 
and 260 Mev. The errors indicated are errors affecting the angular 
distribution alone. Estimates of the errors affecting the absolute 
value of the cross section are given in Table V. 








Run No. 1, 259 Mev Run No. 2, 260 Mev 
cm, c.m. c.m, 
angle a (6) angle angle 
(deg) (mb/sterad) (deg) (deg) 


Run No. 2, 174 Mev 


a (6) 
(mb/sterad) 


o (6) 
(mb/sterad) 





5.75+0.45 
3.85+0.15 
3.90+0.09 
3.84+0.08 
3.71+0.08 
3.62+0.08 


10.6 
17.0 
23.4 
31.9 
42.5 
63.5 


4.38+0.28 9.3 
3.84+0.13 17.0 
3.90+0.11 23.4 
3.56+0.07 31.9 
3.58+0.07 42.5 
3.50+0.07 63.3 


9.6 5.27+0.31 
12.4 4.20+0.22 
16.8 4.09+0.17 
23.0 3.96+0.12 
31.3 3.99+0.10 
41.6 3.90+0.10 
62.3 3.60+0.10 








* The results of Run No. 1 at 170 Mev are presented in more complete 
form in Table III. 


cross section by use of Eq. (2a): 
o(#)=KM*H=17.42+0.87 millibarns per steradian. 
This corresponds, in the center-of-mass system, to 


o(@)=3.87+0.19 millibarns/steradian, 
8=17.0°, 


obtained from Eqs. (3) and (4). The errors quoted in- 
clude all estimated errors that are expected to affect 
the angular distribution. Generally, three cross-section 
measurements have been made at each angle, with a 
varying amount of counter absorber. 


Tabulation of Results 


Table III gives the values of the center-of-mass 
differential cross section o(@), the angle , counter 
absorber, T, B, M*, and center-of-mass angle 0, for 
Run No. 1 at 170 Mev, as an example. The mean 
center-of-mass differential cross section o(6) and center- 
of-mass angle @ for the remaining measurements are 
tabulated in Table IV. The cross-section errors listed do 
not include absolute errors affecting only the total 
cross section. Table V lists estimates of the errors 
contributing to the uncertainty in the absolute differ- 
ential cross sections. The experimental results are shown 
in graphical form in Figs. 11 and 12. The difference in 
levels of the cross sections for Run No. 1 and Run No. 2 
is approximately 10% for the 170-Mev data, and 4% 
for the 260-Mev data; Run No. 2 is higher in each case. 
The source of the discrepancy is unknown. 





p-b SCATTERING EXPERIMENTS 


V. CONCLUSIONS 


The results of this experiment are consistent in 
showing the flat differential cross section in the center- 
of-mass system characteristic of proton-proton scatter- 
ing at these energies, neglecting Coulomb effects. The 
total cross section is evidently rather independent of 
energy for the energies measured. The absolute value of 
the cross section is fairly well in agreement with the 
corresponding early results of Chamberlian, Segré, and 
Wiegand, and also with their more recent work." It is 
much lower than the original results from Rochester” and 
Harwell,” and somewhat higher than the level obtained 
at Chicago." 

The main reason for emphasizing the measurements 
at very small angles is to obtain information concerning 
the interference between Coulomb and nuclear scatter- 


TABLE V. Estimates of the experimental error in the differential 
cross section. The table is divided so as to show separately the 
errors affecting the angular distribution* and those affecting the 
absolute value of cross section. 








Percent uncertainty 


Source of error 170 Mev 260 Mev 





Errors affecting the angular 

distribution 

Counting statistical errors 

Uncertainty in copper equiv- 
alent of hydrogen stopping 
power 

Uncertainty in multipli- 
cation 


3 to 10 2 to 10 


0.5 to 2.5 0.5 to 2.5 


0.5 to 2 0.5 to 2 


Errors affecting the absolute 
value of the cross section 
Multiplication 
Factors entering K [ (Eq. 2(b)] 
Systematic counting errors, 
such as slope of counter- 
voltage plateau and ac- 
cidental coincidences 
Multiple scattering in 
counters 








«® Estimates of the errors affecting only the angular distribution are 
separately indicated for each angle and energy in Tables III and IV. 


ing amplitudes. The differential scattering cross section 
can always be written as the sum of the terms: 


o (0) = 7 Coulomb (6) + nuclear (6) +interference (0). 


The value for ocoutomy (8) is well known; ¢auctear(@) is 
well known for angles greater than 35° at 170 Mev and 
angles greater than 28° at 260 Mev, and in each case the 
cross section is quite independent of angle. Since the 
nuclear interaction is short range, rather few / values 
should be involved in the nuclear scattering, so the 
nuclear cross section is not expected to show rapid 
variations with angle at the smaller angles. We wish to 

11 Chamberlain, Pettengill, Segré, and Wiegand, Phys. Rev. 93, 
1424 (1954). 

os L. Oxley and R. D. Schamberger, Phys. Rev. 85, 416 
CS Cassels, Pickavance, and Stafford, Proc. Roy. Soc. (London) 


A214, 262 (1952). 
4 Marshall, Marshall, and Nedzel, Phys. Rev. 92, 834 (1953). 
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Fic. 11. The mean differential scattering cross section results in 
the center-of-mass system for 170 Mev. The results of Run No. 1 
and Run No. 2 are given separately. 


assume that the nuclear cross section is constant at 
small angles (0° to 28° or 35°). Granted this assumption, 
we may calculate the interference term in the cross 
section by subtracting from the observed cross section 
the known Coulomb and nuclear parts. At 170 Mev 
(lab) we find the interference term to be (—2.4+0.6) 
mb/sterad at 10.1° (c.m.). At 260 Mev we find 
(—0.7+0.4) mb/sterad at 10°. It seems doubtful that 
the size of the interference term should be so different 
at 170 Mev and 260 Mev. These results may be com- 
pared with the results of Fischer and Goldhaber" and of 
Chamberlain, Pettengill, Segré, and Wiegand,!* who 
have made measurements in the same region of angles 
by somewhat different methods. If analyzed along the 
lines outlined here, all the results seem to indicate that 
the interference cross section is negative, but the 
magnitude is not too certain. 

The Coulomb scattering amplitude is known to be 
predominantly real and negative at the angles and 
energies for which the interference term has been 





? T T | T 


RUN #1 259 Mev $ 
6 RUN #2 260 Mev $ 


o (8) IN millibarns / steradian 








i ! ! ! ! 
20 30 40 50 60 70 


@ (CM. ANGLE) IN DEGREES 





Fic. 12. The mean differential scattering cross section results in 
the center-of-mass system for 260 Mev. The results of Run No. 1 
and Run No. 2 are given separately. 


16 T). Fischer and G. Goldhaber, Phys. Rev. 95, 1350 (1954). 
16 Chamberlain, Pettengill, Segré, and Wiegand, Phys. Rev. 95, 
1348 (1954). 
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evaluated. This analysis indicates the real part of the 
nuclear scattering amplitude at 10° is rather small and 
positive. 
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No-Recoil Approximations to Charged Scalar Meson Scattering 
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Feynman’s method of functional integration is applied to meson-nucleon scattering. The scattering 
amplitude is obtained exactly in charged meson pair theory with neglect of nucleon recoil, and it is obtained 
in an approximation to linear charged meson theory with neglect of recoil. The results are the same as one 


obtains using the Chew-Low method. 


1. INTRODUCTION 


EYNMAN’S! method of summing over histories (or 
functional integration) is applied to charged meson 
pair theory, with neglect of recoil. It appears very 
clearly from this approach that this interaction after 
mass and nucleon field normalization represents noth- 
ing but the scattering of mesons in a 6-function poten- 
tial. Since the mesons are treated relativistically, they 
may be scattered (virtually) “backwards in time” (i.e., 
virtual pair creation), which gives rise to the “crossing”’ 
symmetry of the result. However, scattering is the only 
possible real process. These are the two typical features 
of scattering in a local static potential. 

The method is then applied to the linear interaction 
in what we shall refer to as the “potential” approxima- 
tion. This gives the same result as the Chew-Low’ 
“one-meson” approximation. 

The one-nucleon propagator and the one-nucleon- 
one-meson propagator, according to Feynman are, 
respectively,® 


Glsne)= f Glea04)N (¢) expL ln 656° / 


fx (o) exp Tm jip5¢*, (1) 


A(x,9; aed) = f G(eyrd) 60") 


XexplIn ]ob56* / f N(@) expLTn }680", (2) 


1R. P. Feynman, Revs. Modern Phys. 20, 367 (1948). 

2G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

’R. P. Feynman, Phys. Rev. 84, 108 (1951); P. T. Matthews 
and A. Salam, Nuovo cimento 11, 120 (1955). 


where J,, is the uncoupled meson action, G(%1,%2,) is 
the one-nucleon propagator, and N(¢) is the vacuum 
expectation value of the S matrix in an external field 
¢. For nonrecoil theories, V(¢)=1. The whole problem 
thus reduces to finding G(¢) and performing the func- 
tional integral, as accurately as possible. 

It is clear that (2) is closely related to (1). It will be 
shown that the renormalized scattering amplitude can 
be obtained from (1) by parametric (functional) dif- 
ferentiation. It turns out that in order to determine 
the renormalized phase shift, it is only necessary to 
derive a formal expression for (1) for an infinite time 
interval. This is a special feature of no-recoil theories, 
which greatly simplifies the problem. 


2. CHARGED PAIR THEORY 


Consider the Lagrangian 
a 
L=y*(——m )¥()—6"(—O+s)6(8) 
— gV* (te)W (ta) o* (x) @(x)8(x). (3) 
Then G(t,t’,6) is determined by 
re) 
| mMo— oro(0 lowe) =16(t—1’). (4) 
ot 


Thus 


t 
GU) =0(— thew exp] ig f éro(oidr], (5) 
° 


where 6(¢)=1 for ¢>0 and 6(¢)=0 for <0. 
Substituting (5) into (1) we get for the nucleon 
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propagator, for an infinite time interval, 
G= lime~*™T F, (6) 
T-—10 
where 


F=limF(T) 


=N-*f exp] foro K+ a)eeo(eraeae ser, (7) 


and 
Key = —16(E— &)(—L]e +’), (8) 
Age = —ig6(E—£')8(8), (9) 


v= f exp ¢*K@ ]ipi¢*. (10) 


Therefore we obtain‘ the following formal expression 


for F: 
(‘K+A\ 7° 
rfp 
K 


where the integration is performed and F interpreted 
as if ¢, &’ were discrete variables. But the expectation 
value of G between nucleon states of the observed mass, 


(12) 


(11) 


m=mo+dm, 


is just the nucleon field renormalization constant Z». 
Thus 


(13) 


G=Z, lime~'"’. 


Combining (6), (11), and (13), 
(14) 


By (2), the meson-nucleon propagator for an in- 
finite nucleon time interval is 


aleg)=eimtn- f 6(2)6%() 
Xexp[o*(K+A)¢ ]épdg*. (15) 


This is just the functional derivative of G [defined by 
(6) and (7) ] with respect to Ayz. Therefore 


K+Ay/ 1 
A(a9)= em det ( ) (16) 
K K+A/ sy 


1 
= -erz,( ) (17) 
K+A/ wy 


4S. F. Edwards, Proc. Roy. Soc. (London) A232, 371 (1955); 
T. H. R. Skyrme, Proc. Roy. Soc. (London) A231, 321 (1955). 





It is now necessary to solve for 


1 
D(x,y) eis F (—) ) 


(K+A)22D(z,y) = —8(x—y). 


(18) 


that is, 
(19) 


By looking for the stationary solution to the correspond- 
ing homogeneous equation, we find that apart from 
renormalization, the problem has been reduced to that 
of the scattering of a Klein-Gordon particle in a 6- 
function potential. [A is essentially a 6 function (see 
Eq. (9)).] 


In momentum space, (19) is 
D(p,q) = (2m)*A(p)5(p—4) 


ig’ 
———a(p) { D(espos ae, (20) 


(2m) 


D(p,9)= fPtespeona 'dxdy, (21) 


and 


A(p)=—i/(pP+u?—ie). (22) 


Since the kernel of this equation factorizes, the solu- 
tion is easily found to be 


D(p,q) = (2)*A(p)6(b—9) 
+2ni6(po—qo)A(p)A(q)t(po), (23) 


where 


* 9 


g” —] 
im) =—e[ 1+ acon | 
g (an)? p 


(24) 
and 


a(pa)= [acne (25) 


After renormalization, which is defined to give Born 
approximation at zero total energy (this is analogous to 
a Kroll-Ruderman' renormalization), 


° x9 


e . 
(po)=—g| 1+——d | 
(Po al On)? (po) 


d( po) =d( po) —d(0) 
= 29°[ (po —u?+ie)!—ip] 
=2n?(| p| —iu). 


i (26) 


where 
(27) 


Since 

4a 

t(po) = ae sind, (28) 
| P| 


| p| coté= — (42/g?+). (29) 


This is a well-known result,® apart from the extra u 


5 N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 

6S. Wentzel, Helv. Phys. Acta 15, 111 (1942); A. Klein and 
B. H. McCormick, Phys. Rev. 98, 1428 (1955) (see especially 
their footnote 21). 
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which comes from our method of charge renormaliza- 
tion. Its derivation serves to illustrate the method in a 
context where it is exact, and also brings out the fact 
that the interaction represents nothing but potential 
scattering. 


3. CHARGED LINEAR THEORY 
Consider the Lagrangian 


0 
L=y*(K—me— roam )¥()-6*(—CHs6(2) 


—e*()Lr*o()+76*() WO). (30) 
Am is a difference between the bare mass of the proton 
and neutron, which is put in to facilitate the renormali- 
zation (after renormalization both true masses will be 
set equal), and r=}(71+%72). Then the nucleon pro- 
pagator in an external field ¢ for an infinite time 
interval is 


G(¢)=e"™F (9), (31) 


where by iteration 


“4 01 
F@)=Zf facae f f déedé,'- 


to,n—-1 
x f f dt dt,/¢*(1)O(1,1)6(1’) 


X$*(2)O(2,2)(2’)- - -G*(n)O(n,n')o(n’), (32) 


an 
O(n,n’) = O(En, En’) 7 — g°5(En)O( Eo, “— fo, n) 
XexpliAm (Eo, n’— Eo, n) 16(En’). 


We approximate F(¢) by replacing the upper limits on 
the integration, £,; by &,.’. Then 


(33) 


ire " 
FORE -| J forooceraea 


=exp$*O¢]. (34) 


By considering the effect of this approximation from a 
graphical point of view, it may be seen that (after the 
integral over ¢ has been completed) we have included 
all correct graphs plus a large number of incorrect 
graphs, all of which involve at least two mesons. In 
this respect, it is somewhat similar to the Tamm- 
Dancoff approximation and may be expected to be 
valid at low energies and reasonably weak coupling. 
Substituting (34) into (1), we obtain, as in (7), 


F=N- f expl4*(K+@)¢]ga¢*. (35) 
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The calculation then goes exactly as for pair theory, 
leading to 


je . d(bo 
igen [4+ es 


(potAm)L  (2x)* potAm 


for the scattering of x~ mesons on protons. This result 
is renormalized to give the Born approximation at zero 
energy. 


>: (36) 


2 I d, —1 
{1 4 1g el (37) 


t(po) = —— 
(2x)* po 


d-(po) =d(po)—d(0) 
= (2x)*(| p| —ix). (38) 


(37) is obtained from (36) by a suitable definition of 

Am, viz., Am=[—ig?/(2r)*]d(0). The bound states of 

the proton-meson system are given by the singularities 

of ¢(fo) and the neutron appears correctly in the re- 

normalized expression (37) as the singularity at po=0. 
Using (28) and (38), we obtain 


|p| cotd= — (4x/¢*)Po—u, 


which is the result obtained previously by Serber and 
Lee’ using the “one-meson” approximation of Chew and 
Low. It is also given by the variational principle of 
Cini and Fubini.® 


DISCUSSION 


If one calculates, by first Born approximation, the 
scattering in the charged meson pair theory, the result 
is equivalent to the first Born approximation for scat- 
tering in a 6-function potential. The method employed 
above makes it very clear that the exact solution to this 
problem is precisely equivalent to the scattering of a 
Klein-Gordon particle in a 6-function potential. 

By comparison of (35) and (7), one sees that our 
approximation to the linear theory is equivalent to 
calculating exactly the scattering in the “potential” 0. 
After a Fourier transform and renormalization, this 
reduces to g?/o which is the factor which replaces g* in 
(26) to reproduce (37). The “potential” is nonlocal in 
time. However, it has the essential property that it 
gives rise only to elastic scattering as a real process, 
and thus behaves like an ordinary local static potential. 
It is, in fact, the equivalent potential determined by 
the Born approximation. 

It is to be noted that because we are using the Klein- 
Gordon equation, it is possible for the particle to be 
scattered (virtually) “backwards in time” by the 
potential. However, such effects (scattering ‘‘back- 
wards in time”) would not be included in the Tamm- 
Dancoff ‘“one-meson” approximation, which is the 


™T. D. Lee and R. Serber (unpublished >. 
8 M. Cini and S. Fubini, Nuovo cimento I1, 142 (1954). 
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reason why the Tamm-Dancoff method does not give 
the exact solution to the pair theory. (This is just 
another way of saying that our approximation satisfies 
the “crossing” symmetry® whereas the Tamm-Dancoff 
approximation does not.) 

In Sec. 3 we saw that our method led to the same 
result as the Chew-Low method applied to the linear 
theory. This is also true of the pair theory. Applying 
the analysis of Low" to charged scalar meson pair 
theory, the structure of the quantity called h(z) by 
Chew and Low [4h(po)=¢(po) in our notation] is 
quite different from that derived for the linear inter- 
action. For pair theory the neutron is not a possible 
state of the »~—p system, and hence h(z) has no pole 
at the origin. This is replaced by a constant term, 
which comes from the “catastrophic” scattering with 
no intermediate state, which is now possible. One thus 


has - 
near ap rere 


(1.1) 


Applying the Chew-Low method to this equation then 
leads to the exact answer for pair theory. 

Thus our method applied to charged pair theory and 
our approximation to charged linear theory lead to 


®M. Gell-Mann and M. L. Goldberger, Proceedings of the 
Fourth Annual Rochester Conference (University of Rochester 
Press, Rochester, 1954). 

0 F, Low, Phys. Rev. 97, 1392 (1954). 
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the same result as that of Chew and Low.? These 
authors have shown that the expression ¢(9) is uniquely 
determined by the following conditions: (1) unitarity 
(of S matrix); (2) “crossing” symmetry; (3) the solu- 
tion is expressible as power series in the renormalized 
coupling constant," which converges for some fixed g, 
uniformly with po; (4) at zero energy the scattering is 
given by first order Born approximation (this deter- 
mines the inhomogeneous term in the Low equation) ; 
(5) scattering is the only possible real process (the “one 
meson” approximation—this implies that ¢(z), suitably 
defined, has branch points at +,). 

One can then look on the one-meson approximation 
of Low and Chew (at least for these interactions) as 
being equivalent to calculating exactly scattering 
in an equivalent potential, determined by Born 
approximation. 

The solution of the Chew-Low equation is beset by 
the difficulties pointed out by Castillejo, Dalitz, and 
Dyson." However, our method leads directly to a 
unique answer. One might hope that the functional 
approach offers a method of finding unique solutions to 
more complicated problems. 

We should like to thank Dr. D. J. Candlin for some 
interesting discussions and one of us (G.F.) would 
like to thank Dr. J. R. Oppenheimer and the Institute 
for Advanced Study for their hospitality. 


" Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 
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Calculation of Nucleon-Nucleon Scattering from the Gartenhaus Potentials* 
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Nucleon-nucleon scattering and polarization are computed by using potentials calculated by Gartenhaus 
from the cutoff pseudoscalar symmetric meson theory proposed by Chew. The results are compared with 


experiment. 





FP gee inrer ayes has calculated the nucleon-nucleon 
potentials from the cut-off pseudoscalar sym- 
metric meson theory in the form proposed by Chew.? 
The even-parity potentials are shown in Figs. 1 and 2 
of reference 1. The potentials adjusted to fit the binding 
energy of the deuteron and the m-p singlet scattering 
length are used in the present calculations. The odd- 
parity potentials are shown in Figs. 1 to 3. The authors 
are indebted to Dr. Gartenhaus for sending them the 
odd-parity potentials. 

As mentioned by Gartenhaus in the final paragraph 
of his paper, these potentials have not been tested for 
higher energies. It is the purpose of this note to compare 
the angular distributions and polarizations calculated 
from the Gartenhaus potentials with experimental data. 

The phase shifts which result from these potentials 
are shown in Figs. 4 to 6 for the energy range 0-340 Mev. 
These may be compared with the results of the phase- 


50; . ae 
| 


| | 
| 


Fic. 1. The singlet 
odd-parity potential 
as calculated by Gar- 
tenhaus from the 
cut-off pseudoscalar 
symmetric meson 
theory of Chew. The 
radial distance 7 is 
given in units of 
4.315X10- cm. The 
ordinate for positive 
energy is given in 
Mev. The ordinate 
for negative energy 
is given in units of 
100 Mev. 
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* Work performed under the auspices of the U. 
Energy Commission. 

1S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

2G. Chew, Phys. Rev. 95, 285 (1984) +95, 1669 (1954). 


shift analyses of Feshbach and Lomon,? Hull et al.,4 and 
Stapp.’ (Hull e/ al. and Stapp have analyzed only the 
310-Mev p-p data). 

Neutron-proton and proton-proton angular distribu- 
tions and polarizations calculated from the phase shifts 
shown in Figs. 4 to 6 are presented in Figs. 7 to 10 and 
compared with experiment. 

There is no evidence in these results that Gartenhaus’ 
even-parity potentials are far from correct. However, 
Gartenhaus’ 'S phase shift is not negative at 310 Mev. 
For all of Stapp’s solutions to the phase shift analysis 
problem for 310-Mev p-p scattering, the 'So phase shift 
is negative by at least 10°. Perhaps Gartenhaus’ singlet 
even-parity repulsive core is not deep enough or of 
sufficiently long range. All of Stapp’s ‘D2 phase shifts 
are positive and in good agreement with Gartenhaus’ 
1D, phase shift for the two of Stapp’s four solutions 
which have the largest 'D2 shifts. The Dz phase shifts 
of Hull et al. are negative or zero, a result which is hard 
to reconcile with any potential model, and which is 
more evidence against the solutions of Hull e¢ al. than 
against the potentials of Gartenhaus. 

Gartenhaus’ singlet odd-parity attractive core is too 
deep; the 1P; state is bound. However, it may be as- 





Fic. 2. The triplet 
central odd - parity 
potential as calcu- 
lated by Gartenhaus 
from the cut-off pseu- 
doscalar symmetric 
meson theory of 
Chew. The radial 
distance’r is given in 
units of 4.315 10-8 
cm. The ordinate is 
given in units of 100 
Mev. The inset rep- 
resents part of the 
potential fon an fex- 
panded scale, with 
ordinate in Mev. 








3H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956). 

‘Hull, Ehrman, Hatcher, and Durand, Phys. Rev. 103, 1047 
(1956). 

5H. Stapp, University of California Radiation Laboratory 
Report UCRL 3098 (unpublished). For a preliminary account of 
this work see Phys. Rev. 98, 267(A) (1955). 
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Fic. 3. The triplet tensor odd-parity potential as calculated 
by Gartenhaus from the cut-off pseudoscalar symmetric meson 
theory of Chew. The radial distance r is given in units of 
4.315X10-" cm. The ordinate is given in Mev. 


sumed that Gartenhaus’ calculations have no validity 
for distances less than (say) 0.5 10-" cm, and the core 
region may be treated phenomenologically. In this way 


it might be possible that Gartenhaus’ potentials are 
valid for distances greater than 0.5X10-" cm. 
For all of the solutions of Stapp and most of the solu- 


tions of Hull et al., the *Po phase shift is negative at 
310 Mev. Feshbach and Lomon’s *P» phase shift is 
negative at all energies. Gartenhaus’ triplet odd-parity 
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Fic. 4. Phase shifts computed from the Gartenhaus potentials 
versus energy. The ordinate represents twice the phase shift 
calculated according to the formalism of J. M. Blatt and L. C. 
Biedenharn [Revs. Modern Phys. 24, 258 (1952) ]. 
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Fic. 5. Phase shifts computed from the Gartenhaus potentials 
versus energy. The ordinate represents twice the phase shift 
calculated according to the formalism of Blatt and Biedenharn. 


potentials are attractive in the *Po state, and the *P 
phase shift is positive. Only a repulsive core could make 
the *Po phase shift negative at 310 Mev if it is assumed 
that Gartenhaus’ potentials are valid for distances 
greater than 0.5X10~- cm, that the *Pp state is not 
bound, and that the *P» phase shift does not pass 
through 90° in the energy range 0-310 Mev. 

It seems probable that the *P» phase shift does not 
pass through 90° in the energy range 0-310 Mev. 
A *P» phase shift which passes through 90° at an energy 
Ej» contributes 2600/E\.,(Mev) millibarns to the n-p 
total cross section. This contribution seems too large. 

With regard to the possibility that the *Pp state is 
bound (say with zero binding energy), it is very in- 
teresting that the order of three out of four of Stapp’s 
solutions cannot be achieved with any combination of 
central and tensor potentials unless the *Po state is 
bound or the *Po phase shift passes through 90° in the 
energy range 0-310 Mev. This agrees with a remark of 





05 i 
2€ (J=2) 





2€ (RADIANS) 


2€ (Jl) 











200 
E LAB ( MEV) 


Fic. 6. The coupling constants for 3S;—8D, and *P:—3F, states 
computed from the Gartenhaus potentials versus energy. The 
ordinate represents twice the coupling constant calculated accord- 
ing to the formalism of Blatt and Biedenharn. 
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Fic. 7. Proton-proton angular distributions for various experi- 
mental energies as calculated from the Gartenhaus potentials. 
The abscissas represent center-of-mass angles in degrees. The 
ordinates are differential cross sections in millibarns. 
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Fic. 8. Proton-proton polarization at 170 and 310 Mev as 
calculated from the Gartenhaus potentials. The ordinate repre- 
sents the polarization divided by sin@ cos#. The abscissas repre- 
sent center-of-mass angles in degrees. The circles give the 170-Mev 
data, the triangles the 310-Mev data. 


Wolfenstein® that if Born’s approximation is valid, a 
large spin-orbit term is present in the interaction. 

One of Stapp’s solutions can be fit with triplet odd 
potentials very similar to those of Gartenhaus. The 
depth of the attractive core is adjusted to bind the 
’P, state with zero binding energy. One gets into trouble 
with charge independence; it is necessary to bind the 
n-p and m-n systems with a finite binding energy in 

* L. Wolfenstein, Bull. Am. Phys. Soc. Ser. II, 1, 36 (1956). 


THALER 











naam 


ee ae ae eee 


Fic. 9. Neutron-proton angular distributions for various experi- 
mental energies as calculated from the Gartenhaus potentials. The 
abscissas represent center-of-mass angles in degrees. The ordinates 
are differential cross sections in millibarns. The dots and the 
crosses give the 90-Mev data; the horizontal lines give the 310- 
Mev data. 
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Fic. 10. Neutron-proton polarization at 310 Mev as calculated 
from the Gartenhaus potentials. The abscissas represent center-of- 
mass angles in degrees. 


order to bind the p-p system with zero binding energy. 
We do not wish to elaborate on these points here. 

We do not regard these calculations as proving any- 
thing except that the Gartenhaus potentials are not 
correct in detail in the core region, especially in the 
odd-parity states. The qualitative picture of attractive 
odd-parity cores cannot be ruled out unless one is 
unwilling to assume that the *Po state is bound. 
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The field-theoretical derivation of dispersion relations for forward pion-nucleon scattering has been 
generalized to apply to the case of a fixed finite momentum transfer. The generalization is facilitated by 
use of the special Lorentz frame in which the sum of the momenta of the initial and final nucleons is zero. 
In this reference system the relations between dispersive and absorptive parts of the scattering amplitude 
are independent of momentum transfer and are similar in form to the forward-angle relations. At energies 
below the minimum energy necessary to allow a particular momentum transfer, the scattering amplitude 
has no direct physical meaning; it is interpreted as an analytic continuation of the physical amplitude to 
scattering angles corresponding to cos#< —1. The resulting equations are expressed in terms of the ampli- 
tudes for individual angular momenta and are given in two forms, corresponding to the inclusion or neglect 


of nucleon recoil. 





1. INTRODUCTION 


ECENTLY, many authors!“ have investigated the 

consequences of causality for boson-fermion scat- 
tering problems. The requirement of causality in a 
scattering problem may be stated in the following 
manner: If the scattered wave at a space-time point 
Xi, 4; is dependent on the amplitude of the incoming 
wave at the point xs, f, then the time ¢, must be 
previous to ¢;, as observed from any Lorentz system. 
(Lorentz systems in which the direction of time is 
reversed must be excluded from this definition, of 
course.) The Lorentz invariance of this requirement 
implies that the separation between the two points 
must be time-like; thus causality requires that the wave 
does not propagate with a speed exceeding that of 
light in a vacuum. In a field theory the condition may 
be imposed that field amplitudes corresponding to 
points separated by a space-like interval must commute ; 
this condition is equivalent to the requirement that no 
disturbance may propagate with a velocity greater 
than c. 

Gell-Mann, Goldberger, and Thirring! and Gold- 
berger? have shown that the requirement of causality 
in a field theory may be used to derive useful dispersion 
relations for photon-nucleon scattering and pion- 
nucleon scattering. These equations relate the dis- 
persive part D(w) of the forward amplitude for elastic 
scattering to an energy integral of the absorptive part 
A (w). If use is made of the well-known relation between 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
1954). 
2M. L. Goldberger, Phys. Rev. 99, 979 (1955). 

3M. L. Goldberger, Phys. Rev. 97, 508 (1955); Goldberger, 
Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955); Anderson, 
Davidon, and Kruse, Phys. Rev. 100, 339 (1955); R. Oehme, 
Phys. Rev. 100, 1503 (1955) and 102, 1174 (1956). We are 
indebted to Dr. Oehme for sending preliminary copies of these 
manuscripts to us before publication. Y. Nambu, Phys. Rev. 98, 
803 (1955); 100, 394 (1955). R. Karplus and M. Ruderman, Phys. 
Rev. 98, 771 (1955). 


A(w) and the total cross section, i.e., A (w)= (k/4r)or, 
the dispersion equations make possible the determina- 
tion of the forward scattering amplitude from a 
knowledge of the total cross section at all energies. The 
equations essentially are equivalent to the classical 
dispersion relations of Kramers and Kronig. 

It is reasonable to investigate whether or not the 
amplitude for finite-angle scattering satisfies a simple 
dispersion relation. One might attempt to generalize the 
forward-scattering relations by considering the energy 
dependence of the amplitude for a fixed, finite center- 
of-mass scattering angle. There are two important diffi- 
culties with such a procedure, however. First, such a 
finite-angle relation must depend on the size of the scat- 
tering region. This difficulty is especially discouraging in 
such problems as gamma-nucleon or pion-nucleon scat- 
tering, for which there is no definite boundary to the scat- 
tering region, and the extent of the region is not too well 
known. The second difficulty has to do with the fact 
that, as the energy of the bombarding particle varies, 
the energy of the target particle in the center-of-mass 
system varies also, giving rise to a complicated energy 
dependence of the scattering amplitude. 

In this paper a generalization to finite angles is made 
by considering the energy dependence of the scattering 
amplitude for a fixed center-of-mass value of the 
momentum transfer. This procedure overcomes the 
above-mentioned difficulties. That a fixed momentum- 
transfer dispersion relation is independent of the size 
of the scattering region may be seen most easily in the 
scattering of a particle from a fixed potential of range a. 
In this case the quantity that satisfies a dispersion 
relation is S exp[_2iak sin(}6) ], where S is the scattering 
matrix, hk is the momentum, and @ is the scattering 
angle. If the momentum transfer, 2hk sin(4@), is held 
constant as k is varied, the exponential factor is constant 
and S satisfies a dispersion relation which is independent 
of a. The second difficulty is overcome by expressing 
the scattering amplitude in a special Lorentz system, 
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defined by the condition that the initial and final 
momenta of the target particle are equal and opposite. 
If these momenta are held constant as the energy of the 
projectile varies, clearly the target particle energy 
remains constant. The difference between the final and 
initial target momentum, i.e., the momentum transfer, 
is equal to the momentum transfer in the center-of-mass 
system.‘ 

The method used in this derivation is based upon 
the method of Goldberger,’ and the assumptions made 
concerning the high-energy convergence of the scat- 
tering amplitude are identical to those in reference 2. 
The derivation is given for pion-nucleon scattering, 
though the method is applicable to other boson- 
fermion scattering problems. 

The advantages of a fixed momentum-transfer dis- 
persion relation over a fixed scattering-angle relation 
are partially nullified by an important disadvantage; 
namely, a minimum pion kinetic energy is necessary 
in order to transfer a specific amount of momentum to 
the nucleon. The scattering amplitude corresponding 
to energies less than this minimum energy must be 
determined by an analytic continuation process, if the 
dispersion relations are to be useful. In order to make 
this continuation, and in order to express the scattering 
amplitude in terms of convenient quantities, the ampli- 
tude is expanded in terms of waves of different orbital 
angular momenta. The analytic continuation. into the 
nonphysical region is then made by the simple process 
of continuing the Legendre polynomials into the region 
cos# <—1. It has been pointed out by Symanzik® that 
this continuation procedure is not rigorous in all cases. 
It is hoped, however, that the error will be unimportant 
in the low-energy applications of the relations. 

The results express the dispersive part of the ampli- 
tude for a particular partial wave in terms of a sum 
over angular momenta of energy integrals of the ab- 
sorptive parts of the various partial-wave amplitudes. 
The form of the dispersion relation depends on the 
asymptotic behavior of the scattering amplitude at high 
energies. 


2. CAUSAL SCATTERING AMPLITUDE 


Dispersion relations for scattering problems depend 
upon the principle that no disturbance may propagate 
with a velocity greater than that of light in a vacuum. 
Goldberger? has made use of this causal princ‘ple in 
giving a field-theoretical derivation of dispersion rela- 
tions for pion-nucleon scattering in the forward direc- 


‘It has come to our attention that results quite similar to ours 
have been derived independently by several groups, viz., Gell- 
Mann, Goldberger, Nambu, and Oehme (private communication) ; 
A. Salam, Nuovo cimento 3, 424 (1956). The case of finite-angle, 
potential scattering has been considered by J. S. Toll and D. Y. 
Wong (private communication). The authors are indebted to 
Professor Y. Nambu for information on the results of the first 
group. 

5K. Symanzik (private communication). 
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tion. In this paper the method of Goldberger is gener- 
alized and applied to scattering at finite angles. 

We shall consider a pion-nucleon scattering event® 
in which a pion of four-momentum & is scattered into 
a state k’, the nucleon undergoing a transition from a 
state of momentum ? toa state p’. The Greek subscripts 
a and a’ are used to denote the charge states of the 
initial and final pion. The element of the scattering 
matrix corresponding to this event may be written in 
the form 


Saralk’,p’; k,p) 


=Z(-)/(n)) [dey dnl bp’ Qa'(k’) 


XP[H (m1), «+H (xn) Jaa*(k)bp). (2.1) 
The quantity PLH(x1), ---H(x,)] denotes the time- 
ordered product of the operators H(x;), which represent 
the interaction Hamiltonian density at the space-time 
points x;. The symbol ¢, or ¢, represents a state of the 
nucleon with momentum p or p’. These state vectors 
are normalized by the equation 


(dp',bp)=5(p—p’). (2.2) 
The symbol aq’ (k’) denotes an annihilation operator for 
a pion of four-momentum k’ and charge state a’, while 
@q*(k) represents a creation operator for the state (k,a). 
The operators and state vectors have the time de- 
pendence of the interaction representation. 

It is assumed that the Hamiltonian density repre- 
senting the local interaction between the pion and 
nucleon fields may be written in the form 


H(«)=De o8(x)Os(x), 


where ¢s(x) is the pion field operator for the charge 
state 8, and Og(x) is some nucleon field operator. In 
symmetrical, pseudoscalar meson theory with pseudo- 
scalar coupling, Og(x) is given, in conventional notation, 
by 


(2.3) 


Op(x) = igh (x)ysrap(x). (2.4) 


The method of Low’ may be used to write the S matrix 
in terms of the operators Og(x) in the Heisenberg 
representation. 


® Throughout this manuscript the ordinary italic letters k and 
p represent four vectors. The three-dimensional momenta corre- 
sponding to & and # are denoted by the boldface letters, k and p, 
while the symbols w and £ denote the corresponding energies. 
The spacelike and timelike components of the coordinate four- 
vector x are denoted by x and xo. A four-vector inner product is 
written in the form kx=k-x—wxo. For convenience the constants 
h and ¢ are taken to be unity. 

7F. E. Low, Phys. Rev. 97, 1392 (1955). 





DISPERSION 


Sata(k’,p’ ; k,p) 
= 54 .5(k’—k)5(p’— p)+ (—7)?(2r7)*(4aw’)-4 


x fax f aye#e (yp PLOW (2), 00(9) Ws) 


=5a'ad(k’—k)5(p’— p) + (—1)*5(k’+-p’—k—p) 
Xr (ou') + f dae vor 


X {o, PLOa (32), Ou(—32) Wo}. 


The symbols y,, and ¥, represent exact nucleon eigen- 
states of the total Hamiltonian in the Heisenberg repre- 
sentation. When the nucleon current contains terms 
depending on the pion field, Eq. (2.5) must be modified 
to include other terms. This complexity is neglected 
here, since, as shown by Goldberger,? the extra terms 
do not alter the causal property of the scattering 
matrix. 

A matrix U, similar to the U matrix of Mller,’ may 
be defined by the equation 


Sa'a= Sarati(2m)“5(k+ p— K’— p’) (k’,p’ | Vara | k,p). 


We shall define a scattering amplitude, which is 
invariant to Lorentz transformations, in terms of 
Usa" 


(B’,p"| Paral k,p) = —m(E'w)*(k’,p’| Vara ky p) (Ew)! 


(2.5) 


=item ¥(B'E)' f dae vow 


x (Vp, P(O.. (32), 0.(— 32) Wp), 


where m is the mass of the nucleon. 

Following the method of Goldberger, we obtain a 
causal scattering amplitude by replacing the time- 
ordered product P[O.:(3z), O.(—4z) ] by the quantity 
n(z)[O(4z), Ou(—4z) ], where 


n(z)=1 for zo>0, 
=0 for 20<0. 


(2.6) 


(2.7) 


The modified scattering amplitude is given by 
Ma alk’ ,p'; k,p)= idet(EE' me f dae WOH (9) 


X {LO (32), Oa(—32) Wp}. (2.8) 


8C. Mller, Kgl. Danske Videnskab. Selskab, Mat.-fys Medd. 
23, No. 1 (1945). The J matrix of Mgller is related to the matrix F 
of Eq. (2.6) by the relation Fag= —i(24/m)l aa, where m is the 
mass of the nucleon. The relation of Fa’ to the differential cross 
section in any Lorentz frame is given by Mller as 


do= (m*| F|*/B) {6(b’+p’—k—p) (dk/w) (dp/E), 


where B is the Lorentz-invariant quantity 
B=[(kE— pw)*— (kX p)*}. 


RELATIONS 


q-REFERENCE SYSTEM 


V=Q/w— 


CENTER- OF- MASS 
SYSTEM 


Fic. 1. Relative orientations of the pion and nucleon momentum 
vectors for a typical scattering event. The vector V denotes the 
velocity of the center of mass in the g-reference system, while W 
represents the total g-system energy. The subscript ¢ refers to 
momenta in the center-of-mass system. 


The two matrices Maa and Faq differ for negative 
energies, but not for positive energies. The modification 
of the amplitude causes negative-energy pions, as well 
as positive-energy pions, to propagate from past to 
future, thus assuring the causal nature of the scattering 
amplitude, Maa. 

Though we have not considered the nucleon’s spin 
coordinates, quantities such as M,q depend on this 
variable. An alternative point of view, which is adopted 
here, is that Mq’q is a matrix in the spin space of the 
nucleon. The Hermitian conjugate of this matrix is 
denoted by Maa’. 

A physical scattering event corresponds to a positive 
value of pion energy. Thus, in order to derive a useful 
dispersion relation, we must find some symmetry 
property relating the negative-energy part of Maq to 
the positive-energy part. Since M is expressed in terms 
of a matrix element between two nucleon states of 
momenta p and p’, the symmetry properties of M may 
be expressed simply in the Lorentz system defined by 
the condition that the momentum p+p’=0. This 
system is called the g system, and the momentum 
—p=p’ is denoted by q. Conservation of momentum 
and energy may be used to show that the vectors k+p 
and k’+p’ are equal and are perpendicular to the 
vector q. Thus we define two perpendicular vectors, q 
and Q, 


q=—p=p’, Q=k—q=k’+q. 


The orientation of these vectors for a typical scattering 
event, and the corresponding vectors in the center-of- 
mass system, are shown in Fig. 1. The momentum 
transferred to the nucleon during the collision is the 
same in either the g system or center-of-mass system, 
and is equal to 2q. 

The magnitude of the vector Q depends on the pion 
energy w, 


(2.9) 


Q=O(w)e, (2.10) 
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where ¢ is a unit vector. The function Q(w) is given by 
Q(w)= (w’—w,’)}, (2.11) 


where w, is defined in terms of q and the meson mass yu 
by the relation w= (u?+q*)!. The scattering amplitude 
may be expressed in terms of the variables of the 
g system, 


Mera( 0,00) =i2n*(E_/m) f doy(s) exp(—10-2-+-ians) 


X {vl Ou (32), On(—32) W-«}, (2.12) 
where E, is given by E,=(m?+q’)!. The symbol y_, 
denotes a nucleon state of momentum —gq and energy 
E,. The relation between M,2(q,e,) and the corre- 
sponding amplitude in the center-of-mass system is 
discussed in Sec. 5. 

The variable w in Eq. (2.12) may be considered as 
complex, thus defining M.’. for complex values of the 
energy. In the complex energy plane, the function Q(w) 
has branch points at w=-+tw,. The complex w plane, 
including branch cuts, is illustrated in Fig. 2. We 





0 


Fic. 2. The complex w plane for the scattering 
amplitude M qa(q,2,w). 


define the function Q(w) in the upper half w plane by 
analytic continuation from the region corresponding to 
physical scattering, i.e., the region Im w=0, Re w>wa,. 
This leads to the result 


Q(w)= —Q*(—w"*). (2.13) 


For real values of w, Q(w) is positive when w>w,, posi- 
tive imaginary when —w,<w<w,, and negative when 
Ww <— Wy. 

The implications of causality with respect to the 
analytic properties of M4-a(q,e) in the upper half 
w plane are discussed in Sec. 4. 


3. SYMMETRY PROPERTIES OF THE CAUSAL 
AMPLITUDE 


If use is made of the Hermitian property of the 
operator i{ O..(3z),0.(— 42 ]), the amplitude M «.(q,e,w) 
defined by Eq. (2.12) may be shown to have the sym- 
metry property 


Mara’ (4,2,0)= Mara(—4, £, —w). (3.1) 


This property permits us to write dispersion relations 
in terms of quantities corresponding to positive values 
of w only. 

The validity of Eq. (3.1) depends on the fact that 
the nucleon states y, and y_, are related by a reflection 
of the spatial coordinates; therefore the initial and 
final nucleon must be in the same charge state. For 
definiteness we assume this charge state to correspond 
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to a proton; thus M.’q refers to the elastic scattering 
of pions by protons. The pair of indices a’a, which 
denote the charge states of the pions, may assume nine 
different values, since a and a’ range from one to three. 
Charge conservation, however, limits the number of 
processes to three, r++P—at+P, °+P—>7+P, 
and «+P-—2-+P. We define three independent 
amplitudes which are simply related to these three 
processes : 


M®=}(Mut+Me)= 3(M.*pe+M,-p), 
M®=}i(Mi2—M21)=}(M,+p—M,-p), 
M®=M33=M,»p. 
An important property of these amplitudes is their 
symmetry with respect to interchange of the indices a 


and a’ of the quantities M.’.. Under the transformation 
aa’, we have 


(3.2) 


M® > 9M, (3.3) 


where 
1, A=1 or 3, 
—1, A=2. 


In a charge-independent theory, there are only two 
independent amplitudes, corresponding to total isotopic 
spins $ and 3. In such a theory, 


M®=M®=}3(2M,+M)), 
M®= 3(M,— Mj). 


The quantities M42 of Eq. (2.12) may be separated 
into dispersive and absorptive parts, 


Meta= DatattA aay 
where D and A are defined by 


qo = 


(3.4) 


(3.5) 


(3.6) 


Dura=in*(Eq/m) f dze(s) exp(—#0-s+-iue,) 


X {Vay [0.:(32), 0.(—32) W+}, (3.7) 


Agra=#\(Eq/m) f di exp(—iQ-2+iwz0) 
X{a; [0./(32), O.(— 32) 4}. 


(3.8) 


The function ¢(z) of Eq. (3.7) is defined by the relation 
e(z)= —1+2n(z). 

Similarly, the amplitudes M® may be written in 
terms of dispersive and absorptive parts, M%=D® 
+iA™, where D™ and A may be expressed in terms 
of the operators O, and O., if use is made of Eqs. (3.2), 
(3.6), (3.7), and (3.8). Later it will be seen that this 
division of the quantities M® corresponds to a sepa- 
ration of the entire scattering amplitude into Hermitian 
and anti-Hermitian parts. 

If use is made of Eq. (3.2), the symmetry property, 
Eq. (3.1), may be written in terms of the quantities 
D™ and A, 


Dt (q,e,0) = oD (— q, &, —w), 


3.9 
At (q,e,w)= —@A%(— q, @, —w). ( 





DISPERSION RELATIONS 


This symmetry condition alone is not enough to deter- 
mine whether or not D® and A, which are matrices 
in nucleon spin-space, are Hermitian. Another useful 
property of M® may be obtained, however, from the 
symmetry of the operator Oe'a(z)=[Oa'($z), O.(—4z) ] 
with respect to the transformation <> —z, i.e., 


Oa'a(—2%)= — Oaa’(z). 
From Eq. (3.10) and the symmetry properties of M® 
with respect to the exchange a«+a’, Eq. (3.3), it can 
be shown that D™ and A® satisfy the equations 
D® (q,2,0) = oD (q, g, —w) 
4D (q, —2, —w) 
Am (q,£,) we QA ead (q, g, —w) 
—-@A ” (q, —é, —w) 


(3.10) 


for |w| >w, 


for <Wy, 
lol <to 03 11) 
for |w| >we 


for |w| <wy. 


‘LLis symmetry condition is different in the two energy 
regions, |w|>w, and |w|<w,, because the function 
O(w) = (w*—w,?)! is real and odd in w for |w|>w,, and 
is imaginary and even for |w| <w,. 

The symmetry properties of M® may be more 
simply expressed, if the scattering amplitude is written 
as the sum of spin-independent and spin-dependent 
parts, 


4™ (q,2,0) =My (q,2,0)1+i0- qx Qms™ (q,2,0), 
(3.12a) 


D® (q,e,0) = dy (4,e,w)1+i0-qX Qds™ (q,2,), 
(3.12b) 


A) (q,2,~) - ay™ (q,e,0)1+i0- qx Qas™ (q,2,w). 
(3.12c) 


Here @ is the nucleon spin matrix and 1 is the unit 
matrix. The quantities Sw, s, dv,s and ay, s are simple 
functions, rather than two-by-two matrices. Since the 
scattering amplitude used here is Lorentz invariant, the 
amplitude in the g system, M®(q,ew), must be 
invariant to spatial rotations and reflections. Therefore 
the functions 9Wy,s, dy,s, and @y,s are invariant to 
spatial rotations and reflections. Since the vectors q 
and e are orthogonal, these functions are quadratic in 
q, and quadratic in e, and hence are functions of only 
the energy, and the magnitude qg of the vector q. In 
terms of these functions, the symmetry properties, 
Eq. (3.9) and Eq. (3.11), become 


dy * (gw) = dn (q, —w), 
an * (9,0) = — an (gq, —e), 
ds *(q,w)= — ods (q, —w), 
as*(qw)= as (q, —w), 
dy (q,w)= dn (q, —w), 
an™ (qa) = — aan (q, —w), 
ds (q,w)= — eds (q, —w), 


as (q,) = eas (q, —«). 


(3.13) 
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From Eqs. (3.13) and (3.14) we see that the functions 
dy,s® and ay,s™ are all real. Thus the separation of 
M” into dispersive and absorptive parts corresponds 
to a separation of the scattering amplitude into Her- 
mitian and anti-Hermitian parts. The reality of the 
functions dy, 5® and ay, s®, together with either of the 
relations, Eq. (3.13) or Eq. (3.14), represent the sym- 
metry properties of M®) in the form that is used in the 
derivation of the dispersion relations. 


4. ANALYTICITY AND DISPERSION RELATIONS 


The causality principle may be used to show that, 
for a fixed q, the scattering amplitude M.-.(q,e,w) has 
certain analytic and boundedness properties in the 
region R,, which denotes the upper half complex 
w plane. The causal principle, that no disturbance 
propagates with a speed exceeding that of light in a 
vacuum, requires that the commutator [0,-(4z), 
0.(—4z) ] vanish for space-like values of the space-time 
variable z. Therefore, the factor n(z)(¥.[O.-(42), 
0.(—4z) W_,) in Eq. (2.12) may be finite only for 
values of z satisfying the two inequalities, 


z>0 and z>|zI. (4.1) 


The amplitude Maa in Eq. (2.12) depends on the 
complex energy w only through the factor 


exp(—iQ-2+-iwzo), 


where Q is given in terms of w by Eqs. (2.10) and 
(2.11). For a value of z in the region defined by Eq. 
(4.1), the exponential factor is bounded in R,, ie., 


(4.2) 


Since this bound is not uniform as a function of 2, 
we must use the technique of Goldberger,? and inter- 
change the order of a space-time integration, and an 
energy integration, in order to derive dispersion rela- 
tions. A discussion of the justification of this exchange 
for forward scattering is given in reference 2. Intui- 
tively, one expects a greater high-energy divergence 
problem for finite-angle scattering than for zero-angle 
scattering. However, if the momentum transfer is fixed, 
then as w— ©, the scattering angle approaches zero. 
Thus the convergence properties of M(q,w) as w> 
are similar to those of M(0w), the difference being 
that the “effective pion mass”’ is wg, rather than u. 

Instead of actually carrying out this exchange of 
integration order, we arrive at the same result more 
simply by treating exp(—iQ-z+iwzo) as if it were 
uniformly bounded. We may then apply a theorem of 
Titchmarsh,® to show that the amplitude M (q,e,w) 
of Eq. (2.12) is analytic in R,, and that the divergence 
of M(w) as the real part of w approaches infinity is no 
worse above the real axis than it is for real values of 
the energy. The spin-flip and nonspin-flip amplitudes 


exp(—iQ-2+-twz) < exp (wea0). 


9 E. C. Titchmarsh, Fourier Integrals (Oxford University Press, 
New York, 1937), p. 119. 
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Fic. 3. The contour integral of Eq. (4.4) in the complex w plane. 
The symbol R denotes the radius of the semicircle. 


defined in Eq. (3.12a) must also be analytic in R,, 
since they may be expressed in terms of M (q,e,w) by 
the equations, 


Mn (qo) =F Tr{M™ (g,2,0)}, 
GMs (gw)=F Tr{—i(6-qXQ)M™ (g,ew)}/%. 
The form of the dispersion relations depends upon 
the high-energy convergence of the amplitudes Sy, s®. 
If the Lesbegue integral /©,”|91/w*|*dw exists,!” where 
MM is any of the six amplitudes My, 5, and a is any 


positive number, a dispersion relation may be obtained 
by considering the contour integral” 


aed IM (g,0’) du! =0, 
Cc 


tJ cx (w’—w) (w?—wy") 


(4.3) 





(4.4) 


where the contour C, is shown in Fig. 3. The energy wo 
is arbitrary and may be chosen for convenience. 

If the scattering amplitude converges rapidly enough 
that the integral /”|9N|*dw exists, where a again is 
any positive constant, a stronger dispersion relation 
may be obtained by considering the contour integral, 


if M(gw’) 
—_——dw'=0. (4.5) 


, 
m¥c, Ww —-W 


Because of the boundedness property of MN in R,, the 
contribution to the integrals of Eqs. (4.4) and (4.5) 
from the semicircle in C, will vanish as the radius 
approaches infinity. The two types of dispersion equa- 
tions, those derived from the integral of Eq. (4.4) and 
those derived from Eq. (4.5), will be referred to as 
type A equations, and type B equations, respectively. 

After suitable approximations have been made, the 
type B equations may be directly compared to Low’s 
equation’ for pion-nucleon scattering. Since it is ques- 
tionable whether or not the high-energy convergence of 
MM (gw) is sufficiently rapid to justify this procedure, 
we discuss the type A dispersion relations, which follow 
from Eq. (4.4). If use is made of the symmetry proper- 

” This condition is sufficient, but not necessary, for the validity 
of the procedure used here. For a brief discussion of convergence 
conditions, see Reinhard Oehme, Phys. Rev. 100, 1503 (1955). 

4 Jt is assumed that SI is finite at all points in the region 
except at one point where SIU has a simple pole, corresponding to 
the real nucleon state, which plays the role of a bound state of 


the pion-nucleon system. The contribution of the real nucleon 
state is discussed at the end of this section. 


ties of the 91(q,w) functions, Eq. (3.14), the dispersion 
relations corresponding to a=1 (A=1 or 3) may be 
written 


dv (qs) dy (qyo0) 


ci 2 (w?— wo") 








© wdelay@) (q,w’) 
P J (4.6) 
0 


ra (w’? — wo?) (w"?@—w*) 


@ 
gd s"*) (q,w) -——q'd 5" (9,0) 


wo 


(4.7 








2w(ut—ue) f * du'gas* (9,w') 
ig 0 (wwe?) (wo? —w?)’ 


Tv 
where the symbol P denotes that the principal part of 
the integral is to be taken. Similar equations may be 
derived for the case «= —1, which is discussed later. 

The integral in these equations involves the absorp- 
tive part a(g,w) as a function of energy for all energies 
in the range 0<w<«. However, a(qw) may vanish 
for certain regions of w in this range. In order to see 
this we expand the matrix element {y,, [O.-(3z), 
0.(—4) ¥.} in Aaa, Eq. (3.8), in a complete set of 
intermediate states, y,, which we take to be eigen- 
functions of the entire Hamiltonian, 


Aera=1*(Eq/m) f lis oul ~80-04-tend 


XL, (32)Yn} {Wn 0.(- 32)y-} 
~ {va 0.(— 32)Wn} {n, 0. (3z)~—2} J. 


If use is made of the relation 0,(z)=¢—‘?*0,(O)e'”*, 
where P is the total momentum-energy operator, the 
space-time integral in Eq. (4.8) may be carried out, 
and Aq may be written 


Aga= (2n)*4*(Eq/m) UL (¥e,0. (OY, @} 
X {Hn e,00(0)~-a}5 (wt Ey— En, Q) 
—{Ha0.a(0)Wn,—0} {¥n, 0,0 07 (O)P-a} 
X5(w— E,+En, a) J, 


where Wn, 40 denotes the state y,, with total momentum 
+0, and E,, g is the total energy of such a state. 
Because of the energy delta functions in Eq. (4.9), 
the spectrum of Aq4 depends simply on the spectrum 
of the states y,. If the momentum-energy four vector, 
corresponding to the state WY», p is denoted by (P,£,, p), 
the Lorentz invariant proper mss of the state y, is given 
by M,=[(E,,p)?—P?]}!. We assume the following 
energy spectrum for the proper mass M, of the states 
¥,: (i) a point spectrum at the energy M,=™m corre- 
sponding to the real neutron or proton state; (ii) a 
continuous spectrum in the region m+y<M,< ©, cor- 
responding to states consisting of a nucleon, plus one 


(4.8) 


(4.9) 





DISPERSION 
or more other “particles,” where the term “particle” 
denotes either a pion or a nucleon pair.” 

It has been assumed that no bound state of the 
nucleon-pion system exists. States involving no nu- 
cleons have been neglected, since they do not contribute 
to Eq. (4.9). 

The energy spectrum of Aqa(w) may be determined 
from the spectrum of the states ¥». Because of the two 
terms of Eq. (4.9), a state of proper mass M,, will con- 
tribute to the spectrum of Aq at two energies, one 
being the negative of the other. Though the integrals 
in Eqs. (4.6) and (4.7) involve only positive energies, 
it is useful to compute the spectrum of Aqa(w) in the 
entire energy region — © <w<«. When the index n 
refers to the real nucleon state, the quantity E,,@ in 
Eq. (4.9) is equal to (m?+-(Q?)}. If use is made of the 
relation Q?=w’—y?— q’, it can be seen that the spectrum 
of Aaa(w) corresponding to the real nucleon inter- 
mediate state is given by 

“are 4.10) 
ile 
The positive sign corresponds to the second term of 
Eq. (4.9). Note that w, must be a positive quantity, 
since g? > 0. 

The continuous spectrum of ¥, contributes two con- 
tinuous spectra to Aqa(w). The end points, wa and 
—wa, of these spectra correspond to an intermediate 
state y, of proper mass m+. The determination of wa 
is analogous to that of a, and yields the result 


wa= m(m+y) Eg — Ey= (mp— PES. 


wo= Ey— (m?— bw) Eg t= (¢ 


(4.11) 


Therefore, the two continuous spectra of Aqa(w) are 
given by 


—o2<wK-—we and wa<w<+o, 


The complete spectrum of A qa(w) is shown in Fig. 4. 
The contribution of the real nucleon state to A o'a(w) 
or A) (w) at the energy w=» is denoted by 


5(w— a) @ara(G,os) Or 5(w—we) A (g,un). 
The quantity @(g,w,) may be expressed in spin- 
independent and spin-dependent parts, i.e., 

@™ (qos) = a[P'v (gq) +io-qXQ:0's™(g)], (4.12) 
where the magnitude of Q, is given by the relation 
Q,= (w’—q@—y*)'. The quantities 'y,s®(g) may be 
estimated from a specific meson theory. 

The energy wa, which indicates the end points of the 


Tf a state y, corresponds asymptotically to several particles 
having four momenta /;, f2:--, the mass corresponding to this 
state is M,=[(2; E;)*— (2 p;)?]}. In the center-of-mass system 
we have 2 p;=0 and M, is equal to the sum of the energies of the 
particles. Therefore, the lowest mass next to the nucleon mass m 
is clearly m-+y, if states with no nucleons are neglected. For a 
discussion of this mass spectrum see, e.g., Y. Nambu, Phys. Rev. 
100, 394 (1955). 
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Fic. 4. The energy spectrum of the absorptive part of the 
scattering amplitude in the g system, shown in the two cases 
¢<my and g@>mu. 


continuous spectra of A (w), may be positive or negative. 
We shall consider the two cases separately. 

Case I.—If g?<mp, then w.>0, and the absorption 
integrals in Eqs. (4.6) and (4.7) may be limited to the 
range wa<w<©. If Aga(w) is expressed in the form 
of Eq. (4.9), only the first term of this expression con- 
tributes to the absorption integrals. 

Case Il.—If ¢>mp, then w,<0. In this case both 
terms of Aq(w) contribute to the absorption integrals 
in the energy range 0<w<—wa, while only the first 
term contributes in the range —wa<w<«. However, 
since the two terms of Aqa(w) are transformed into 
each other under the transformation w— —w, the 
absorption integrals may be extended to the energy 
range wa<w< ©, provided that the contribution of the 
second term in Aqa(w), Eq. (4.9), is neglected. 

From the above discussion it can be seen that the 
lower limit of the absorption integrals may be taken to 
be w, in either of the two cases we>0 or wa <0, provided 
that A(w) is properly interpreted in the anomalous 
region wa<w<—wa, while exists in the case w,<0. If 
the arbitrary energy wo is taken to be wa, and the real 
nucleon contribution is written in terms of the functions 
I'y,s®(q), the dispersion relations, Eqs. (4.6) and 
(4.7), may be written in the form 


dy" ) (gy) —dy 3) (q,e) 


a (w’"?— Wa”) (w’?—w*) 
QP v9) (gee (w® — wx?) 
(e452 — wa?) (w,2— w*) 


® 
gd s* (qw)-—g¢ds" (q,a) 


Wa 


2 (w* — Ww”) 


f , ’ 3 ’ 
9 2 2 rf w'dw'ay® (qw’) 
w, 





» (I) 








© dw’ gas" (q,w’) 
ry 
wa (w’?— ww") (w"*—w") 


2gT 5%) (gq) (w®—wn?) 


T 


(IT) 





(wo? — wa”) (ws? — w*) 


The dispersion relations for the case «= —1 may be 
derived in a similar fashion. The form of the equations 
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is different in the two cases, «=-+1, since the sym- 
metries in energy of IN) (gw) are different [Eq. (3.14) ]. 
The equations corresponding to the case «= —1(A=2) 
are 


w 
dy (qv) ——dy (9,00) 


Wa 


ate), t du'ay (q,w’) 
2 7 wa (w?—w,?) (w?—w*) 


a 





2P'v® (q)w(w?— wa?) 
l 


(wn? — wg?) (on? —w*) 





, (IID) 
g’ds (qw)— ds (q,wa) 

2(w?—w,") if w'dw'gas® (9,0’) 
7 wa (w?— wa?) (w?—w*) 








2¢°T's® (g)wv(«*—w,") 


(.05?—wo.?) (or?) 





(IV) 


The dispersion relations for forward scattering may 
be obtained from Eqs. (I), (II), (III), and (IV) by 
letting g approach zero. An important distinction 
between the finite momentum-transfer equations and 
the zero-g limit is the existence of the energy region 
Wa <w <w,, which shrinks to zero in the limit as g—0. 
Since the momentum Q is imaginary in this energy 
region, the scattering amplitude cannot be directly 
related to physical processes. The interpretation of this 
nonphysical region is discussed in Sec. 5. 

In order for the dispersion equations to be useful, 
some estimate must be made of the functions I'y, 5®(q), 
which represent the contribution to the equations of 
the real nucleon state. We shall assume symmetrical, 
pseudoscalar meson theory with pseudoscalar coupling, 
in which theory the operators O,(x) are given by Eq. 
(2.4). If the operators O,, O_ and QO; are defined by 
the equations 0, = }{0,(0)+70.(0)}, O;=0;(0), then 
Eq. (3:2) and Eq. (4.9) may be used to express the 
bound-state contributions a in the form 


A (g,0) = 2 (q,0s) 
= — (2m) *x*(E,/m) (q,04-ov") 


x (Y—-e0" ,O_y_.), (4.13) 


@® (q,u) = — (2) ‘x? (E,/m) 
X (ve, 9-90") (ov? ,Ow_.). 


The state ¥_9" corresponds to a real neutron of mo- 
mentum —Q,, while yg” corresponds to a real proton. 

If terms of order (u/m)* are neglected, matrix ele- 
ments of the operators O,, O_ and O; between real 
nucleon states may be evaluated," yielding the result, 


(Ya¥ ,O_~r”) = (Wa? ,OW0*) = (Ya? Osa”) 
=i(2m)-!(f/V2mu)Le- (a—b) ], 
13 See reference 7, p. 1396. 


(4.14) 
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where f is the renormalized coupling constant charac- 
teristic of the pseudovector interaction.“ Therefore, 
in this no-recoil approximation the quantities @™ (q,w») 
are given by 


A (gm) = @® (gun) = @® (gan) 

=a(f?/u*){ (—Qr*)— 2iLo- (qXQr)]}. (4.15) 
From this equation and the definition of T'y,s®, Eq. 
(4.12), the values of I'y,s® to lowest order of (u/m)? 
in pseudoscalar meson theory with pseudoscalar 
coupling are 
PyO=Py®=Py = (f/u4)(¢—Os) 

= Pit (2¢/u*)], 

PsVP=SPs%=lP = —2f?/y?. 


(4.16a) 
(4.16b) 


5. PARTIAL WAVE ANALYSIS OF DISPERSION 
EQUATIONS 


In order to express the dispersion relations in terms 
of experimentally measured quantities, we shall 
transform Eqs. (I), (II), (III), and (IV) into variables 
of the center-of-mass system. The g-system energy and 
momentum variables are related to center-of-mass 
quantities by the equations 


EW=EW., 
w= EWE — Ex, (5.1a) 
2¢’=k2(1—cos6), (5.1b) 


where W and W, represent the total energy in the 
g system and center-of-mass system, and k,, 6, and E, 
represent the center-of-mass values of the magnitude 
of the particle momentum, scattering angle, and 
nucleon energy. In general the subscript c will be used 
to denote a variable of the center-of-mass Lorentz 
system. The vector product qXQ is related to the 
scattering angle by the equation 


qxQ= gQn= (W./2E,) (k.X k,’) 
=(W./2E,)k2(sind.)n, (5.2) 


where n represents a unit vector and k, and k,’ are the 
initial and final values of the pion momentum in the 
center-of-mass system. 

The center-of-mass scattering amplitude M,™ (k,,k.’) 
may be separated into spin-independent and spin- 
dependent parts in a manner similar to the separation 
of the g-system amplitude [Eq. (3.12a) ], 


M.™ (k.,k.’) - Mew (k.,k.’)1 
+io-k.Xk.’M.s (k.,k.’). (5.3) 


Because of the invariance of M,™)(k.,k.’) under three- 
dimensional rotations and reflections, the functions 
Mew and M,-s® depend only on cos@, and the energy 
we. The center-of-mass quantities IN.w(6.w-) and 

4 The quantity /? defined here is equal to that defined by G. F. 


Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). As shown by 
these authors, /? is of the order /?~0.08. 
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Wes (A.we) may be related to the corresponding 
q-system amplitudes, if use is made of the fact that the 
entire scattering amplitude is Lorentz-invariant, i.e., 
the amplitude relating any specific initial and final 
states in the g system is equal to the amplitude relating 
the same states transformed into the center-of-mass 
system. The resulting transformation equations are 


E?+mE, 
E,(m+E.) 

72 72 
_e-Es 


gq-————_— 
E,(m+E.) 


My ™ (gw) = Men (0.,we) 


IMes™ (B.,we), 
(5.4) 
1 1 
IMs™ (gw) -—| -—_ ann (8...) 
WL m+E, 


2 


m+, 


+2(m+ 


)or.s(@na)] 


These equations are derived in Appendix A. The com- 
plexity of the equations results from the complicated 
manner in which the Dirac spinors transform under 
Lorentz transformations.® 

If the nucleon mass is considered to be large, and only 
terms of zero order and first order is an expansion in 
powers of m= are kept, then the relations between 
g-system quantities and center-of-mass quantities 
become very simple, i.e., 


w=wetm(k2—¢’), 
2¢’'=k.?(1—cos6,), 
qXQ=4(1+w,/m)(k.Xk.’). 


The Lorentz transformation does not mix the spin- 
independent and spin-dependent amplitudes in the 
limit of large m. The transformation equations reduce 
to the form 


Wy (q,w) =Men™ (Bese), 
IN s™ (gw) = 2(1—w./m)Mes™ (Oc,we). 


It is interesting to notice how the center-of-mass 
values of the energy and scattering angle vary, as the 
momentum transfer is held fixed and the g-system 
energy varies between the limits of integration in the 
dispersion equations. From Eqs. (5.1) it is seen that as 
w approaches infinity, the center-of-mass momentum 
becomes infinite and cos#, approaches the limit 1. In 
this limit the scattering is in the forward direction. At 
the point w=w, the g system and the center-of-mass 
system are the same, and the quantities k, and cos@, 
are equal to g and —1. In the nonphysical region 
Wa <w <w , cos@, is less than —1. The functions Q(w) 
and sin@, of Eq. (5.2) are imaginary in this region. As 


(5.5) 


(5.6) 


16 The fact that the spin-independent and spin-dependent 
amplitudes are mixed by the Lorentz transformation was pointed 
out to the authors by Dr. B. McCormick and by Professor M. L. 
Goldberger, independently. 
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w approaches wa, the center-of-mass momentum ap- 
proaches zero, and cosé, approaches —«. Thus the 
nonphysical energy region wa<w<w, corresponds to 
center-of-mass scattering angles in the range — © <cos0, 
<=1, 

In order to evaluate the contribution to the equations 
of the nonphysical region, we must remember that the 
scattering amplitude in this region is defined by ana- 
lytic continuation from the physical region w>w,. A 
convenient method for interpreting the center-of-mass 
scattering amplitude in both the physical and non- 
physical regions is the method of expanding the am- 
plitude in terms corresponding to different values of 
orbital angular momenta. In such a formalism, the 
analytic continuation may be made by analytically 
continuing the Legendre polynomials into the region 
cos#,<—1. This continuation method is quite simple; 
however, as is brought out later, it is not rigorous in 
all cases. 

The magnitude of the relative orbital angular mo- 
mentum, as well as the total angular momentum, is 
conserved in a pion-nucleon collision. For each value 
of the orbital angular momentum / (except /=0), there 
are two scattering states, corresponding to the two 
values of the total angular momentum, 7=/+}. The 
amplitudes for these two terms are denoted by fis (R-) ; 
they are related to the scattering phase shifts (which 
are complex if inelastic processes are possible at the 
momentum k,) by the equation 


fi. (ke) = Pa exp[ 1514. (k-) ] sind: (k.). (5.7) 


The amplitudes fi, may be related to the spin- 
dependent and spin-independent amplitudes if use is 
made of the projection operators B,,, defined by 


By= (l+1+¢-£)/(2l+1), 
B,_= (l—@- £)/(2l+1), 
where £ is the orbital angular momentum operator. 
The operator B;, or By, when operating on a pion- 
nucleon state vector of orbital angular momentum / 
projects out the term corresponding to j=/+}4 or 
j=l—}. If use is made of Eqs. (5.8), the scattering 
amplitude may be expanded in partial waves, i.e., 
IM. (kJ ke’) 
= (W./m)> if fr (+1) Pi(cosd,) 
+k-ie- (k.X k.’) Pi(cosd.) J+ fi- [IP 1(cos6.) 
—k-*ie- (k.Xk.’)P:(cosd.) ]}. (5.9) 
The functions P;(cos#,) are the Legendre polynomials, 
and P;(cos#.) are their derivatives, i.e., Pi(z)= 
(d/dz)P1(z). The expansions of Sw and Is are given 
from a comparison of Eq. (5.3) and Eq. (5.9): 
Men™ (Gye) = (W/m) VL (I+) fin™ 
+1fi-™ ]Pi(cos.), 


Mes (Oc,oe)= (W/m) ke 
XD Lfu— fi ]Pi(cosd,). (5.10b) 


(5.8) 


(5.10a) 
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The equations, Eqs. (5.4) and (5.10), may be used 
to expand the scattering amplitude in partial waves, 
The center-of-mass quantities Ms, Mew, and 
fis. may be separated into real and imaginary parts, 
Men =dey™+iaew™, Mes =d.g%+ia.3®, and 
fig™=di™ +101. Since the coefficients of Eqs. 
(5.4) and (5.10) are real, these equations remain 
correct if the complex amplitudes are all replaced by 
their real parts, or by their imaginary parts. 

The partial-wave expansion of the scattering ampli- 
tude provides a straightforward method of analytic 
continuation into the nonphysical region, since the 
functions P;(cos@) and P,(cos@) are well defined for 
values of the argument in the range — © <cos#<—1. 
The dispersion relations, Eqs. (I)-(IV), involve the 
threshold energy w, both in the dispersive terms and 
the absorptive terms; hence the behavior of the 
Legendre expansions must be examined in the limit 
w—w,. For values of w close to wa, k- is small, and the 
leading terms of the Legendre polynomials and their 
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derivatives are given by 


Pi(1— 2g°/ke?) = (—1)"(21) 10!) (°/ke?)', 
P(1—2¢¢/k2) = (—1)*(21—1)! 

XL 1) 7° (¢/k2). 
For small k,, the phase shifts 6:.)(k.) are real, and 


the leading terms of the real and imaginary parts 
of f:*(k.) are given by 


(5.11) 


di™ (Re) =k} cosb 14. sind; = An Mk?! 


5.12 
14. (ke) = Re sin’ 14% = [A eRe PR, ( ) 


where the symbols A,, represent constants with the 
dimensions of length to the power (2/+1). From Eqs. 
(5.4), (5.10), (5.11), and (5.12) it can be seen that as 
w approaches w,, the leading” terms of av (qjw) and 
as (q,w) correspond to /=0 and are proportional to k,. 
The quantities dy(g,wa) and ds(q,wa), on the other hand, 
are given by infinite series of finite terms, i.e., 


2D L0+1)die +1) > 








(m+n) (m?+E,? 
m+) (m (1) 


dy™ (q,wa) = 
2Eym* 1 


(1!)? 





1 
ds (9a) = —— 2 (—1) 
2m? i 


(1!)? 


- (145 Em [Ana M]ger, 
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In order to simplify the writing of the equations, we 
define partial nonspin-flip and spin-flip amplitudes by 
the equations 


fin™ (ke) = +1) fir ™ (Re) +1 fi_-™ (he), 
fis™ (k.)= fu™ (ke)— fr-™ (he), 
Aw™= (I+ 1An™+JA_™, 


Ais™=Ay™-—AL™., 


(5.14a) 
(5.14b) 
(5.14c) 
(5.14d) 


The real and imaginary parts of the amplitudes f1,, 
fin™, and fis® are denoted by lower-case d’s and a’s 
with the proper subscripts and superscripts. 

If use is made of Eqs. (5.1) and (5.4) the dispersion 
relations may be written in terms of center-of-mass 
quantities. Equations (5.10) may then be used to 
expand the scattering amplitude in terms of partial 
waves. Application of this procedure to Eq. (I) yields 
a rather lengthy equation; to simplify this equation 
we express some quantities in terms of the g-system 
energies w and w’, which are related to the center-of- 
mass variables by the equations w= E.W .E;"— E,, and 
w' = E.'W.'E;*— E,. In terms of partial waves, Eq. (I) 
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where the scattering angles @, and @,’ are determined 
by the momentum transfer and the respective center- 
of-mass momenta, k, and k,’, by Eq. (5.1b). The 
functions dy“) (g,w,) are given in terms of partial wave 
amplitudes by Eq. (5.13a). 

Equations similar to Eq. (5.15) result from appli- 
cation of the above procedure to the dispersion relations, 
Eqs. (II)-(IV). 

The procedure outlined above is not rigorous for all 
values of g. Symanzik® has pointed out that if the 
momentum transfer is large enough so that ¢>muy, the 
Legendre polynomial method of analytic continuation 
is not justified. In this case the g-system threshold 
energy w, is negative, and the energy region wa <w <—ws 
is anomalous because the causal amplitude and the 
Feynman amplitude are not identical in this region. 
The scattering amplitude has a branch point at the 
positive energy —w,. At real energies below this branch 
point, the causal amplitude is determined by analytic 
continuation above the real axis, while the Feynman 
amplitude is determined by continuation below the 
real axis. This energy region is discussed in Sec. 4, 
where it is shown that, for w<—wa, only part of the 
absorptive amplitude should be considered in analyzing 
Eqs. (I)-(IV). If the center-of-mass energy w, is held 
fixed, this branch point becomes a branch point in the 
q-plane at the value g=}(mu+w.E.+k?). Thus, the 
Legendre polynomial expansion of the absorptive am- 
plitudes appearing in the w,’ integrals is not justified 
for ?>}(mutw,’E.’+k-"). If we’=yu, the branch point 
occurs at g?=m, which implies that the expansions of 
Eqs. (5.13) are not justified, and may not converge, 
when g?>mu. 

A further difficulty arises because of the pole in the 
scattering amplitude at the q-system energy w». If 
the center-of-mass energy is held fixed, this corresponds 
to a pole in the q’-plane at the point 


g= 3 (Ewet+ k?— 3h’). 


It is not clear whether or not the expansions of SN. 
and 9W,s are justified for g larger than this value. If 
g=4(mp—}y?)+e, where ¢ is a small positive number, 
the pole at the g-system energy w, of the factor 
(w*—w,?)-!, and the pole at w, of the scattering am- 
plitude are close together. In this case the residue of 
the pole at w, contains the large factor (w,?—w,?), as 
seen from Eqs. (I)-(IV). It appears that the quantities 
dy(q,wa) and ds(q,wa), which represent the residues of 
the poles at wa, may also be large, and the expansions of 
Eqs. (5.13) may not converge when ¢’>}(my—}y’). It 
should be noted that if alternate dispersion relations 
were derived from the contour integral of Eq. (4.5), the 
troublesome factors (w,?—w,) and dy, s(g,wa) would not 
appear. 

The nonrigorous nature of the present procedure for 
too large values of g? may be seen most clearly from the 
following considerations. The partial-wave analysis is 
made by expanding the various quantities of the dis- 
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persion relations in powers of g’=}$k?(1—cos@,). In 
Sec. 7 it is shown that, in such an expansion, some of 
the quantities which refer to the anomalous energy 
region w<|wa| have radii of convergence of g’=my or 
P=} (my— ju’). 

If the energy is low enough the above arguments do 
not apply, since we have q? <k,? for scattering at any 
angle. In this case the quantities d:y(k,) of an equation 
of the type of Eq. (5.15) may be separated by multi- 
plying the equation by the Legendre polynomials and 
integrating over all angles. For energies such that 
k2>my one may still derive different dispersion rela- 
tions by taking various derivatives of the quantities 
with respect to q’ or cos@,, and evaluating in the forward 
direction.'® The various dispersive amplitudes occurring 
in these equations may be separated only if it is a valid 
approximation to consider only a finite number of 
angular momenta. It is hoped that future research will 
clarify these points concerning the validity of various 
dispersion relations. 


6. HEAVY-NUCLEON EQUATIONS 


Since the analysis of equations of the type of Eq. 
(5.15) is long and complicated, we first discuss the 
simpler case in which the nucleon mass is considered to 
be large compared with the other energies involved. If 
the quantities of Eq. (5.15) are expanded in powers of 
m~', and terms of order higher than the first neglected, 
the nonspin-flip and spin-flip amplitudes are no longer 
mixed, and the coefficients in the equation are sim- 
plified. An equivalent method of obtaining this “heavy- 
nucleon limit” is to use Eqs. (5.5) and (5.6) in trans- 
forming the dispersion relations to the center-of-mass 
system. If, for convenience, both energy and momentum 
variables are used, the “heavy nucleon” limit of Eq. 
(5.15) may be written in the form 
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(6.1) 


The dispersion equations would be more useful if the 
various partial-wave amplitudes were separated as much 
as possible. If Eq. (6.1) is valid for all values of ¢ in 
the range 0<q<k,, a particular diw®(k.) may be 


16 A procedure similar to this has been used by R. Oehme, Phys. 
Rev. 100, 1503 (1955); Phys. Rev. 102, 1174 (1956). 
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separated from the dyy(k,) corresponding to other 
angular momenta by multiplying the equation by 
3P;(cos@,) and integrating with respect to cos@, between 
the limits —1 and 1. 

In carrying out this procedure it is helpful to think 
of cosé,= 1—2(q?/k.*) and k, as the independent vari- 
ables and to express g and cos@,’ in terms of k,’, k., and 
cos@,. If cos@, and cos0,’ are denoted by z and 2’, 2’ is 
given as a function of z, k., and k,’ by the equation, 


2’ =1—(k./ke')?+ (ke /k’)*s. (6.2) 


The equation for the amplitude diy“ *)(k,), which 
results from the above procedure, is 


div" * (Re) -(1-* 
O44 
2k? . we'deas 


VF axel 
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The quantities a; 1, Az,v', and n/ are given by the 


integrals 
; yer “ik i—s\" 
ama if " (>) 
(6.3a) 
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where ¢ is equal to $k2(1—z) and the quantity 2’ of 
Eq. (6.3b) is given by Eq. (6.2). 
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It may be seen by inspection that the functions 
defined by Eqs. (6.3) satisfy certain “selection rules,” 
ie., az,v! vanishes if /’</, A;,y' vanishes if l’</—1, 
and 77 vanishes if />2. If terms of order m= are © 
neglected, Az, 1 and a;, y! vanish if /’ </. It is shown in 
Sec. 7 that, if higher orders in m= than the first are 
included, the functions that correspond to a, v1, Az, v!, 
and 7/7 do not satisfy such rigorous selection rules. In 
Appendix B the integrals in Eqs. (6.3) are evaluated for 
the smallest values of |//—/| and 1. 

An equation similar to Eq. (I’) may be derived for 
the spin-flip amplitudes, f;s“*. The derivation involves 
using Eqs. (5.5) and (5.6) to transform Eq. (II) to the 
center-of-mass system, and expanding in partial waves 
by means of Eqs. (5.10b), (5.14b), and (5.14d). The 
quantities d;s5“.*) corresponding to different values of / 
may be separated by making use of the following ortho- 
gonality relation for the functions P;(z)=dP;(z)/dz: 


4(21+ vf dz(1—2*)[dPi(z)/dz |[dPy(z)/dz | 
" =I(I+1)5; y. 


The resulting dispersion relation for" f:s“'*)(k.), correct 
to first order in m=, is 
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where / and /’ are both greater than zero. The functions 
ail (ke), Atv (keke’), and n7!(k,) are given by 
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From Eqs. (6.4) it may be seen that a;,y™ and A:,,™ satisfy the same angular momentum selection rules as 
are satisfied by A;,'. The quantity 7", on the other hand, behaves differently from 7/1, for n/! vanishes when 
l>2, and, if terms of order 1/m are neglected, 7/1! vanishes when /+1. 

The partial scattering amplitudes fiv® and fis, which represent the difference between the corresponding 
partial amplitudes for +++ scattering and x-+$ scattering, satisfy equations similar to Eqs. (I’) and (II’). 
The equations for fiw, and f;s may be derived from Eqs. (III) and (IV) by following the same procedure as 
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used for the cases \= 1, 3. The resulting equations are 
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The functions a; yl™1Y, Az, yMt4V, »1"-1V are similar to the corresponding functions of the case ¢,= 1 (A=1 or 3). 


They are defined by the integrals: 
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The values of the angular integrals of Eqs. (6.3) 
through (6.6) corresponding to small values of |/—/’| 
and / are given in Appendix B. 

Equations (I’) through (IV’) represent the “heavy- 
nucleon limit” to the dispersion relations for pion- 
nucleon scattering, analyzed in terms of orbital angular 
momentum and spin dependence. If Eqs. (5.14) are 
used, these dispersion relations may be expressed in 
terms of the amplitudes fi. =di.%+iai., which 
correspond to orbital angular momentum / and total 
angular momentum /+}4. The absorptive part of these 
equations cannot be expressed in terms of the total 
cross section, as can be done for the forward scattering 
dispersion relations. However, the imaginary parts 
a1. (k-) of the amplitudes fi, (k.) may be expressed 


.6b 
[i | — 


*) 
ue 
in terms of partial cross sections by the equations 

(1+ 1)ar, (he) = (hee/4m)or.™ (he); 

lar_™ (he) = (Re/4)o1.™ (he). 

The symbols 0; represent partial cross sections for 
waves of orbital angular momentum / and total angular 
momentum ’/+}; they are total cross sections in the 
sense that they include both elastic and inelastic 
processes. The partial cross sections a1.‘ and 14. 
are defined in terms of the corresponding quantities 
for r++ scattering and w+ scattering by the 
equations 
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If terms of order m~ are neglected, the dispersion 
relations express the real parts d;, (k.) of the partial- 
wave amplitudes in terms of the partial-wave cross 
sections corresponding to angular momenta equal to or 
greater than /, since, in this approximation, the functions 
Ax, yof Eqs. (I’)-(IV’) vanish if l’ </. If terms of order 
m~ are included, on the other hand, the partial cross 
sections 074%) may contribute to the equations for 
di, if l’>1—1. The generalization of this rule when 
terms of higher order are included is discussed in Sec. 7. 
Only the energy and momentum variables of Eqs. 
(I’)-(IV’) have been expanded in powers of m=, since 
the m dependence of the absorptive amplitudes depends 
on the nature of the meson theory used. In most simple 
meson theories, though, the partial cross sections 
o14™ generally are smaller than 7, by a factor of 
order (k.2/m?)'’—', This relationship applies to pseudo- 
scalar meson theory with pseudoscalar coupling, pro- 
vided both / and /’ are greater than zero. Hence, if a 
simple meson theory is used to expand the partial 
cross sections in powers of m=, and only the lowest 
order term is retained, approximate dispersion relations 
may be written which, in many cases involve only one 
angular momentum. However, if the experimentally 
measured partial cross sections 74% and oy; (where 
l’>1), are of the same order of magnitude in a particular 
energy region, both partial cross sections should be 
included in the dispersion relations for d;., of course. 

It should be noted that if the sums over angular 
momenta are cut off at some finite number, all quan- 
tities appearing in Eqs. (I’)-(IV’) are finite even at 
energies such that k2>my. The energy range in which 
these “heavy nucleon” equations are approximately 
accurate is not known at present. 

If the scattering amplitude is sufficiently convergent 
at high energies, dispersion relations of type B may be 
derived from the contour integral of Eq. (4.5). The 
partial-wave analysis of these relations leads to equa- 
tions that are simpler than Eqs. (I’)-(IV’) in that they 
do not involve the threshold constants Aw) and 
Ais. 

The partial-wave dispersion relations are most useful 
at low energies, where few angular momenta are 
important. Since only S and P waves seem to be im- 
portant for low-energy pion-nucleon scattering, we 
study the form of the dispersion relations in the ap- 
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proximation that angular momenta of two or more 
units are neglected. Charge independence is assumed, 
so that the amplitudes fo,, fi, and fi, may be 
expressed in terms of scattering amplitudes for total 
isotopic spins } and $ by equations similar to Eq. (3.5). 
At low energies elastic scattering is the dominant reac- 
tion process, so we neglect inelastic processes. In’ this 
approximation the scattering phase shifts are real and, 
if the spin and isotopic spin values of these phase shifts 
is denoted in the conventional manner, the relevant 
absorptive amplitudes are given by the equations 


kaon? =k.dow™ = kao," = 3(2 sin*6;+sin’s,), 
kan") — Ref 2a) +a) ] 
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kin = k[ 2a, +a,_® ] 
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— 2 sin*6,;3— sin"), 
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= 3(sin633—sin*631— sin’6,3+sin"61)). 
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Formulas for the corresponding dispersive amplitudes 
may be obtained from the above equations by replacing 
the functions sin6,; by 4 sin(26,), i.e., 


kedon") =kdo,") = §(2 sin26;+sin26:), (6.9) 


and so forth. 

If the above equations are used to express the scat- 
tering amplitudes in terms of phase shifts, and the 
values of the functions A; y'!¥, a; y'"Y, and n/-!V 
corresponding to angular momenta of 0 and 1 are taken 
from Appendix B, six equations for the six S and P 
phase shifts may be obtained from Eqs. (I’)-(IV’). 
Since this procedure is straightforward, we do not list 
the six equations here, but list instead the corresponding 
type B equations which follow from the contour in- 
tegral of Eq. (4.5). These equations are given below, 
expressed in terms of the quantities of Eqs. (6.8) and 
(6.9): 
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If Eqs. (6.8) and (6.9) are used to express the dispersive 
and absorptive amplitudes in terms of the phase shifts, 
the above equations represent six simultaneous non- 
linear integral equations for the six phase shifts, 51, 53, 
511, 513, 531, and 633. Although there is not a unique 
solution to these equations,’ they may be useful in 
analyzing the low-energy pion-nucleon scattering data. 

Equations (6.10) through (6.15) become particularly 
simple if terms of order m~ are neglected. In such a 
limit Eqs. (6.11), (6.12), (6.14), and (6.15) involve 
only P-wave ase these ‘equations have pre- 
viously been derived by Low’ and Oehme,!*-!® and are 
known as Low’s equations for P-wave scattering. To 
zero order in m=, Eqs. (6.10) and (6.13) involve both 
S and P waves. Equations which involve only S waves 
may be derived, however, if use is made of the following 
facts. If the scattering amplitude converges rapidly 
enough at high energies so that Eqs. (6.10) and (6.13) 
are valid, dispersion relations of type A are also valid; 
in particular the forward angle equations of Gold- 
berger,? which are of type A, are valid. It may be shown 
that in the low-energy approximation used here, (neglect 
of inelastic processes and orbital angular momenta 


rT k.!*(k,?— 2mw,’ 


17 These equations are of the same type as those derived by 
Low in reference 7. The multiplicity of the solutions to Low’s 
equations has been discussed by Castillejo, Dalitz, and Dyson, 
Phys. Rev. 101, 453 (1956). 

18 Reinhard Oehme, Phys. Rev. 100, 1503 (1955). 

19 Reinhard Oehme, Phys. Rev. 102, 1174 (1956), 
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greater than one) these forward-angle equations may be 
combined linearly with Eqs. (6.11) and (6.14) to give 
equations which, to zero order in m™, involve only S 
waves and are identical with S-wave equations derived 
by Oehme.!® 

The fact that the S and P amplitudes satisfy separate 
dispersion relations to zero order in m~ does not mean 
that these amplitudes are independent to this order. 
Equations (6.10) and (6.13) express relations between 
the S and P amplitudes that must be satisfied if the 
assumptions made in this section are correct. The 
solutions of the S- and P-wave dispersion relations are 
not unique!’; Eqs. (6.10) and (6.13) may be considered 
as additional conditions on these solutions. 

Important examples of low-energy dispersion rela- 
tions, which illustrate the interdependence of orbital 
angular momenta zero and one, may be obtained if 
Eqs. (6.10) and (6.13) are divided by k., and , is set 
equal to zero. The resulting equations express the scat- 
tering lengths for isotopic spins } and 3 in terms of 
energy integrals of S- and P-wave phase shifts. Refer- 
ence to the experimental data shows that the P-wave 
contributions to these equations are quite important. 

The fact that the low-energy dispersion equations, 
Eqs. (6.10)-(6.15), are integral equations for the phase 
shifts results from the neglect of inelastic processes. The 
situation would be quite different if the methods of the 
present paper were applied to the problem of the scat- 
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tering from nucleons of gamma rays of energies in the 
range 50 Mev to 300 Mev. Because of the dominance of 
the meson-production cross section, which results when 
gamma rays of sufficient energy are used to bombard 
nucleons, it is an excellent approximation to neglect the 
elastic-scattering contribution to the cross sections 
which appear in the absorption integrals of the dis- 
persion relations. Gell-Mann, Goldberger, and Thirring! 
have used the forward-direction dispersion relation to 
determine approximately the energy behavior of the 
coherent amplitude for forward photon-proton scat- 
tering from the experimental data on the energy de- 
pendence of the total cross section for photopion pro- 
duction from protons. The method of this paper could 
be used to determine the general nature of the angular 
dependence of the elastic-scattering amplitude, at 
various energies, from experimental data on the angular 
dependence of the photoproduction cross sections. 


7. DISPERSION EQUATIONS AT ENERGIES 
COMPARABLE TO THE NUCLEON MASS 


If terms of order higher than the first in an expansion 
in powers of m™ are included, the nonspin-flip and 
spin-flip amplitudes are mixed by the transformation to 
the center-of-mass system, and the equations for the 
partial-wave amplitudes are quite complicated. Perhaps 
the most useful procedure, in this case, is to combine 
linearly Eqs. (I) and (II) or Eqs. (III) and (IV) in 
such a way that the center-of-mass dispersive ampli- 
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tudes, dew (k-) and d.s®(k.), do not appear in the 
same dispersion equation after the transformation to 
center-of-mass quantities has been made. This pro- 
cedure results in extremely lengthy equations; therefore 
we follow the alternate procedure of analyzing the first 
dispersion relation, Eq. (I), in terms of partial-wave 
amplitudes. The effect of the inclusion of higher order 
terms in m~ is then studied. 

Equation (5.15) represents the expansion of Eq. (I) 
into partial waves, correct to all orders of m—. The 
functions djw~“*) corresponding to different values of / 
may be separated by the same method as used in Sec. 6, 
multiplication by the set of Legendre polynomials and 
integration over the scattering angle. The angular 
integrals are complicated because the functions g*, w, 
and w’ all depend on the center-of-mass scattering angle 
6., as well as on k, or k,’. Because of the dependence on 
6. of the g-system energies w and w’, it is useful to 
define two functions v and v’, which are independent of 
cos#., by the equations 

v=m"(k2+Ew-), 

vy’ =m(k,?+ E.'w’). 
Since g’=0 corresponds to cos#,=1, it may be seen 
from these equations and Eq. (5.1a) that when cos@,.= 1, 
the g-system energies w and w’ are equal to » and y’. If 
Eq. (5.15) is multiplied by }P:(cos#.) and integrated 
over cos#, between the limits 1 and —1, the result may 
be written 
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The coefficients y;, 7, 1,1, 8:,v, Ai,v, Bi,v, and 9 are defined in terms of complicated angular integrals. The 
writing of these integrals is simplified by defining z= cos@,, 2’=cos@.’, and by expressing some quantities in terms 
of the functions g=}$k?2(1—z), w= E.W.E,;"— E,, and w’= E,/W.'E,;'— E,. The coefficients of Eq. (I) are given 
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(7.1e) 
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If the quantities of Eq. (I) are expanded in powers 
of (1/m) and only the zero-order and first-order terms 
retained, the spin-dependent terms vanish and the 
equation reduces to Eq. (I’). To this order the functions 
a1, v, Ai,v, and n; are equal to the functions ay, y1, Az, v1, 
and n/' defined in Eqs. (6.3). 

In order to investigate the nature of the angular 
momentum selection rules that apply when terms of 
higher order in (1/m) are retained, we assume that the 
energy is low enough so that the integrands of Eqs. 
(7.1) may be expanded in powers of ¢@=}k2(1—2). To 
illustrate this expansion we choose A;,1(k.,k,’) as a 
representative example, and write this coefficient in the 
form 


1 
Ax v(Reske!) =3 (20 +1) f Py(2)Py(2')ds@ (Rese! @). 
a 


If the function @(.,k.’,g’) is expanded in powers of q’, 
it is found that the coefficient of (q’)" is of order m or 
higher in the quantity (1/m). Therefore, if Az,y is 
expanded in powers of (1/m), i.e., 


Aiv=LiArvi(1/m);, 

then we have 
Axv'(Reke’) =0 
The functions az, 81,1, yi,v, Biv, and n: may be 
expanded in similar series, i.€., a1, y= )0; a1, v'm™, etc. 


It may be seen that the coefficients of these series satisfy 
the following angular momentum selection rules: 


if ’<l—4. 


(7.2) 
(7.3) 


a,v'=0 if <li, 
and B, y= if l’<l-—i-1, 
if />2+4. 


Equations similar to Eq. (I’’) may be derived from 
Eqs. (II)-(IV). The coefficients in (1/m) expansions 
of the functions occurring in these equations that are 
analogous to the functions A;,y and a; satisfy the 
rule,” Eq. (7.2). On the other hand the coefficients 
analogous to 8; 1‘, yi, 1‘, and B;, v‘*, which represent the 
mixing of the spin-independent and spin-dependent 
amplitudes, satisfy the rule,” Eq. (7.3). Thus, if the 
partial-wave dispersion equations are expanded in 
powers of m= and terms of order higher than m are 
neglected, the dispersive amplitude d;, y® (k.) depends 
on ayy™ [or oyn™] and Apy™ only if I’ >l—n. 


Bi, 1, 


Yuu’; 


n'=0 


2 Some of these functions, such as the coefficients yz, 1‘, az, 1* 
and 6,‘ in the expansion of Eqs. (7.1a)-(7.1c), satisfy more strict 
selection rules, but Eqs. (7.2) and (7.3) are the general rules. 
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Furthermore, diy(k.) depends on ays and Avg only 
if n>2 and l’/>/—n-+1. Similar relations hold if the 
roles of the spin-dependent and spin-independent 
amplitudes are exchanged. 

The above conclusions are based on the assumption 
that the momentum transfer is small enough that the 
quantities occurring in the angular integrals may be 
expanded in powers of m™. If k.<m, so that q<m, it 
may be shown that most of the quantities occurring in 
the angular integrals may be expanded in convergent 
series in powers of (q°/w.m) and (q°/m?). Some functions 
occur in the angular integrals which have smaller radii 
of convergence, however. Two examples of such func- 
tions are (w’*—w,”)! and (ws?—w,?)-!. The first has a 
radius of convergence of g=}(mu+k,.”"+£E,'w.’), which, 
in the limit as w.’—>y, becomes g?=mu. The factor 
(ws?—w,”) has a radius of convergence of ¢’=}(mp—}y’). 
At energies such that k2>4(mu—4y’), the integrand of 
Eq. (7.1f) is infinite at the point z=1—k.?(myp—}y). 
Therefore, at these energies, one cannot use the analysis 
of this section. One may use the alternative procedure 
of taking successive derivatives with respect to q* of 
equations of the type of Eq. (5.15) and evaluating in 
the forward direction, or one may use the heavy-nucleon 
equations of Sec. 6, consider only a finite number of 
angular momenta, and hope that the resulting equations 
are accurate even at energies such that k?>}(mu—}y’). 


8. CONCLUSIONS 


The principle of causality is used in a derivation of 
dispersion relations for pion-nucleon scattering in the 
case of finite momentum transfer between the particles. 
If the relations are analyzed into partial waves, the 
resulting equations express the real parts of the scat- 
tering amplitudes corresponding to different values of 
the orbital and total angular momenta in terms of 
energy integrals of either the various partial cross 
sections or the imaginary parts of the various ampli- 
tudes. In general, the real part of a particular amplitude 
is dependent on the partial-wave cross sections corre- 
sponding to both spin-dependent and spin-independent 
scattering, and also to all values of the orbital angular 
momentum. 

If the various functions of the particle momenta and 
energies are expanded in powers of (1/m), where m is 
the nucleon mass, the dispersion relations are simplified. 
The spin-dependent and spin-independent amplitudes 
do ot occur in the same equation if terms of higher 
order than (1/m) are neglected. If terms of order higher 
than (1/m)" are neglected, the real part of one of the 
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amplitudes corresponding to angular momentum / can 
depend on partial cross sections of angular momentum 
l’ only if I’ >l—n. 

The derivation of the dispersion relations depends on 
certain assumptions concerning the rate of convergence 
of the scattering amplitude at high energies, and the 
rate of convergence of an expansion of the amplitude in 
terms of partial waves. Comparison of the results 
derived here with experimental data will provide a 
partial test of these assumptions. The fact that the 
forward-scattering dispersion relation is consistent with 
the low-energy experimental data! may be evidence 
that the assumptions made here are justified. 

The method used here may be generalized to other 
boson-fermion scattering problems. It is likely that 
useful results could be obtained from an application to 
the scattering of gamma rays from nucleons. 


APPENDIX A. LORENTZ TRANSFORMATION 
OF THE SCATTERING AMPLITUDE 


If the scattering amplitude M expressed in terms 
of four-by-four Dirac matrices, the Lorentz invariance 
of the amplitude implies that the quantity #(p’,a’) 
XMu(p,a) is invariant, where u(p,a) and @(p’,a’) are 
four-component Dirac spinors which represent the 
nucleon in initial and fina! states of positive energy, 
momenta p and p’ and spin directions a and a’. The 
scattering amplitudes of this paper have been written 
in terms of the two-by-two matrices @ and 1, which 
operate between the two-component spinor functions 
x(a). A nucleon is defined as having spin up (or down) 
with respect to an axis in the direction of a unit vector 
n, if, in its own rest system, it is an eigenfunction of 
the four-by-four Dirac operator o-n with eigenvalue 
one (or minus one). Therefore, the scattering amplitudes 
of this paper may be expressed in terms of four-by-four 
spin matrices in the following manner: 


x(a’) Mx (a) =a (0,0’)[MNw1+ie- (qXQ)Ms }u(0,c), 
Al 
x (a’) Mx (a) = a(0,a’) [mwl ( ) 


+io-(k.Xk.’)M.s ju(O,e). (A2) 
The matrices in Eqs. (A1) and (A2) may be considered as 
two-by-two matrices since the small components of the 
spinors «(0,a) and #(0,a’) vanish. These spinors 1(0,a’) 
and #(0,a’), which represent nucleons at rest, are re- 
lated to u(p,a) and a(p’,a’) by 


A,(p) 


——(0,a), 
(3(14+-E/m)]}! ©) 


u(p,a) = 


Ay (p’ 
ne enn 
[3(1+E'/m) }! 


#1 Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 
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where the projection operator A, is defined by the 
equation 


Ay (p) = (m—yp)/2m. (A4) 


The scattering amplitude may be expressed as a 
linear combination of two Lorentz-invariant scalar 
quantities. For this purpose we define the invariant 
quantities, 


I= ti (p’,a’)u( p,q), 


AS5 
lq=4(p',a’)(10/m)u(p,a), “iis 


where y represents the four Dirac gamma matrices and 
the four-vector Q is defined in terms of the four- 
momenta of the initial and final pions by the equation 


Q=3(k+k’). (A6) 


If use is made of Eqs. (A3), the quantities J; and Ig 
may be written in terms of the spinors (0,0) and 
ii(0,a’) and the variables of the g system, i.e., 


1,=U(0,0') (E,/m)u(0,a), 
(A7) 
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1 (0,a). 


The corresponding quantities, expressed in terms of 
center-of-mass variables, are 
¢ io: (k.Xk,’) 
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Since only positive-energy states are involved, the 
scattering amplitude may be written as a linear com- 
bination of the quantities 7; and Je, 


ti(p’,a’)Mu(p,a) a Elit+n1e, (A9) 
where £ and 7 are spin-independent scalar quantities. 
The quantity #Mu is Lorentz-invariant ; hence it refers 
to the scattering amplitudes in both the g system and 
the center-of-mass system. If use is made of Eqs. (A1) 
and (A7), the g-system amplitudes Sy and Is may be 
expressed in terms of £ and 9, i.e., 


EW. Eq 1 
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In a similar fashion, Eqs. (A2) and (A8) may be com- 





DISPERSION 


bined to give corresponding equations for M.y and Ms, 


may | 1+ 


+ 
m(m+E.) 


wEe+k? ¢ We 
aera) 
m? m? E.+m 


(A11) 


We 
1+ )n 
m+E, 


The relation between the center-of-mass amplitudes 
and the g-system amplitudes may be obtained by solving 
Eqs. (A11) for the constants £ and 7, and substituting 
these values in Eqs. (A10). The resulting equations are 
identical with Eqs. (5.4). 
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APPENDIX B. VALUES OF VARIOUS COEFFICIENTS 


In this appendix the values of the functions defined 
in Eqs. (6.3)—(6.6) are given for low values of |/—/’| 
and /. Since all quantities refer to the center-of-mass 
system, the subscript c of k, and w, is omitted. The ratio 
(k./k.')? is denoted by A. The integrals calculated here 
are denoted by suth symbols as A;,7'° and A;,,7"", 
where the second superscript denotes the order of the 
integral in the parameter (1/m): 
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Temporal Growth of Current between 
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N the theory of current growth between parallel 

plates in a gas (the Townsend discharge), an im- 
portant case is that in which there are two secondary 
processes in operation at the cathode, viz., electron 
generation by photons (6 process) and by positive 
ions (y process). A well-known problem concerning 
this system is the calculation of the cathode electron 
current at any time (in absence of space charge distor- 
tion) produced by exposing the cathode to a constant 
external illumination from time zero onwards, the gas 
being initially free from charged particles. If ad (where 
a is the first Townsend coefficient and d the plate 
separation) has a typical experimental value of the 
order of ten, the exact solution, either in the form in 
which I originally gave it,' or in the equivalent form 
in which I have since given it,’ is, owing to its absolute 
accuracy, rather cumbersome if applied rigorously up to 
large multiples of the electron transit time. Writers 
have therefore directed more attention to my approxi- 
mate formula,! and particularly to the special case in 
which (by taking one of the secondary coefficients, say 
y, to be zero) it is applied to the simpler problem in 
which there is only one secondary process. Auer,’ in a 
study of this simpler problem, has recommended a 
slight modification of my approximate formula for it; 
but, for reasons which I have pointed out,” the modifica- 
tion which he recommended is not desirable. 

Auer has recently proposed‘ two new formulas 
(still for the special case of y zero). One is proposed 
as a new equivalent form of the exact solution, and the 
other as an approximation to it. He obtains these 
formulas by a procedure which is interesting, but 
which contains a mathematical fallacy. For typical 
values of ad of order ten, they are in consequence 
quite wrong, except in the first electron transit time. 
After only about three electron transit times they are 
not even of the right order of magnitude. Suppose, for 
example, that, with ad about ten, we consider a slightly 
overvolted gap, (or one which is slightly undervolted 
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and in which the electron current at the cathode attains, 
in reality, an amplification of, say, a hundred, after 
an infinite time). In all such cases the amplification 
after only three electron transit times will, in reality, 
be only about four; but Auer’s new formulas predict an 
amplification or order ten to the power of eight. If the 
over (or under) voltage is increased, the predictions 
remain equally unrealistic. 

The incorrectness of Auer’s new formulas is due to 
an erroneous mathematical argument, not employed in 
his previous paper. In setting up Eq. (4) of his new 
paper, he has tacitly assumed that the quantity which 
he calls 4 has to be continuous at the positive integral 
values of £. But actually it is f that has to be continuous. 
As & passes through an integral value, the » in his Eq. 
(2) changes suddenly by unity, and /# must change 
suddenly to prevent f from changing. Applying this at 
£=1, and taking ad (and hence also Auer’s qg) to be of 
order ten, it will be found that as £ passes through unity, 
h falls suddenly from a value unity to an extremely 
small fraction. As £ passes on from 1 to 2, / declines 
progressively [in accordance with his Eq. (3) which is 
valid at all nonintegral values of £], and at =2 it 
suddenly becomes even smaller; and so on. Hence 
the values of h given in his Table I (¢=10), being 
calculated from his erroneous equation (4), are of 
much too large an order at all é’s greater than unity; 
and thus the unrealistic predictions of his formulas are 
not surprising. 

1P, M. Davidson, Brit. J. Appl. Phys. 4, 170 (1953). 

2P. M. Davidson, Phys. Rev. 99, 1072 (1955). 


3P. L. Auer, Phys. Rev. 98, 320 (1955). 
4P. L. Auer, Phys. Rev. 101, 1243 (1956). 


Hyperfine Structure of the Metastable State 
of Singly Ionized He*} 
R. Novick AND E, Commins 
Columbia Radiation Laboratory, Columbia University, 
New York, New York 
(Received July 23, 1956) 


HE nuclear and electrodynamic information that 

can be obtained from the study of atomic hyper- 

fine structure is limited in part by the accuracy of 

atomic wave functions. In the case of He* and possibly 

for other low-Z nuclei, this limitation can be avoided 

by ionizing the atom and thereby forming a hydrogen- 

like system whose wave function is known exactly. We 

describe an ion beam method for determining the 

hyperfine structure of the 2S, state of ionized He’ and 
report a preliminary value for this quantity. 

In the present experiment He’ atoms are ionized and 
excited by electron bombardment. At a bombarding 
energy of 250 ev approximately one percent of the ions 
is in the metastable 2S; state. The ions are drawn 
out of the ion source and accelerated to 20ev. The 
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Fic. 1. The energy levels of ionized He* and the photoelectric 
current as a function of frequency for two values of the ion 
beam energy. 


energy spread of the beam so formed is less than 1.0 ev. 
After passing through a lens, the ion beam traverses 
a first state selector, a wave guide driven at 13 350 
Mc/sec. This frequency is slightly less than the separa- 
tion between the lower (F=1) hyperfine level of the 
2S; state, and the upper (F=0) hyperfine level of the 
2P,; state. (See insert in Fig. 1.) The rf field prefer- 
entially induces transitions from the 2S;(F=1) level 
to the 2P; level; the ions that have made the transition 
decay almost immediately to the ground state. As the 
beam leaves the wave guide there are thus more ions 
in the F=0 level than in the F= 1 level of the 25, state. 

The beam then traverses a Ramsey! type rf transition 
region over whose entire length a magnetic field of 
about 0.85 gauss exists. Magnetic dipole transitions 
are induced between the 25;(F=0) level and the 
25;(F=1) level. At resonance and at optimum rf 
power essentially all of the excess ions in the F=0 state 
make the transition to the F=1 state, since the ion 
beam is nearly monoenergetic. The beam then passes 
through a second lens and traverses the second state 
selector, another wave guide driven at 13 350 Mc/sec. 
Again ions are preferentially induced to make transi- 
tions from the 2S;(F=1) state to the 2P; state, and 
they quickly decay to the ground state with the 
emission of 303.8 A photons. The photons are detected 
photoelectrically. The magnitude of the current de- 
pends on the number of hyperfine transitions that have 
occurred in the Ramsey transition region. Since the 
beam is nearly monoenergetic, the Ramsey resonance 
curve exhibits a large number of fringes of almost 
equal intensity. The central fringe is identified by 
observing the pattern at two different beam velocities 
(see Fig. 1). The two individual transition regions of the 
Ramsey system are out of phase by 180°; thus a 
minimum of the pattern corresponds to resonance. If 
the phase difference is not exactly 180° there will be a 
shift in the apparent value of the resonant frequency 
as the beam velocity is varied. By making a known 
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change in beam velocity this effect may be used to 
obtain a phase-shift correction. From five observed 
resonance curves at beam energies of 10, 20, and 40 ev 
the value of the hyperfine splitting is 


Avops= 1083.360+0.020 Mc/sec. (1) 


This result includes a 2.5-kc/sec Zeeman correction 
and a small phase-shift correction. The uncertainty is 
many times the statistical error and is intended to 
allow for presently undetermined systematic effects 
such as static and rf Stark shifts. A theoretical estimate 
of Avp(He**,2S) for a point nucleus is given by the 
following formula 


16 Hue’ MH! Hs 
ancora -[ ened) (**) (")] 
3 but7 \us/ \ po 

m 17 

{1-3 ]fr+—er] 

Mue? 2 


a a 
[1+ =-2.975-] 
2 rT 


x|1-20°(*-in2) ] (2) 


Here the first quantity in brackets is obtained from the 
simple Fermi formula. The ratio of the He® nuclear 
moment to the Bohr magneton is most precisely 
determined by the product of 3 factors (in parentheses) : 
the ratio of the nuclear moments of He® and H!,? the 
ratio of the H' nuclear moment to the spin moment of 
the electron,’ and the theoretical value for the ratio of 
the electron spin moment to the Bohr magneton.‘ The 
second and third quantities in brackets are respectively 
the Breit-Meyerott reduced-mass correction® and the 
Breit relativistic correction.* The fourth is the 
anomalous-moment correction for the electron and the 
fifth is the second-order radiative correction.” Radiative 
corrections of relative order Z’a*, Za’, and a’ are believed 
to exist; however these have not yet been evaluated. 
This formula allows for the finite nuclear mass only 
through the reduced-mass correction, but it does not 
include radiative-mass corrections*-”, Using DuMond 
and Cohen’s" values for a, c, and R,, and Wapstra’s” 
value for the mass of He*, we obtain™ 


Avp=1083.557+0.010 Mc/sec. (3) 


The uncertainty arises mostly from that in a; it does 
not include any allowance for the unevaluated theo- 
retical terms discussed above. We introduce a quantity 
6 defined by 


Avops= Avp(1—5), (4) 
which is similar to the usual hyperfine structure 


anomaly. 
Using the present value for Avy», and the above 
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value for Avyp, we obtain 


§= (182+22) ppm. (5) 


The anomaly 6 presumably arises from the effects of 
nuclear structure, nuclear interaction currents, and the 
unevaluated higher order radiative corrections. Sessler 
and Foley have estimated the structure and interaction 
current effects. Their results depend on the choice of 
the nuclear wave function and on the form assumed 
for the interaction currents. Using the Pease-Feshbach 
nuclear wave function, they find a structure contribu- 
tion to 6 of 138 ppm. They have also considered two 
forms for the interaction current. The first contributes 
2.0 ppm to the anomaly (4) and the second 230 ppm. 
As in the case of tritium," the present results definitely 
exclude the second type of interaction current. 

We wish to thank Professor P. Kusch for his con- 
tinuing encouragement and support. 


t Work supported jointly by the National Science Foundation, 
The Signal Corps, the Office of Naval Research, and the Air 
Research and Development Command. 
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Effect of Temperature on the Spectral 
Distribution of Blue Emission Bands 
of ZnS :I and ZnS:Cu:I Phosphors 


Ross E. SHRADER AND SrMON LARACH 
RCA Laboratories, Radio Corporation of America, 
Princeton, New Jersey 
(Received July 17, 1956) 


T is known that blue photoluminescence can be 
obtained from ZnS phosphors prepared with halide 
(X), as well as from ZnS phosphors prepared with 
high (0.1%) proportions of Cu, together with X. Some 
investigators'* have felt that the blue emission from 
ZnS:Cu:X is due to the formation of new types of Cu 
centers, while others*:® have believed this blue emission 
to be identical in origin with the blue band found in 
ZnS: X, which is tentatively associated with vacancies 
or vacancy-halide complexes. 
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As part of a research program on the nature of 
activator centers in ZnS-type phosphors, the blue 
emission bands were investigated with the thought 
that emissions arising from centers consisting of vacan- 
cies or of associated vacancies and halide would have 
different temperature characteristics from emissions 
associated with Cu. As a result, our investigations 
show that the blue emission bands from phosphors 
prepared with and without Cu can be differentiated by 
the effect of temperature on the spectral distribution 
of the emission bands. 

Figure 1 shows the spectral distribution of the 
emission from ZnS:I and from ZnS:Cu:I, at 300°K 
and at 77°K, using 3650 A excitation. The blue emission 
from phosphors prepared with Cu has a large negative 
temperature coefficient of the peak emission energy, 
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Fic. 1. Spectral distribution curves of the emission from 
ZnS:I and ZnS:Cu:I phosphors, at 300°K and at 77°K, using 
3650 A excitation. 


while the blue emission band from phosphors prepared 
without Cu has a small positive temperature coefficient 
of the peak emission energy. Similar results are also 
found when 3125 A photons are used for excitation. 

The blue emission band from ZnS:Cu:I, therefore, 
should not be considered as being identical with the 
centers which give rise to the blue emission from 
ZnS:I. The utility of the temperature dependence of 
the spectral distribution of emission bands is further 
demonstrated by the finding that ZnS: Ag: X phosphors, 
like their Cu counterparts, also have negative tempera- 
ture coefficients of the peak emission energy. In this 
fashion, emissions arising from vacancies (or from 
associated vacancy-halide complexes) can be differen- 
tiated from emissions arising from the presence of 
metallic activators. 
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Structure of Magnetohydrodynamic Shock 
Wave in a Plasma of Infinite 
Conductivity 


W. MARSHALL 
Theoretical Physics Division, Atomic Energy Research 
Establishment, Harwell, Berkshire, England 
(Received July 5, 1956) 


ECENTLY a work with this title was published 

in this Journal by Sen.' The purpose of this letter 

is to point out certain effects occurring in a highly 
ionized plasma which he overlooked. 

Sen takes the Prandtl number yc,/k to be } and cor- 
rectly observes that his conclusions depend only on the 
order of magnitude of this number. In a fully ionized 
gas, however, the Prandtl number is at least an order 
of magnitude less than this value. The physical reason 
for this can be seen by comparing simple kinetic theory 
expressions for viscosity and thermal conduction. For 
an electron gas alone 


be=c(m.KT)*/o, ke=15Kyu./4m., 


and for an ion gas alone 


wi=c(mKT)*/o, ki=15Ky;/4my. 

Here m, and m; are the electron and ion masses, a is the 
mean cross section (¢ « T-*), ¢ is a numerical constant 
of order-of-magnitude unity, and K is Boltzmann’s 
constant. For a gas mixture, we expect uu; because 
ui/pe=(m;/m,.)' but we expect k~k, because k, is 
greater than k; by this same factor. Thus we expect 
uc,/k= (8/9) (m./m,)'~0.031A—}, where A is the atomic 
weight of the ions. Detailed calculations by Chapman 
and Cowling? show that a further factor of about two 
comes in, and their expressions lead to a value uc,/k 
=0.065A-*, which is small even for hydrogen. 

This small value of the Prandtl number leads to 
interesting modifications in the shock structure which 
have been discussed by the author.** For weak shocks 
the velocity, density, and temperature change smoothly 
over a width ~20A! mean free paths—very much 
greater than that predicted by Sen. In this case the 
profile is determined by the thermal conduction and 
viscous effects are negligible. But for stronger shocks, 
when 


ur< p;/pit+H;?/4rp1, 


where #1, pi, H;, and p; are the values behind the shock 
of the velocity relative to the shock, pressure, magnetic 
field, and density respectively, then this smooth varia- 
tion of velocity, density, and temperature is followed 
by a narrow region, of width ~ a mean free path, in 
which the velocity and density change rapidly while the 
temperature remains almost constant. If there is 
no magnetic field, the above condition reduces to 
pi/po> 1.5. 
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Thus all shocks in an ionized gas of infinite electrical 
conductivity have widths very much greater than those 
predicted by Sen and for the stronger shocks the front 
is made up of two distinct regions. 

The author has also examined the structure of these 
shocks in a gas of finite electrical conductivity and it was 
found that the width of the front in this case is 
=¢*/4rou) (provided that this length exceeds the 
lengths mentioned in the foregoing) where c is the 
velocity of light, o is the electrical conductivity, and uo 
is the velocity of the gas ahead of the shock. This can 
be very large (~2 cm) at some temperatures. The front 
again divides into distinct regions depending on the 
magnitude of the field and upon the shock strength. 

1H. K. Sen, Phys. Rev. 102, 5 (1956). 

2S. Chapman and T. Cowling, The Mathematical Theory of 
Non-uniform Gases (Cambridge University Press, Cambridge, 
1939), p. 167. 

3, W. Marshall, Proc. Roy. Soc. (London) A233, 367 (1956). 


*W. Marshall, Atomic Energy Research Establishment Report 
AERE-T/R.1718, 1955 (unpublished). 


Relation between Energy and Half- 
Thicknesses for Absorption of 
Beta Radiation 


W. F. Lrssy* 
Geophysical Laboratory, Carnegie Institution of Washington, 
Washington, D. C. 
(Received June 18, 1956) 


T has been shown!” that under conditions of cylin- 
drical geometry in which the sample is placed 
cylindrically around the detecting Geiger counter, the 
absorption curve obtained by interposing varying 
thicknesses of absorbers between the sample and 


TABLE I, Absorption data. 











Half- 
thickness 
(mg/cm?) 


Maximum 
energy of beta 
spectrum (Mev) 


Absorbing 


Isotope material 





i 0.0189 
Zr® 0.060 
Sm!'5 0.0755 
Cc 0.155 


0.167* 


0.270 
0.255* 
0.296 
0.762 
0.716 


Mylar plastic* 
Al* 


$358 
Mylar* 

Rb*? Al 

Cc ate 

Te 

TI 


K® 1.36 
ee 1.708 


y™ 


2.275* 








* New data; other data from reference 1. 
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Fic. 1. Relation be- 
tween half-thickness in 
aluminum and the 3 
power of the maximum 
beta-ray energy. 
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detection instruments is exponential for all beta-radio- 
active isotopes in which single spectra are involved, 
i.e., a single final state and a single original state—this 
is so even though the transition may be highly forbidden 
as in the case of K*. Table I gives data for typical beta- 
radioactive isotopes of varying characteristics for 
various absorbers. 

It has been discovered that there is a particularly 
simple relation between the half-thickness in aluminum 
and the upper energy limit, FE, of the beta spectrum 
involved. This relation is shown graphically in Fig. 1 
and is given by the following equation: 


1, (mg/cm?) = 38X (E’), (1) 


where E is the upper energy limit in Mev. 

For other absorber materials the relation of Lerch? 
should be used. It is that the absorption half-thickness 
is inversely proportional to the expression 


1+M/100, 


where M is the mean atomic weight of the absorbing 
material. The generality of the relation shown in Fig. 1 
is considerable. It is to be noted, however, that the 
most highly forbidden spectra, those of Cl** and K®, 
deviate somewhat. 

It is important to this relation that the sample be 
placed close to the counter wall and in cylindrical shape 
with axis in common with that of the counter. It is 
under these conditions that the absorption curves are 
exponential and thus yield values of the half-thickness 
or absorption coefficient. The earlier methods of 
Feather and Bleuler and Ziinti* depend on the use of 


nonexponential absorption curves and the determina- 
tion of the total range of the radiation. The range- 
energy relation is more complicated than Eq. (1) 
which uses the absorption coefficient or half-thickness 
under conditions of exponential absorption. The de- 
pendence of the shape of the absorption curves on the 
placement of the sample relative to the counter is 
caused by scattering of the beta radiation. 

*On leave as professor at The Enrico Fermi Institute for 
Nuclear Studies, University of Chicago; presently a member of 
the U. S. Atomic Energy Commission. 

1 A.D. Suttle, Jr., and W. F. Libby, Anal. Chem. 27, 921 (1955). 

?W. F. Libby, Anal. Chem. 19, 2 (1947). 

3 P. Lerch, Helv. Phys. Acta 26, 663 (1953). 


4 Experimental Nuclear Physics, edited by E. Segré (John 
Wiley and Sons, Inc., New York, 1953), Vol. 1, pp. 298-301. 


Observation of Long-Lived Neutral V 
Particles* 


K. Lanpe, E. T. Bootn, J. ImpepuGLiA, AND L. M. LEDERMAN, 
Columbia University, New York, New York 
AND 
W. Cutnowsky, Brookhaven National Laboratory, 
Upton, New York 
(Received July 30, 1956) 


HE application of rigorous charge conjugation in- 
variance to strange particle interactions has led 

to the prediction of rather startling properties for the 
6°-meson state.! Some of these are: (I) the existence of 
a second neutral particle, 62°, for which two-pion decay 
is prohibited ; (II) the consequent existence of a second 
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TABLE I. Data on V® events. 








P, 


P.. 
Mev/c Mev/c ’ 


Q* ° 


ng 
Mev Comment 





206+37 <2 
117+50 <2 

> 100 <2 
58.544 <2 
197+6 <2 
137+3 <2 


360+ 10 
> 100 
224+5 


147+23 
8345 


142+13 
197+25 
241+33 
194+8 
111+4 
249+5 
290+ 25 
18345 
>150 


25545 <2 
23449 <2 
67+20 <2 
22344 <2 
114+5 —s 
89+1 2-3 
86+25 <2 
44+5 34 
62+7 <2 


150+2 <2 
164+5 <2 
201+50 <2 
112+10 <2 
11443 <2 
120+24 <2? 
222+10 <2 
27249 <3 


508+ 18 
13648 
251415 
327415 
167+3 
15245 
283+ 10 
89+1 <2 


Not 7°4 

(—) track short 
Both tracks short 
Not 7°; probable e~ 
Not 7° 


96417 


66+2 
121+12 


40+2 I_>I,, probable r-pt, 
awe*, or uw e* 

Not r° 

Not r° 

Not 7°, probable e~ 

Not 7° 


163+10 
97° 147+14 
109+18 
140+5 
34+1.4 
3841.2 
92° 103412 
52+2 


140° 
I_>TI,, like No. 6 
’ Probable a~ 
uw ore, .. not r° 
r Orn 
3° deflection in +. Prec= 287 
+30. Possible r—y decay. 
Probable e~ 
Not 7°, J_>I, 
I,>TI_. Probable x*, not 7° 
Not 7° 
at—yt, P,.*=20+10 Mev 


99° 


65.9° 
118.6° 
65.9° 
38.3° 
65.5° 
112.5° 
50.1° 
128.5° 


160+7 
101+5 
93215 
51+4 
40+2 
79+8 
72+6 
134+ 10 


Coplanar, Ps=59+30 Mev/c 
Not 7” 








® This is a visual estimate of the ionization, in units of minimum ionization as determined from nearby light tracks of P <50 Mev/c. 
> Angle errors have not been computed. An average error of 3° has been used. 


¢ Q*,¢ for a normal @ is 214 Mev. 


4 7 is defined as ~x*-+-2~+-° and is excluded by Q value or transverse momentum. 


lifetime, considerably longer than that for two-pion 
decay of the 0;°(~1X10-" sec); (III) a complicated 
time dependence for the nuclear interaction properties.” 
The only additional assumption in this “particle 
mixture” theory is the nonidentity of @° and its anti- 
particle. 

These theoretical considerations have stimulated us 
to undertake a search for long-lived neutral particles. 
To this end, the Columbia 36-in. magnet cloud chamber 
was exposed to the neutral radiation emitted from a 
copper target at an angle of 68° to the 3-Bev external 
proton beam of the Brookhaven Cosmotron.* Charged 
particles are eliminated by the combination of a 4-ft 
long Pb collimator and a 4X10° gauss-inch sweeping 
magnet. The 6-meter flight path from target to chamber 
represents ~100 mean lives for the well-known A° 
and @ particles which are produced at this energy. To 
date twenty-six V° events have been observed. All of 
these events have anomalous Q values for two-pion 
decay, all but one are noncoplanar with the line of 
flight, and all but one demand at least one neutral 
secondary to balance transverse momentum. 

The cloud chamber operates at a pressure of 0.91 
atmos of He and 0.10 atmos of argon. The only addi- 
tional matter in the direct path of the neutral radiation 
is the 1-cm thick Lucite chamber wall. A 1.5-in. thick 
lead filter was placed at the entrance to the collimator 
to reduce the y-ray flux reaching the chamber. The 
aperture (5 in.X1.5 in.) defined a solid angle of 0.002 
steradian at 68° to the incident protons. The arrange- 


ment yielded readable photographs at a beam intensity 
of ~108 protons per pulse, although the flux through 
the chamber was estimated to be ~ 10‘ neutrons. The 
latter fact points up the virtue of the technique 
employed. 

The relevant primary data on 23 measured V° events, 
found in a run of 1200 pictures, are listed in Table I. 
We have considered various background effects which 
could possibly simulate V° events: 

(1) Production of meson pairs in the gas by neutrons 
or photons, the nuclear recoil track being too short to 
observe. However, the number of neutrons above 
meson production threshold energy at 68° was expected 
to be quite small. This was verified experimentally 
by the fact that no negative prongs (i.e., #~ mesons) 
were observed to emerge from 1218 neutron-induced 
stars in the gas. 

(2) Decay of x° mesons, produced in the gas without 
recoil, into the alternate mode ete~y. This is ruled out 
kinematically for 16 of the events. The argument in 
(1) also applies. 

(3) Production of large-angle electron pairs in the 
gas by photons. 

(4) Bremsstrahlung or scattering of backward-moving 
particles with consequent large-angle deflections. 

These possibilities lead to the prediction of thousands 
of smaller angle events and to the necessity for large 
fluxes of backward-moving particles. Neither of these 
is observed. These arguments will be detailed in a 
more complete report. They lead to the conclusion that 
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Fic. 1. Average calculated primary mass vs velocity of primary 
particle for assumed decay schemes rte~y and r*u-y. The arrow 
indicates the peak of the phase space spectra (reference 5). The 
vertical bars are average deviations of the mean. 


the events listed in Table I are indeed examples of the 
disintegration of a long-lived neutral particle. 

A preliminary analysis of the data yields some in- 
formation on the properties of the new particle. 

(1) All but three of the forty-six secondaries are 
determined to be lighter in mass than the K meson. 
None can be protons. We have assumed that all are 
pions, muons, or electrons. The identification of several 
of the decay products as pions or electrons is indicated 
in the table. 

(2) We have considered various three-body decay 
schemes, motivated by the observed charged K-meson 
modes. In Fig. 1, we plot for assumed decay products 
atety and for rtu*y, the variation of the average 
computed mass (15 events were available) of the in- 
coming primary as a function of its assumed velocity. 
Permutations of the relevant combinations of 7’s, y’s, 
e’s, and »’s yield similar results. For example rty~p*, 
uta-y, ute, and xte-x° are almost coincident. These 
graphs emphasize the conclusion that the resultant 
incoming velocity distribution is kinematically sensible 
only for primary masses near the K mass of 500 Mev.® 
One may also infer that, for a K mass primary, rev 
secondaries are more frequent than myy or, say, wer. 

(3) All but two of the events are kinematically in- 
consistent with a A°-mass particle decaying into u+e*N 
or exeTNV.8 

(4) Figure 2 illustrates the detection sensitivity as a 
function of lifetime for a K-mass particle. Although 
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Fic. 2. Detection sensitivity for K mesons as function of life- 
time. The composite curve is obtained with the spectra of reference 
5. The point indicates the observed yield with a production cross 
section of ~20 ub/sterad. 


the production cross section for K® mesons’ has a large 
uncertainty, comparison with the observed yield serves 
to limit the lifetime to the range 10~* sec>r>3X10~° 
sec. The observed uniform distribution of events in the 
chamber, together with Fig. 1 also sets a lower limit: 
7>1X10~ sec. If the lifetime is on the short side of the 
above interval, then it is likely that many of the 
anomalous Vs observed in cosmic rays are examples 
of this particle, and not alternate decay modes of the 6,°.8 

At the present stage of the investigation one may 
only conclude that Table I, Fig. 2, and Q* plots are 
consistent with a K°-type particle undergoing three- 
body decay. In this case the mode zev is probably 
prominent,’ the mode muy and perhaps other combina- 
tions may exist but are more difficult to establish, 
and r*x~n° is relatively rare. Although the Gell-Mann- 
Pais predictions (I) and (II) have been confirmed, long 
lifetime and “anomalous” decay mode are not sufficient 
to identify the observed particle with @.°. In particular, 
a neutral + meson, if three-pion decay has a small 
branching ratio, may have these properties. A much 
stronger test of particle mixtures must await the ob- 
servation of nuclear interactions or of the striking inter- 
ference effects which are also predicted by Pais and 
Piccioni,? Treiman and Sachs,? and Serber."” 

The authors are indebted to Professor A. Pais whose 
elucidation of the theory directly stimulated this re- 
search. The effectiveness of Cosmotron staff collabo- 
ration is evidenced by the successful coincident opera- 
tion of six magnets and the Cosmotron with the cloud 
chamber. 

* Supported by the U. S. Atomic Energy Commission and the 
U. S. Atomic Energy Commission-Office of Naval Research 
Joint Program. 

'M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

* Further discussion of particle mixtures have been given by 
A. Pais and O. Piccioni, Phys. Rev. 100, 932 (1955); G. Snow, 
Phys. Rev. 103, 1111 (1956); S. Treiman and R. G. Sachs, Phys. 
Rev. 103, 1545 (1956); K. Case, Phys. Rev. 103, 1449 (1956). 

5 See Piccioni, Clark, Cool, Friedlander, and Kassner, Rev. Sci. 


Instr. 26, 232 (1955). The ejected beam is focused by a quadrupole 
magnet pair to a 3-in. diameter circle. Two bending magnets 
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were used to steer the beam onto the 1.5 in.X4 in.X5 in. long 
target. 

‘Blumenfeld, Booth, Lederman, and Chinowsky, Phys. Rev. 
102, 1184 (1956). 

5 We are grateful to R. Sternheimer for computing the energy 
spectrum of K mesons emitted at 68° under various assumptions 
as to the collision mechanism. These calculations yield similar 
spectra, all of which peak near 100 Mev. See Block, Harth, and 
Sternheimer, Phys. Rev. 100, 324 (1956). 

® For example, one member of a A° parity doublet may have a 
reo lifetime. See T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 

1956). 

7 Collins, Fitch, and Sternheimer (private communication). 

® Kadyk, Trilling, Leighton, and Anderson, Bull. Am. Phys. 
Soc. Ser. II, 1, 251 (1956). For a recent summary see Ballam, 
Grisaru, and Treiman, Phys. Rev. 101, 1438 (1956). 

* Examples of this decay mode have been reported by Slaughter, 
Block, and Harth, Bull. Am. Phys. Soc. Ser. II, 1, 186 (1956). 
A particularly clear event has been observed by the Ecole Poly- 
technique group. We are indebted to J. Tinlot and B. Gregory for 
this data and for helpful discussions on anomalous V°’s. 

 R. Serber (private communication). 


Evidence for a Long-Lived Neutral 
Unstable Particle* 


W. F. Fry, J. ScHNEps, anp M. S. Swami 
Department of Physics, University of Wisconsin, 
Madison, Wisconsin 
(Received July 19, 1956) 


URING a systematic search for K~ mesons in a 
pellicle stack exposed to a channel of negative 
particles from the Berkeley Bevatron, four unusual 
events of the following nature were found: an unstable 
particle originated in the emulsion from a small star 
which was produced by a neutral particle. The channel 
was at 90° to a target bombarded by 6-Bev protons and 
defined a momentum of 280 Mev/c. 

Since the events were of an unusual nature, each 
one will be described separately. 

Event 1—A ,He* hyperfragment originated from a 
star which also consisted of a meson of 42+12 Mev, 
two short recoil tracks, and a proton of 16.6 Mev. The 
star was produced by a neutral particle. The hyper- 
fragment decayed from rest into a x~ meson, a proton, 
and a He’ recoil. The binding of the A° particle was 
found to be 1.8+0.6 Mev.' A drawing is shown in 
A of Fig. 1. 

Event 2.—A negative K meson of 14 Mev was pro- 
duced in a star which in addition had a low-energy 
electron and a nucleonic particle of 115 Mev. The K~- 
meson produced a star from rest consisting of a meson, 
a hyperfragment which decayed nonmesonically, and 
nucleons. The nucleonic particle from the primary star 
left the stack and therefore the direction of its motion 
could not be established. However, the kinetic energy 
of this particle was not sufficient to produce a K~ meson 
if it were an incident 2~- or Z~ hyperon; therefore we 
assume that it was an outgoing particle. This event is 
shown in B of Fig. 1. 
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Fic. 1. Drawings of four events which were found in a pellicle 
stack as shown. A aHe hyperfragment was produced in A, 
a K~ meson in B, probably a =~ hyperon in C, and a hyper- 
fragment or a =~ hyperon in D. 


Event 3.—A track, 730 microns long, from a seven- 
pronged star, has a two-pronged star associated with its 
ending. The primary star was produced by a neutral 
particle and has a visible kinetic energy of 160 Mev. 
The connecting particle had a charge of one and 
appeared to have stopped. The two nuclear particles 
from the secondary star had a total charge of two or 
three. In addition there are two tracks of low-energy 
electrons indicating that the connecting particle was 
captured. A mass measurement along the connecting 
track gave (2200+750)m,. These facts indicate that 
the secondary star was produced by a =~ hyperon or 
possibly a =~ hyperon or a K~ meson. A drawing of 
this event is shown in C of Fig. 1. 

Event 4.—One particle from a small five-pronged 
star, which had no incoming particle, appears to have 
stopped and produced a one-prong star. The prong was 
most likely due to a proton of 9 Mev. The range of the 
connecting track is 230 microns. Gap counting showed 
that the secondary star was not the result of a scatter- 
ing. Also it is possible to exclude the absorption of a slow 
m~ meson as its cause. The event is interpreted as a 
nonmesonic hydrogen hyperfragment decay or the 
capture of a negative hyperon or K meson. The event 
is shown in D of Fig. 1. 

It is very improbable that these four events were 
produced by fast neutrons since the ratio of these 
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ERRATA 


events to energetic neutron stars in the stack is large 
(~1/10). Also the flux of energetic neutrons at 90° to 
the target is expected to be small. They cannot be 
cosmic-ray events because their tracks can be followed 
through the stack, which was in a disassembled state 
both shortly before and after the machine exposure. 
These events can be interpreted as the nuclear inter- 
action of a neutral unstable particle of the same 


“strangeness” as that of the K~ meson and the A and 


> hyperons. 

The total energy in event 2 is too high to have been 
due to a neutral K from the charge exchange of a 
K- meson in the beam. Furthermore, the expected 
number of such events, if due to charge exchange, is less 
than one per 20 cc of emulsion, whereas the density of 
these unusual events is probably greater than one 
per cc of emulsion. 

Also it seems unlikely that the events could have 
been due to neutral 6’s which were produced in the 
deflecting magnet because they would have had to 
have lived about 20 mean lifetimes. 

These events can be explained by assuming that long- 
lived neutral K mesons were produced at the target 
with about the same frequency as the K+ mesons. A 
small fraction of these neutral K mesons could have 
penetrated the shielding (about two feet of brass) 
between the plates and the target and then interacted 
in the pellicle stack. The lifetime of these particles 
must have been at least 10-* sec. The existence of a 
long-lived neutral K meson was predicted by Gell- 
Mann and Pais.” 

The authors are indebted to Dr. E. J. Lofgren for 
making possible the exposures to the Bevatron. Dis- 
cussions with Dr. George Snow were stimulating and 
helpful. 

* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

1 This hyperfragment has been described in detail (event 90) 
by Fry, Schneps, and Swami, Phys. Rev. 101, 1526 (1956). 

2M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). Dr. 


G. A. Snow has pointed out the possibility of a long-lived 7° 
meson [Phys. Rev. 103, 1111 (1956). 


Errata 








Angular Distribution of Disintegration Products 
from the O'"(d,p)O'’, Be®(d,p)Be', and Be®(d,t)Be® 
Reactions, Mira K. Juriéi[ Phys. Rev. 98, 85 
(1955) ]. Values for A» in Table I should read: 


0.76 0.84 0.98 1.05 114 1.26 14 


Ea 
Mev 
A, —0.10 —0.19 0.04 0.03 —0.18 —0.23 —0.16 —0.10. 


0.58 





The corresponding A» curve in Fig. 5 is correct. 
The author is indebted to Dr. B. Koudijs of the 


1905 


Physics Laboratory of the State University of 
Utrecht (Netherlands) for pointing out this error. 


Concept of Temperature and the Overhauser 
Nuclear Polarization Effect, CHARLEs P. SLICHTER, 
[ Phys. Rev. 99, 1822 (1955) ]. Lawrence H. Bennett 
has kindly called the author’s attention to an error 
in the rotation operators. The symbol h# should be 
replaced by ¢. Fortunately, the error arose in 
transcribing formulas, so that the correction does 
not change the results. The author wishes to thank 
Dr. Bennett for pointing out the correction. 


Effect of Point Imperfections on the Electrical 
Properties of Copper. I. Conductivity, F. J. BLatt 
[Phys. Rev. 99, 1708 (1955) ]. 

Effect of Point Imperfections on the Electrical 
Properties of Cooper. II. Thermoelectric Power, 
F. J. Bratr [Phys. Rev. 100, 666 (1955) ]. In a 
private communication to the author, Dr. A. Seeger 
has reported results obtained by him and Stehle 
on the resistivity due to vacancies in copper.! 
Although their method and calculated phase shifts 
are in rather good agreement with the author’s a 
discrepancy existed in the final results; this dis- 
crepancy has been traced in large part to an 
arithmetic error by the author. In I the value 
Ap=1.33 pwohms/atomic percent should read Ap 
=1.53 wohms/atomic percent. This error also in- 
fluences slightly the results reported in II, increas- 
ing the calculated change in thermoelectric power 
due to vacancies by about 10%. The author is very 
grateful to Dr. Seeger for informing him of results 
prior to publication and thus being instrumental in 
the detection of the error. 


1H. Stehle and A. Seeger (to be published). 


Decay of Ca*® and Sc**, D. W. Martin, J. M. 
Cork, AND S. B. Burson [Phys. Rev. 102, 457 
(1956) |. Reference 4 should read 4 O’Kelley, Lazar, 
and Eichler, Phys. Rev. 101, 1059 (1956), instead 
of 4O’Kelley, Lazar, and Eichler, Phys. Rev. 102, 
223 (1956). 


Free-Radical Quenching of Positron Lifetimes, 
STEPHEN BERKO AND A, JOSEPH ZUCHELLI [ Phys. 
Rev. 102, 724 (1956) ]. The third sentence of the 
fourth paragraph of page 725: ‘‘Since the resolving 
time of the coincidence circuit used was long 
compared to the annihilation lifetimes, Pond’s 
data yields the integrals of the time delay curves 
as measured by the fast-coincidence method” 
should read ‘‘Pond’s data yield the integrals of 
the time delay curves as measured by the fast- 
coincidence method; one would obtain the same 
information by making the resolving time of the 
lifetime-measuring coincidence circuit long com- 
pared to the annihilation lifetimes.” 





1906 


Compound Nucleus Effects in Deuteron Reac- 
tions : C'*(d,«)B" and C*(d,t)C”, Jerry B. MARION 
AND Gustav WEBER [ Phys. Rev. 102, 1355 (1956) ]. 
On page 1363, the equation ‘‘T'g0.2 kev”’ should 
read ‘(2/+1)l'a=0.2 kev.” The heading of the 
middle column of Table V should be ‘‘(2/+1)y2 
X (2u.R/3h*).”” With this correction, for a deuteron 
angular momentum of 4, the reduced width is 
0.7% of the sum-rule limit, and for /=5, it is about 
30%. This latter value seems quite large for a 
deuteron reduced width, so that the conclusion 
that /4<4 is not altered. 


Nucleon Energy Levels in a Diffuse Potential, 
A. A. Ross, Hans Marx, AND R. D. Lawson 
[Phys. Rev. 102, 1613 (1956) ]. The drawing above 
the caption of Fig. 1 should be interchanged with 
the drawing above the caption of Fig. 4. 


Modulation of Conductivity by Surface Charges 
in Metals. G. BONFIGLIOLI, E. COoEN, AND R. 
Matvano [Phys. Rev. 101, 1281 (1956)]. The 
authors would like to point out that the effects 
described in this paper belong to metallic films of 
thicknesses ranging from ~100 to ~2000 A. As a 
matter of fact, we did not know, at the time of 
publication, that an effect of modulation of con- 
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ductivity by a transverse electric field had been 
studied a long time before by Perucca, and by 
Deaglio.! It is, however, to be remarked, that the 
structure of the films studied by them was very 
different, as shown by the value of the ratio 
Resistance/Area: ~10" ohms/cm?* versus ~10? 
ohms/cm?, as in our case. Consequently, the results 
referred to cannot be compared with ours, because 
the physical phenomena involved are clearly not 
exactly the same. 


1E. Perucca, Compt. rend. 198, 456 (1934); R. Deaglio, 
Sonderdruck aus die Naturwiss. 31, 525 (1934). 


Quantum-Electrodynamical Fourth-Order Cor- 
rections for Triplet Fine Structure of Helium, 
GENTARO ARAKI [Phys. Rev. 101, 1410 (1956) ]. 
The sentence beginning at line 10 of the third 
paragraph should read: ‘Such a term gives no 
influence on our problem because the expectation 
value of 6(xXi2) vanishes in the triplet state in 
which the orbital function of the atom is anti- 
symmetric with respect to two electrons” instead 
of ‘Such a term gives no influence on our problem 
because the expectation value of S,-S_ vanishes 
in the singlet state and that of 6(x:2) vanishes too 
in the triplet state in which the orbital function of 
the atom is antisymmetric with respect to two electrons. 
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